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CHAPTER 10 INFINITE SEQUENCES AND SERIES

SEQUENCES
a1_11_21:0, a2_12——22:—%, a3=1;—23:—%, a4—1;—24:—%
N S L

2_1 _22_1 2 _1 20 _1
01_22_2’ 02_23_2’ a3—24—2, 04_25_2
_2-1_1 _221_3 _21_7 _2*1_15
4=T =y @=Ly G5y 4=Sr =g
_ 1,13 3,1 _7 _ 7.1 _15 15, 1 _31 63 _127 _ 255
al—l, 02—14-5—3, a3—5+2—2—z, a4—Z+2—3—?, a5—?+2—4—ﬁ, ag 3’ a 64 ag—m,
511 _ 1023
49 =556 40751
1 1 1
-1 _@_l _@_L __(ﬂ)_L —_1 —__1 —_ 1
a =l ay=5, a3="5"=¢, a4 =" =4, G5 ="5 =155 A6 =75> 97 =3055> B =320
_ 1 _ 1
99 =362880° 10 = 3,628.800
AL _1(-1
P e WY o () WS O ) NS WVl ) B U TN
1= “2=" S ) 2° “4 2 4> 5 2 g> “6 " 16> 7 32°
1 1
a8 =~"%a> 99 =18° 40 =256
2 1
1(-2) 2(-1) _ 2 3(3) H4) 5 1 2
=72 ay="5- =l =TT =5, g =—go =y, ds=—5 =75 4=y 7=
_ 1 _ 2 1
W=y 9 =79, Q0 ="73

a1=l, 02=1, a3=1+1=2, Cl4=2+1=3, a5=3+2=5, a6=8, a7=13, ag=2l, Cl9=34, 010=55

1 1
=2 ay=-1, a3=—7, 04:(,_§)Zfa 05:%=—1, 4 =-2, a7 =2, ag=-1, ag=—73, a9 =%

—

N =

a, =(-)"1, n=12,.. 14. a,=(-1)", n=12,...

2 1yl
gn:(_l)n+1n , n=12,... 16. an:%’ n=12,...
n
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702 Chapter 10 Infinite Sequences and Series

n-1 _ 2n-5 —
17. an:m, n=l,2,... 13. an_l’l(}’l+l)’ n_lsz’-“
19. a,=n*-1, n=1,2,... 20. a,=n-4, n=12,..
21. a,=4n-3, n=12,... 22. a,=4n-2, n=12,...
23, a, =32 n=12,.. 24, a, =2 n=12,..
1+(=1)""! _Loqyn(L
25. a4y =—>—> n=12,... 26. a”:%)(Z)ZL%J’ n=1,2,...
27.  lim (2 +(0.1)" ) =2 = converges (Theorem 5, #4)
n—>0
28.  lim @: lim (1+%j:1:> converges
n—0 n—»o0
1)2
29. lim }’i: lim (”) = lim =2 =-1= converges
n—oo 21y o (i)*—z n—o0 2
2n+L
30.  lim -22£L = lim —(ﬁ)z—oo: diverges
n—o 1 n p—oo (if?:
)
o G
31, lim 122 = lim ~2 =-5= converges
n—oo n+8n n—»o 1+(§)
: nt3 _ _ ; n+3 — lim L —
32. nlglzo P —nll_rgO D) nll_r}rgO e 0= converges
33.  lim n2=dmil _ lim 0D iy (n—1)=00 = diverges
n—w 7 n—ow 171 n—00
3 (%j_”
34, lim =2 5= lim 2~ =00 = diverges
n—oo 70-4n n—»w (L(Z)),A;
35. lim (1+(—1)”) does not exist = diverges 36.  lim (-1)" (l—%) does not exist = diverges

n—>0 n—>0

37. lim (”2—”) (l—l)= lim (l+2—1n) (1—%)=i:> converges

n—>0 n n n—»0 2 2

(71)n+1

5, = 0= converges

38. lim (Z—L) (3+2Ln)=6:> converges 39. lim

n
n—»o 2 n—ow
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45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

(71)71

. 1 n T _
lim = lim ~——=0= converges

n—>0 n—>0

Section 10.1 Sequences

lim 2% = [lim 22 = |lim % =~/2 = converges
n—soo ¥ 11 n—sco 11 L+

n—»0

lim —L—— lim (
n—>0 (09) n—>0

10
9

lim sin (l + %) = sin(

n—>0 2 n—»0

n—>0

sinn sinn .

n

lim
n—>0

=0 because —% <

I =

n—>0 2"

lim 2 = lim —1
n—w 2" pow 2"In2

. n . n . n 2
lim 3—3: lim 33 _ lim 3(n3)” _ im
n—o0 N n—»c0 3n n—w 07 n—w
1
. I 1 . il .
lim 2 fim (i) = lim 2/
n—o0 n n—0 (# n—oo Ml
n
1
| llnzn = lim (’T’):1:> converges
n—oo MMy 50 (E)

lim 8/ =1= converges
n—»0

lim (0.03)1/ " =1= converges
n—»0

. 7 n 7
lim (l+—) =e' = converges
n—>00 n

lim (1—&)" - lim

n—0 n—o0

lim 4107 = lim 10Y" -#Y" =1.1=1= converges

n—0 n—®0

n .
) =00 = diverges

lim (% +%)) =sin

3"(In 3)°

= (1)

n
[1+%} =e !> converges

Z =1= converges

lim nz cos (nr) = nlgr;o (nm)(=1)" does not exist = diverges

= converges by the Sandwich Theorem for sequences
lim @ =0 because 0 < 5“21# <-L = converges by the Sandwich Theorem for sequences

=0 = converges (using I'Hopital's rule)

= = diverges (using I'Hopital's rule)

2

\/;) =0= converges

n

(Theorem 5, #3)

(Theorem 5, #3)

(Theorem 5, #5)

(Theorem 5, #5)

(Theorem 5, #3 and #2)
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704 Chapter 10 Infinite Sequences and Series

2
56.  lim ¥ n? = lim ((’/Z) =’=1= converges (Theorem 5, #2)
n—0 n—0
ifn  lim 30
57. lim (i) e — =1-1= converges (Theorem 5, #3 and #2)
n—>o0 lim o7 1

58. lim (n+ 4)1/(”+4) = lim ¥/ =1= converges; (let x = n+4, then use Theorem 5, #2)

n—»0 X—>0
) Inn lim Inn )
59. lim = o 7= 2L =00 = diverges (Theorem 5, #2)
nowo 1™ lim AV 1
n—»w

60. lim [Inn—In(n+1)]= lim In (i) =In ( lim L) =In1=0= converges

n—»o n—»ow n+l n—soo 1+l

61. lim 4" n=1lim 4¥n=4-1=4> converges (Theorem 5, #2)

n—0 n—o

62.  lim Y32 = lim 327" = fim 32.3Y7 29.1=9 = converges  (Theorem 5, #3)

n—>0 n—»0 n—>0

63. lim 2= fjm 123000 oy (%):0 and ”—HIZOz lim ”—)sz: converges
n

n /DD
n—oo n n—oo AR n—»0 n—oo N

64. lim (7}# =(0= converges (Theorem 5, #6)
n—»0 °
65. lim - = lim — =0 = diverges  (Theorem 5, #6)

n!

n—o0 10 p e {(106)"J

66. lim —2L = li

27!3)1 m
n—0 n—0

- =c0= diverges (Theorem 5, #6)

(£)

. 1/(In n) . . Inl-Inn -
1 = 1 (L)) = mlzn) -1
67. nlil}o(n) —nlglgo exp(lnn ln(n))—nlgr;o exp( - )_e = converges
68. lim In (1 +%)n =In ( lim (1 +%)n ) =Ilne=1= converges (Theorem 5, #5)
n—>0 n—o

33
69. lim (—3”+1)n = lim exp (n In (M)): lim exp (—ln Gr+l)—In (3”_1)]: lim exp | 2zt 31

n—soo \ 311 n—% 3n-1 n— h n—o [7%)
n
= lim exp (L) =exp (Q) =P = converges
et (Gn+)(3n-1) 9
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Section 10.1 Sequences

lim (il)n = lim exp (nln( +1)): lim exp [MJ_ lim exp | 24—l

n—oo 1 n—»o n—»w (;)

= lim exp (— ): el converges

2
50 n(n+1)

Y 1n . - 5
lim (2n+l) = lim x(znlﬂ) =x lim exp( In (2nl+1)) =x lim exp(%) x lim exp(z j

n—00 n—00 n—0 n—o0 n—>0 n+l

=xe¥ = x, x >0 = converges

n In (1*L)
lim (1—%) = lim exp (n In (1—%)): lim exp & lim exp lim exp( 5
n—»o n n—»0 n n—»oo (%) n—»0 [,sz n—»oo n°—
= =1= converges
lim 311;6" = lim ﬁ =0= converges (Theorem 5, #6)
n—o 27 n! poswo
il (e (
lim 1 = lim Ll = lim —22—=0= converges (Theorem 5, #4)
1 1

. . n__-n . 2n_ 2n
lim tanh 7= lim £=¢ = lim £-l= lim 2¢ = lim 1=1= converges
n—>o0 n—w €' +e n—ow e+l psw 2e”" 0
1
. . . eln nie—ln n . n—(;) )
lim sinh (In ) = lim 5 = lim =0 = diverges
n—0 n—»0 n—o0

lim ——* = lim == lim — = lim = => converges
n—oo 211 n—00 (l_L) n—»0 [_L_,.L) n—> 72+(%) 2
n }’lz )12 )13
| (eos) - [n@(E)
lim n(l cos )— lim < = lim — = lim sm( ) 0= converges
n—»00 n—>0 (;) n—>w0 [sz n—>00
n

lim \/;sm(%)— lim %: lim M: lim cos

- (L) =cos 0 =1= converges
Nn—>o0 ﬁ n—>0 *2n3/2 n—»o0 \/;

n I/n ln(3” +5" ) 3"In3+5"In s
lim (3” +5”) = lim exp [ln(?," +5”) }: lim exp {Tl = lim exp 3n15n

n—>0 n—0 n—0 n—»0
. (27,) In3+n5 . (%)n In3+In5
= lim exp|~+—~——|= lim exp|—>———|=exp(In5) =5
n—>0 (i)_ﬂ n—>o0 (%) 11
5}1
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94.

Chapter 10 Infinite Sequences and Series

lim tan"'n=Z = converges 82. lim tan'n=0-Z=0= converges

n—>o0 2 n—0 \/— 2

lim (l)n+ L |= lim (l)n+(L)n =0=> converges (Theorem 5, #4)
Jm () s\ ’

n—»oo n— n—o0 n-+n

In(n+n
lim ¥Yn®+n = lim exp{ ( " )} = lim exp (%) = =1 converges

200 199 198
lim (nm™ _ lim 200Qnmy ~ _ lim 200199 nmy — _  _ lim 290! == converges
n—00 n—>w n—>0 n n—>00
5(1n n)*
. (mn)y " _10(nn)t . 80(Inn) 3840
lim = lim |~——%|= lim = lim =...= lim =5= =0 = converges
nsoo n n—>00 (2\1/_) nooo  An nosoo  n n—0 Nn
n

lim (n—\/nz—n): lim (n— nz—n)[”“”z_ j— lim 1 = lim —— =1= converges

n—w n—o n+\/n -n n—0 n+\/n -n  n—ow l+ 1—% 2

lim —11  — lim ( j( n2—1+\]n2+nj: lim n’— +\/n 1 _ lim \/ \/E )
n—o \n?1—n*+n  n—0\Nn’- \/n +n \/n271+\/n2+n -I=

n—0 n—0 ( _;_
—> converges

1

lim IJ. Ldx=lim 22 = lim 1 =0= converges (Theorem 5, #1)
n—>00 n—wo " poo

n
lim j dx = lim [¢ }71} = lim L( }71 —1):L if p>1= converges
n—>o0 n—>o I=p xt ! n—)ool P \n? p-l
Since a, converges = lim g, =L = lim aq, = hm 17 = L= :L(1+L) 72

n—w n—>o +a,

=[*+L-72=0=L=-9 or L=8§; since a, >0 forn>21=L=8

a,+6

S L=t [(L+2)=L+6

Since a, converges = lim a, =L = lim aq,,| = hm
n—»0 n—»0 —00

*+L-6=0=L=-3 or L=2; since a,>0forn>2=L=2

Since a, converges = lim a, =L = llm N Ay = hm \J8+2a, = L=+8+2L = [>-2L-8=0

n—»m
= L=-2 or L=4; since a, >0 forn23:>L=4

Since a, converges = lim q, =L = hm ) Ay = lim \8+2a, = L=+/8+2L = [*-2L-8=0

n—»0 n—»0

= L=-2 or L=4; since a, >0 forn22:L=4

Copyright © 2014 Pearson Education, Inc.



Section 10.1 Sequences 707

95. Since a, converges = lim q, —L:>11man+1—11m1/5a = L=+5L=1>-5L=0=L=0 or L=5;

n—0
since a,, >0 for n>21=L =5

9. Since a, converges = lim @, =L=> lim a,,; = lim (12-fa, )= L =(12-VL) = 17 =250 +144 =0

n—>0 n—o n—o0

= L=9 or L=16; since 12—,/a, <12 for n>1=L=9

97. a, :2+ai, n>1,a =2. Since a, converges = lim g, =L = lim g, = lim (2+i)3L:2+%
n n—0 n—0 n—0 n

= I?-2L-1=0= L =1%+/2; since a, >0 for n>1=L=1+2

98. a,, =4l+a,, n>1,a = Vi Since a, converges = lim a, —L:>11m an+1—hm1/1+a = L=A+I+L

n—>0
=1’ - =0=>L= H\/—,since a, >0 fornZl:>L:+T*/g
99. 1,1,2,4,8,16,32,... =1,2°,2',22,23 2% 25 = x =1 and x, =2"2 for n>2

100. (@) 12-2(1)% =—1,3> =22)> =1; let f(a,b)=(a+2b)" —2(a+b)’ = a® +4ab+4b> —2a°> —4ab—2b*
=2b*—a%; a®-2b* =-1= f(a,b)=2b>—a® =1; a® -2b*> =1= f(a,b)=2b*>—da® =—1
(a2—2b2)

2 2 2 2 2~ 2
b r2 _2= a+2b -4 +4ab+4b”—2a”—4ab-2b" _ | —r =2+ 1
n b 2 2 2 n
at (a+b) (a+b) n Yn

In the first and second fractions, y, > n. Let % represent the (n—1) th fraction where % >1and b>2n-1
for n a positive integer > 3. Now the nth fraction is % and a+b22b22n-22n=y, 2n.
Thus, lim 7, = V2.

n—>0

101. (a) f(x)= x? —2; the sequence converges to 1.414213562 = V2
(b) f(x)=tan (x)—1; the sequence converges to 0.7853981635 ~ %

() f(x)=e"; thesequence 1,0, -1, -2, -3, —4, -5, ... diverges

102. (a) }}glgonf(%):Aii_rﬁﬁ%:QTWW:]"(O), where Ax =1
(b) lim n tan~" (i):f'(O)— =1, f(x)=tan"x
n—>0 n 1+0°
© lim n( Un _ ):f(())—e =1, f(x)=e" -1
n—>0
(@ lim nln( %) SO =125=2 f()=In(1+2v)

Copyright © 2014 Pearson Education, Inc.
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108.

109.

110.
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(a) If a=2n+1, then b=L§J=LMJ=L2n2+2n+%J=2n2+2n, c={§—‘={2n2+2n+%—‘

2
=207 +2n+1 and a® +b% = (2017 + (207 420 =dn” +4n+14dn 8% 4 dn”

2
=4n4+8n3+8n2+4n+1=(2n2+2n+1) =2,

{iJ {iJ
(b) lim £o4 = lim —22+20 _] or lim £o4 = lim sin@ = lim sin@=1
a—>o PT—‘ a—o0 20" +2n+l a—o PTW a—>w 0%

o
(a) lim (Znﬁ)l/(zn) = lim exp (%) = lim exp (MJ = lim exp (L) = = I, nls (%) Y2nr,

n—»o n—»w n—»o 2 n—»o 2n

Stirling’s approximation = /n! ~ (%) (21’171')1/ @n o 2 for large values of

(b) n An! .
40 15.76852702 14.71517765
50 19.48325423 18.39397206
60 23.19189561 22.07276647

1
(@ lim 22 = lim (L)= lim =0
c c—1 c
n—oo n n—oo Cn n—oo cn

(b) Forall € >0, there exists an N =¢ I ¢ such that n>e MV = np> —% =Inn°>In (%)

=n¢ >%:%<e:>
n

Lo

<e= lim L =0
n

n—oo N

Let {a,} and {b,} be sequences both converging to L. Define {c,} by ¢,, =b, and ¢,,_; =a,, where
n=1,2,3,.... Forall e>0 there exists N; such that when n > N; then |an —L| < e and there exists N,

such that when n > N, then |bn —L| <e If n>1+2max{N;, N}, then |cn —L| <€, so {c,} converges to L.

lim #"/" = lim exp(LInn)= lim exp(L)=¢’ =1

n—w n—>% p(n ) n—»© p(")

lim x/" = lim exp (l In x) =¢ =1, because x remains fixed while n gets large
n—»00 n—>00 n

Assume the hypotheses of the theorem and let € be a positive number. For all e there exists an N; such that
when n > N, then |an —L| <e=>-€<a,—-L<e=L-e<a,, and there exists an N, such that when n > N,
then |cn —L| <e=>—e<c,—L<e=c, <L+e If n>max{N|, N}, then L—-e<a, <b, <c, <L+e¢
=|b, —L|<e= lim b, = L.
n—>o0
Let € >0. We have f'continuous at L = there exists ¢ so that |x—L| <o=> |f(x) — f(L)| <e. Also,
a, - L = there exists N so that for n > N, |an —L| <. Thus for n> N, |f(an)—f(L)| <e€
= f(a,) > f(L).

Copyright © 2014 Pearson Education, Inc.
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SDAL Snel y 3ned o 3ndl 3,2 4 3y 4 Ap 4> 30 +6ntn+ 2= 4> 2
(n+1)+1 n+l n+2 n+l

11, a,,, >a, =

3n+1

the steps are reversible so the sequence is nondecreasing; <3=3n+1<3n+3=>1<3;

the steps are reversible so the sequence is bounded above by 3

(2(n+D)+3)! _ 2n+3)! __ (2n+5)! _ 2n+3)! __ (2n+5)! _ (n+2)!
((n+D+1)1 7 (n+D)! (n+2)! 7 (n+1)! 2n+3)! 7 (n+1)!

the steps are reversible so the sequence is nondecreasing; the sequence is not bounded since
(2n+3)!
(n+D)!

112. a,,4 2a, = = 2n+52n+4)>n+2;

=(2n+3)(2n+2)---(n+2) can become as large as we please

n+lqn+l nan n+lqn+l +1 |
3 <23 2 3 < (” !~ 2.3<n+1 which is true for 1> 5; the steps are reversible so

< 23
113. a, <a, = G o g

the sequence is decreasing after as, but it is not nondecreasing for all its terms; a; =6, a, =18, ay =36,

ay =54, as = % = 64.8 = the sequence is bounded from above by 64.8

114. a, 1 =24, =2 P 1 zn+l >2 n = PR 2n+1 o = a(ntl) = 2}1 1, the StepS are reversible so the

sequence is nondecreasing; 2 —% —zln <2 = the sequence is bounded from above

115. a, = l—% converges because % — 0 by Example 1; also it is a nondecreasing sequence bounded above by 1

116. a, =n -1 ., diverges because n — 0 and 1 +—0 by Example 1, so the sequence is unbounded

117. a, = % =1 —i and 0< 2%1 < %; since % — 0 (by Example 1) = 2%1 — 0, the sequence converges; also it is
a nondecreasing sequence bounded above by 1

118. a, = PAE (%)n the sequence converges to 0 by Theorem 5, #4

3)1 ;
119. a, = ((—1)" +1)("7+1) diverges because a, =0 for n odd, while for n even a, = 2(1 +%) converges to 2; it

diverges by definition of divergence

120. x,, =max {cos 1, cos 2,cos 3,...,cos n} and x,; =max {cos 1, cos 2,cos 3,...,cos (n+1)} > x,, with x, <1
so the sequence is nondecreasing and bounded above by 1= the sequence converges.

121. a, Zan+1<:>% t 2(n+1 on+1+V2n? +2n >Jn+V2n? +2n < n+12+/n and 1+\/E>\/_
n

thus the sequence is nonincreasing and bounded below by V2= it converges

n+1 S (mD+1 (n+1)+1
- n+l

and bounded below by 1= it converges

122. a, za,,| &+~ o n?+2n+12n* +2n <120 and ”T“ >1; thus the sequence is nonincreasing

Copyright © 2014 Pearson Education, Inc.
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124.

125.

126.

127.

128.

129.

130.

131.

132.
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43 (i)n S (l)n> (i)n+1 (i)n>(i)n+1 53 (i)n> .
TR =4+(y) s0a,2a, < 4+(5) 24+ <(7) 23 <127 and 4+(3) 24 thus the

sequence is nonincreasing and bounded below by 4 = it converges

a =1, ay=2-3, a3=2(2—3)—3=22—(22—1)~3, a4=2(22—(22—1)-3)—3=23—(23—1)3,

a :2[23 -(2? —1)3}—3 =2 (2413 g, =2 (20 )32 300

n

=2"1(1-3)43=-2"43; q,>4a,,; < 2"+3>-2""113o 2" > 2" 5 1<2 5o the sequence is
nonincreasing but not bounded below and therefore diverges

For a given &, choose N to be any integer greater than 1/&. Then for n> N,
sin sinn 1 1
sinn_o| s 11,
n n

n

. . 1 1 1
For a given &, choose N to be any integer greater than 1/\Je. Thenfor n> N, ‘1——— 1 ‘ =—<—5<e&

n2 n2 N2

Let 0< M <1 and let N be an integer greater than % Then n> N =n >%:>n—nM >M

:n>M+nM:n>M(n+l):ﬁ>M.

Since M, is a least upper bound and M, is an upper bound, M| < M,. Since M, is a least upper bound and
M is an upper bound, M, < M;. We conclude that M; = M, so the least upper bound is unique.

(=D"
2
clearly does not converge, by definition of convergence.

The sequence a, =1+ is the sequence ,%, %, %, .... This sequence is bounded above by %, but it

N |—

Let L be the limit of the convergent sequence {a, }. Then by definition of convergence, for % there
corresponds an N such that for all m and n, m > N = |am —L| <5 and n>N= |an —L| <5. Now

_ _ _ _ _ €€ _
|am —an| —|am L+L an| S|am L|+|L an| <5+5=¢ whenever m>N and n>N.
Given an € > 0, by definition of convergence there corresponds an N such that for all n> N, |L1 - an| <€ and
|Ly —a,| <e. Now |Ly —Li| =|Ly —a, +a, - Lt| <|Ly —a,|+|a, —Lj| < e +€=2¢. |L, —Lj] < 2¢ says that the
difference between two fixed values is smaller than any positive number 2¢. The only nonnegative number
smaller than every positive number is 0, so |L1 —L2| =0or L =L,.

Let k(n) and i(n) be two order-preserving functions whose domains are the set of positive integers and whose

ranges are a subset of the positive integers. Consider the two subsequences ay(,) and a;(,,y, where

akiny = Ly, @iy > Ly and Ly # Ly. Thus |ag ) — ;)| = |L1 —L2| > 0. So there does not exist N such that

forallm, n>N = |am —an| <e. So by Exercise 128, the sequence {a,,} is not convergent and hence diverges.
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133. ay;, - L < givenan € >0 there corresponds an N; such that [2/{ >N = |a2k —L| < e]. Similarly,

ayps = L & [2k+1> Ny =lags, —L|<e]. Let N =max{N, N;}. Then n> N = |a, —L| < ¢ whether n

is even or odd, and hence a, — L.

134. Assume a,, — 0. This implies that given an € > 0 there corresponds an N such that n > N = |an - O| <e€
= |an| <e= ||an || <e= ||an| - 0| <e= |an| — 0. On the other hand, assume |an| — 0. This implies that given
an € >0 there corresponds an N such that for n > N, ||an|—0| <e= ||an|| <e= |an| <e= |an —0| <e=

a, —0.

2 2 _a
xz —a 2xn _(xn —(l) _ xi +a (xn +xn )

135. (a) f(x)=x>—a= f'(x)=2x=> x,,; = x, — B Xy = e 5

(b) x =2, x, =1.75, x3 =1.732142857, x4 =1.73205081, x5 =1.732050808; we are finding the positive

number where x> —3 = 0; that is, where X2 = 3, x>0, or where x = V3.

136. x; =1, xy =1+cos(l)=1.540302306, x3 =1.540302306+ cos(1+cos(1))=1.570791601,
x4 =1.570791601+ cos(1.570791601) =1.570796327 = % to 9 decimal places. After a few steps, the arc

(x,_1) and line segment cos(x,_;) are nearly the same as the quarter circle.

137-148. Example CAS Commands:
Mathematica: (sequence functions may vary):

Clear|a, n]

a[n_]=n'/"

first25= Table[N[a[n]],{n, 1, 25}]
Limit[a[n], n — 8]

The last command (Limit) will not always work in Mathematica. You could also explore the limit by enlarging
your table to more than the first 25 values.

If you know the limit (1 in the above example), to determine how far to go to have all further terms within 0.01
of the limit, do the following.

Clear[minN, lim]

lim=1

Do[{diff =Abs[a[n] —lim], If[diff <.01, {minN=n, Abort[]}]}, {n, 2,1000}]
minN

For sequences that are given recursively, the following code is suggested. The portion of the command
a[n_J:=a[n] stores the elements of the sequence and helps to streamline computation.

Clear|a, n]

a[l]=1;
a[n_]:=a[n]=a[n—1]+1/5""
first25= Table[N[a[n]],{n, 1, 25}]
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The limit command does not work in this case, but the limit can be observed as 1.25.
Clear[minN, lim]
lim=1.25
Do[{diff =Abs[a[n] —lim], If[diff <.01, {minN=n, Abort[]}]}, {n, 2,1000}]

minN

10.2  INFINITE SERIES

2. s, = = = lim s, = =L
- 1 n 1
= (i) e " ()
o)y
3. s, = =—2 = lim s, =4 =2
= (L n= (373
(=) ! ( 2) =0 (2)
1-(=2)" o ,
4 sy = 5y @ geometric series where |r| >1= divergence
1 1 _ 1 =(Ll_1)4(1_1 N N N S IS I i =1
e T e (2 3)+(3 4)+"'+(n+1 n+2) 2 w2 = m s, =5

Hn—>0

6. n(r15+1) :%_ﬁjsn :(5_%)+(%_%)+(%_%)+.__+(n%_i)+(i_i) :5_%3 ,}ij}o Sn

(ie)

8. L4+ Li_L 4  thesum of this geometric series is =1

()7
G

l l l . . . . _1
9 Tttt the sum of this geometric series is 1_(;) 3
4
5,5 5 . U S
10. 5—=+—=-—=+..., the sum of this geometric series is =4
4716 64 (1)
11. (5 +1)+(%+%) +(%+i)+(%+%)+ , 1s the sum of two geometric series; the sum is
5 1 _ 3_23
+ =10+ >=5
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13.

14.

15.

16.

17.

18.

19.

21.

23.

24.

25.

26.

Section 10.2 Infinite Series

G-+ (% - %) + (% - %) + (% - ﬁ) +..., is the difference of two geometric series; the sum is
1 1

1+ + (% %) + %+ %) + (% —%) +..., is the sum of two geometric series; the sum is
1 1 5 _17
+ =2+===t
1
=(3) 1+(3) 60
2+4 +%+ 11265 +. 2(1+ +%+%+ ) the sum of this geometric series is 2[1 EZ)J = %
5
Series is geometric with r = % = ‘%‘ <1= Converges to 1% :%
s
Series is geometric with » = -3 = |—3| >1= Diverges
1
Series is geometric with r = % = %‘ <1= Converges to 1% =%
78

Series is geometric with r = —% = ‘—%‘ <1= Converges to .

=1 2. 0d=Y %(%

123
o0 n 125
124 123( 1 | _124 (105) _ 124 123 _ 124, 123 _ 123,999 _ 41,333
124123 = Z ( ) =t0t (4) 100+105_102 100 ' 99,900 ~ 99,900 ~ 33,300
103

5 3 100
fr 107 \ 10

142,857
o0 n
— 142857 1 " _ ( 106 )_ 142,857 _ 3,142,854 _ 116,402
3.142857 =3+ 20: 3 (10(,) =3+ | ( ; ) 3+ 10621 999.999 ~ 37,037
n= 706
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27. lim —2—= lim 1 =1£0= diverges

>0 n+10 n—)ool
. 1 . 2 . : .
28. lim ”g’” )3 = lim 2 = lim %: lim %:1#0: diverges
oo (MF2)(+3) 215046 o 205

29. lim -1 =0= test inconclusive
n—so0 4

30.  lim = lim L = 0= test inconclusive
n—w N°+3 oo 2

1 _

31.  lim cos;-cosO:I#O: diverges

n—o0
. . 1 . n . .
32. lim = lim £4—= lim & = lim %=1¢0:> diverges
n—ow € tn  p—oo e+ n—ow € n—o

33, lim Inl=—00+#0= diverges
n—>0

34. lim cos nx = does not exist = diverges
n—

35 s =144 ()l 1= =i ()

series converges to 1

3\, (3_3 3 3).(3__3 \_5__3
")+(9 16)+"'+((k—1>2 k2j+(k2 <k+1)2j . (k+1)?

3
(k+1)?

0 -

N8}

= lim s; = lim (3

j =3, series converges to 3
k—o0 k—o0

37. s =(InV2=InV1)+(In3 =132+ (Inv4 = 1n3)+ .+ (Inie ~ Ik =1) + (In e+ T~ In i
=Invk+1-Inv1=Invk+1= lim s; = lim In/k+1 = oo; series diverges

k—o0 k—o0

38. s; =(tanl-tan0)+(tan2—tan1)+(tan3—tan2)+...+(tank —tan (k —1))+(tan(k +1)—tank)

=tan(k+1)—tanO=tan(k+1)= lim s; = lim tan(k +1)= does not exist; series diverges
k—0 k—0

39. s = (cos_1 (%) —cos! (%)) + (cos_1 (%) —cos! (%)) + (cos_1 (%) —cos™! (%)) +...
R e o

' = lim|Z—-cos”!(-L)|=Z2_z_-2z i z
jklgr:osk_klgr;o[3 cos (k+2) 35 = series converges to
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40.

41.

42.

43.

44.

45.

46.

Section 10.2 Infinite Series 715

st = (V5 =V4)+ (V6 —5)+ (VT V6 )+ ...+ (Ve +3 i+ 2 )+ (Vi + 4~V +3) =k +4 -2

= lim s; = lim [\/k +4 —2] =oo; series diverges

k—o k—o0

4 —_1 1 ) (1) (1_L 1 __1 1 —1_
Gn3)(@nel) -~ I3 4n+1:>Sk_(l 5)+(5 9)+(9 13)+"'+(4k—7 4k—3)+(4k73 4k+1) T

3klglgosk—klg120(l yyan 1) 1

m=ﬁ+ﬁ=%: AQ2n+1)+B2n-1)=6= (24+2B)n+(A-B) =6
_ _ k k
{thzB:;OD{jti;gjzA:63 A=3 and B =-3. Hence, Zi (ZnT6(2n+l):3 g(ﬁ_znlﬂ)
= 3(%—%+%—%+%—%+. .—m %—ﬁ) = 3(1 2k+1) = the sumis klgrso 3( ﬁ) =3
40n A4 . B . C . D _ AQ2n-)(2n+1)> +B2n+1)* +C(2n+1)(2n-1)>+D(2n-1)
@n=)*@n+1)?  @n=1) " -1 @n+l)  (2p41)? (2n-1)2(2n+1)?

= AQn-1)2n+1)* + B2n+1)*> + C2n+1)2n—1)*> + D(2n—1)> = 40n
:>A(8n +4n* —2n- l)+B(4n +4n+l)+C(8n —4n —2n+1)+D(4n2—4n+1)=40n
:>(8A+8C)n +(4A+4B—4C+4D)n +(—24+4B-2C-4D)n+(-A+B+C+D)=40n

84+8C =0 A+C=0
4A+4B-4C+4D =0 A+B-C+D=0 B+D= 0
= = = = 4B=20= B =5
—2A+4B-2C—-4D =40 —-A+2B-C-2D =20 2B-2D =20
—-A+B+C+D=0 —-A+B+C+D=0
andD:—Sj{ A+C=O:>C:OandA:0. Hence,
A+5+C-5=0

k k
40n _ NS U P T WU WS NS SR | 11
Z=: {(2;1 1)?(2n+1)? } 52 {(2;11)2 (2n+1)2:| 5[1 99725 a5 (2(k-1)+1) Ty (2k+1)2j

:5(1— 1 2j:>thesumis lim 5(1— ! zj:
(2k+1) N—>0 (2k+1)

2n¢l 1 1 _(_1) (1_1
== =8 =(1-5)+|l5—3
R’ o ek 4)7 49

= lim s; = lim [ -1 z}zl
k—0 k—o0 (k+1)

[ T |
+[(k—1)2 kz}{kz (k+1)2}

= (- o (- ) - ) -
= lim s; = lim (1— 1 )=1

k—ow k—o

11 D U U NI DD U NN I OO
(217 B )+(21/3 21/4)+“'+(21/(k—1) 21/k)+(21/k 21/(k+1))_2 V()
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47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

Chapter 10 Infinite Sequences and Series

(L __1 1 I D S 1 1 y___1 ., 1
Sk_(ln3 1n2)+(1n4 ln3)+(ln5 ln4)+"'+(ln(k+1) 1nk)+(ln(k+2) 1n(k+1)) 2 1 In(k+2)

= lim 5, = -1

k—o0 In2

i = [tan_l(l)—tan_1(2)J +[tan_1(2) - tan_1(3)J 4ot tan T -1y - tan_l(k)] + [tan_l(k) —tan" ! (k +1)]

—tan— (1) — tan ! ; —tan (- Z-Z_Z__Z
=tan~ (1)—tan (k+1):klgr<}osk—tan Q) =45 ="1

1 2

convergent geometric series with sum 0= 242
1—(— -
&)

divergent geometric series with |r| =21

convergent geometric series with sum

lim (=1)""'n#0= diverges
n—>0

The sequence a,, = cos(%} starting with n=01s 1,0,-1,0,1,0,-1,0,..., so the sequence of partial

sums for the given series is 1,1,0,0,1,1,0,0,... and thus the series diverges.

cos(nr) = (-1)" = convergent geometric series with sum

. . . 2
convergent geometric series with sum —1— = ¢

2
1= L) e -1
(2

lim 1nin =-w # 0= diverges
n—»0

convergent geometric series with sum % -2= % —% = %
~(i6)
convergent geometric series with sum % = ﬁ
(1)
difference of two geometric series with sum ———-—1—-=3 —% :%

- 0

lim (1—%)’1 = lim (1+‘71)n =e ' £0> diverges

n—0 n—o
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61. lim ”!n =00 #0 = diverges 62. lim ’:l—n'— lim ’11'”“‘” > lim n =0 = diverges

o0 1000 e e R o

0 n o0 n 0 n o0 n
63. 2}:;3" z 4” 4n Z (%) + Z (%) ; both z (%) and Z (%) are geometric series, and both
n=l n=l1 n=l1 n=l1 n=1 n=

00 1 0 3
i =1L =303 i BRI (;)"_Z_
converge since r—2:>‘2‘<1 and r—4:>‘4‘<1, respectively :>Z (2) = =1 and Z 1) = =3

ol—
|
ENY)

n=l1 n=1

32 243" +3 =1+3=4 by Theorem 8, part (1)

n=1
on n
. n,4n . et 14 . .
64. lim 2n +4n = lim 4: = lim (2)” =%=1# 0 = diverges by n' term test for divergence
n—oo 3"+4 n—»w 37+1 n—»o (%) +1
4

65. Zln(nﬂ) Z[ln(n) In(n+1)]

n=l1
= 5 =[In(1) = In(2)] +[In(2) - In(3)] + [In(3) - In(4)] + ... + [In(k — 1) ~ In(k)] + [ In(k) ~ In(k +1)] = ~In(k +1)

= lim s; =-00,= diverges
k—

66. lim a, = lim In(

n—>0 n—>0

ﬁ) = (%) # 0= diverges

67. convergent geometric series with sum . 1 __

. . . . 73
68. divergent geometric series with |r| =& =

Z( " x Z:‘)( x)a=1r=-x; converges to (x):ﬁ for|x|<1
n

|x|<l

z( 1y x 2n:z( Z)n;azl,r=—x2;

n=0

71. a=3,r=%1; converges to 3 -6 for —1<®lclor-1<x<3
2 =(51) " 3x 2
2
o0 00 1
(—1)”( 1 )" _ L( -1 )”. 1, __ -1 . (2) _34sinx _ _ 3+sinx

72 2 5 -\5mix) = 2 2(5minn) $9= 37 = ey converges to (=L 2(#+sinx)  Br2sinx

n=0 n=0 3+sinx

i 1o 1 1
for all x (since e vt S for all x)

73. a=1,r=2x; converges to ﬁ for |2x| <1 or |x| <%
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74.

75.

76.

77.

78.

79.

80.

81.

82.

83.

84.

85.

86.

S 1
© 2 n3)(n-2)
n=5

. 5
© 2 (n—19)(n—13)
n=20

Chapter 10 Infinite Sequences and Series
a=1, r=—l2; converges to - )2‘2 for lz <1 or |x| >1
X 1_(;1) x“+1 X
x2
_ __ . 1 __1 _
a=1,r=—(x+1); converges to oD~ 2ex for |x+1| <lor-2<x<0
a:I,r:%; converges to 1_(%) :ﬁ for ‘3%)‘ <lorl<x<5
_ —win 1 v :
a=1,r=sinx; converges to sinx for x # (2k+1) 7 k an integer
a=1,r=Inx; converges to l—lln . for |1n x| <lorel<x<e
. 1 - 1
@ 2 G ® 2 e
n=-2 n=0
@ 2 G ® 2 e
n=-1 n=3
N T i | 1 (%)
(a) one example is 2tatstiet = 17(%) =1
: 3.3 _3_3 (7%)
(b) one example is —S YR 1_(;) =-3
2
: 1_1_1 1 (%)
(c) one example is 1_5_2_§_E_'“ =1- 17(%) =0

4
)

o0
. n+l . . .
The series Z k(%) is a geometric series whose sum is
n=0
number.

Let a, =b, = (%)n Then i

n=l1

0 o0 n
a, =Z b, =z (%) =1, while
n=l1

n=l1

Let a, =D, :(%)n. Then i a, :i b, = i
n=l1 n=l1 n=l1

Let a, :(%)n and b, :(%)n. Then Azi a, :%,Bzi b, =1 and i
n=l1 n=l1

n=1

Yes: Z (i)

nth-Term Test.

diverges. The reasoning: Z a, converges = a, = 0= L o= Z

=k where k can be any positive or negative

0 o0

Z (Z—:) = Z (1) diverges.

n=l1

n=l1

(1)" =1, while S () =3 (4) =145
n=l1

n=1

(2)=3 (&) =124

n=l1

(al) diverges by the

n n
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88.

89.

90.

91.

92.

93.

94.

95.
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Since the sum of a finite number of terms is finite, adding or subtracting a finite number of terms from a series
that diverges does not change the divergence of the series.

Let 4, =ay+ay +...+a, and lim 4, = A Assume »_(a, +b,) converges to S. Let
Hn—>0

S, =(a;+b))+(ay +by ) +...4(a, +b,) =S, =(ay+ay +...+a, ) +(b +by +...+b,)
= b +by+...+b, =8, A4, = lim (by+by+...+b,)=S—A4=)_ b, converges. This contradicts the
Hn—>0

assumption that »_ b, diverges; therefore, »_ (a, +b,) diverges.

2 \10) "2 \10) 2 \10
1+l +e?t 4. = lb:93l:1—eb:>eb:§:>b:1n(§)
1-¢ 9 9 9
sn=1+2r+r2+2r3+r4+2r5+...+r 42,21 ,n=0,1,...
:>sn=(l+r2+r4+...+r2n)+(2r+2r +2r +...+2r2””):> lim s, =5 +-25 = 1221
n—»w I=r 1-r I-r

if 2] <1 or || <1

) 2
area =22+(\/§) +(1)2+(%) +...=4+2+1+%+...=é=8m2

(a) After 24 hours, before the second pill: 300e 1229 + 16.840 mg; after 48 hours, the amount present
after 24 hours continues to decay and the dose taken at 24 hours has 24 hours to decay, so the amount
present is 300e{~01248) 1 300e(~012)(24) £ 0.945 +16.840 =17.785 mg.

(-0.12)(24)

. . o[ (-0.12)24)\" _ -
(b) The long-run quantity of the drug is 30021:(e ) = PR ENF T ~17.84 mg.
_ a a(l—r") _ar"
L=s, = =r 1= 1-r

set, so some points in the set include 0, 2= 35 ﬁ % % % % % % % %,1

(b) The lengths of the intervals removed are:
1
Stage 1: —
g3

Stage 2: 1(1 —l] = 2
3 39

Stage 3: l(l—l—g]:i and so on.
3 3 9/ 27

0 n—1
Thus the sum of the lengths of the intervals removed is Z 5[%} = % T;B) =

n=1
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2 n-1 n—1
9. (a) L=31=3(%),1,=3(4),....1,=3(%) = lim 1, ’112203(3) 0
(b) Using the fact that the area of an equilateral triangle of side 1ength s is gsz, we see that 4, = @,
s B (1P BB L,
A2_A1+3(T (5) =%t 12’A3_A2+3(4) 32 = 1t
2 2
2 3
A, = 4 +3(4) (@)(3%)  As = Ay +3(4) (@)(3%)
_BLN =2 (B (L) _B k=3 (1) _ B o 4k
Ay =0 Y 3@ P ) =T W@ (L) =433 > A
k=2 k=2 k=2
n 1
_ N} 43 36 A3 ) _B(143) =3 (8)_8
nh—r::oA nlfio( 4 +3I[k§ 9* ID_ 4 +3\B(1—gj_ 4 +3*B(20)_ 4 (1+5)_ 4 (5)_5A1
10.3 THE INTEGRAL TEST
by 1 b
L. f(x) ——2 is positive, continuous, and decreasing for x > 1; I —dx = lim dx = lim [——]
x b ol x? b L X1
= blgr;o (_F )— 1 :>I —5dx converges = nzi ~7 converges
R . . 5 087
2. f(x)=—5 is positive, continuous, and decreasing for x >1; J- —5dx = 11m J- —5dx = lim [—x J
02 1 b—>00 4 1
= bh—ri-lo (%bo.s —%) =0 = L —Ldx diverges = Z‘i - diverges
n
3. f(x)=- —L_ax
x“+4 b—)oo 1 x?+4
= lim [ltan%i}b = lim (ltan 1———tan ll)—l—ltanf1 1 1
" howl2 201 oo \2 2 2) 42 270 2
4. f(x) —— is positive, continuous, and decreasing for x > 1; J- dx =lim | —dx= 11m [ln|x+4|]
b—>0 1 x+ 4
= hm (1n|b+4| 1n5 °°:>I —dx diverges = Z dlverges
_ 2x - : : (2% g s b oy
5. f(x)=e " is positive, continuous, and decreasing for x > I; J. e " dx= lim I e “dx
1 b—x
b o0
:bh—ri-lo [_le’zx l :})li_r)r;o (— 2812,7 o ) 3.[ 2% dx converges = > e 2" converges

n=l1
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11.

13.

14.
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. .. . . © . b
f(x)=—1 > is positive, continuous, and decreasing for x > 2; L > dx = lim J. L >
nx) 2 x(Inx) b—oo ¥2 x(In x)
= lim [—L]b = lim (——+ 1 )—Lz 'foo—dx converges = Z —L_ converges
hosoo L Imxlp p7 0\ b In2 In2 2 x(Inx)? n(lnn)?
2
fx)=——1i d-x =<0 for x> 2, thus fis decreasing for
x“+4 (x +4)
2 b 2
x> 3 dx = lim [iln(x +4)] ~ lim (lln(b +4)—i1n(13)):oo:>
Chow 3 x +4 b—w L2 3 booo \2 2 3
o0
. n_ _1.,2 n .
diverges = 2,5 +5+ Z = diverges

<0 for x> e, thus fis decreasing for x > 3;

2 2
f(x)= ln;‘ is positive and continuous for x >2, f'(x)= 2’1%

J';Oﬁdx: lim J'Sb%dx— lim [2 Inx ] = 11120 (2(lnb)—2(ln3)):oo:>J'3°O lnyfz dx diverges

x b—w b—w

o0 o0
Inn® g Inn® _ Ind lnn
= 2‘3 e diverges = Z:Z = T+ 2‘3 diverges
n= n= n=

f(x)= = s positive and continuous for x >1, f'(x)= );(x 7 9 <0 for x> 6, thus f'is decreasing for x >7;
e e

x/3

J.;o ex dx = lim

b
2 . . _6h—
dx = lim |:_3x _18x _ 54} - lim ( —3b”-18b-54 | 327)= lim (3( 6b 18))+327
b—o 7

r/} et st JOE e b OB 3

— 1 =54\, 327 _ 327
= lim (—)+ :>J dx converges = Z w5 converges

e /3 7/3 x/3
b—oo \ € 7 ¢
S 2 )
n~ _ 1 4 9 16 25 | 36

= Z I WJF 21 + + K +W+_z+ Z A converges

n=l1 n=7 ¢
f(x)= ; = L“z is continuous for x > 2, f'is positive for x >4, and f'(x)= 7_"3 <0 for x>7,

23+ (x-D) (x=1)

b b b b
thus fis decreasing for x > §; jg = 4_dx = lim [IS (;__11)2 dx — 8 (v 1) dx} = lim [Is ﬁdx— g (x—31)2 dx}

b—x b—w
b .
= lim [1n|x l|+—] lim (ln|b l|+——1n7——) ) 3J~ dx diverges = Z diverges
b—0 8 bow
< 4
= n :—2—i+0+ +—+ + dlver es
Z=:2 n?-2n+1 4 36 Z £
converges; a geometric series with » = ﬁ <1 12. converges; a geometric series with » = % <1
diverges; by the nth-Term Test for Divergence, lim —2-=1+#0
n—soo Nt1

diverges by the Integral Test; Iln%dx =5In(n+1)-5h2= J.lw%dx —> 0
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, which is a divergent p-series with p :%

15. diverges; Z % = 32
n

o

o0 o0

. -2 _ 1 . . _ . . _ 3

16. converges; Z‘i i 22:1 > which is a convergent p-series with p >
n= n=

17. converges; a geometric series with » = % <1

o0 o0 0 0
18. diverges; Z _78 = —82 % and since Z % diverges, —82 % diverges
n=l1 n=l1 n=l1 n=l1

19. diverges by the Integral Test: I;medx = (1n2 n—In 2) = I;Omedx —

1
2

20. diverges by the Integral Test: j;omedx; I:t =Inx, dt = %, dx = etdt}
X

[ZIet/ 2 _ 4,12 ]b = lim [Zeb/ 2(h—2)—2eM2/2(1n2 - 2)} —

O 25 1
- te'!“dt = lim
In2 In2 pow

b—wo

21. converges; a geometric series with » = % <1

. . n . n .
22. diverges; lim —— = lim 21053 = [im (1n_5)(
n—w 4"+3  pow 4"Ind w0

23. diverges; Z n__-fl =-2 Z ﬁ, which diverges by the Integral Test
n=0 n=0

24. diverges by the Integral Test: Ln 21{ 1= %ln(Zn -)>wasn—o>w

. . . n . n
25. diverges; lim aq, = lim 2—1: lim 2102 -0 20
n—>00 n—o0 " pseo

u= \/; +1 1
26. diverges by the Integral Test: J‘Inﬁ; dy = % - J;/;+ % =In (\/Z +l)—1n2 —> 0 as n—>®©

X

1
27. diverges; lim %: lim (ZJ;)

n—0 n—>0 (%) n—»0

= lim %:OO;EO

28. diverges; lim a, = lim (1+1)" =e#0

n—>0 n—>0

29. diverges; a geometric series with » = ﬁ ~1.44>1
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30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

Section 10.3 The Integral Test

converges; a geometric series with » = ﬁ ~091<1
converges by the Integral Test: I (1) dx; [u =lnx,du=42 dx]
(lnx)«/(ln x)%-1

- J’OO du = lim [sec ! |u|] = lim [sec_1 b—sec_l(ln 3)} = lim [cos_1 (i)—sec_l(ln 3)}

In3, -1 b—© In3  poo b—0 b
=cos (0) sec” (1n3) —secfl(]n 3)~1.1439
converges by the Integral Test: J- = J'OO (%) dx; [u =Inx, du= ldx}

ges by & I 14(nx)? ’ x

1+ln x)

_>J.<:O 77 du = lim [tan’lu]ﬁ = lim (tan’lb—tan*1 0)21_021

b—x b—0

2]
<
=

—

i _
diverges by the nth-Term Test for divergence; lim # sin (l) = lim ”) =lim X =1+£0
n—»0 n—»0 (i) x—=>0 ¥

|.—
N —
I
—
!

o
2
Nl

[
—
g5
A/
|
N—
w
(¢}
[¢]
1)
P
Nl

diverges by the nth-Term Test for divergence; lim n tan(
n—»0

= lim secz(l)—sec 0=1+#0

n—»0

converges by the Integral Test: I —dx; [ =e*,du=e" dx]

o ST L, 1 1 -1
- >du = lim [tan u] = lim (tan b—tan e):ﬂ—tan e~0.35
e

e 1+M n—»ow b—w 2

[ =e*, du=e"dnx, dx=idu]—>'[:oﬁdu

= [ (2-2)du = lim [21n#]i:blijgo[21n( ) -2n( )]:21n1—2ln(ﬁ):—2ln(ﬁ)z0.63

b—x

-1

o a u=tan " x 7/2 2 2

by the Integral Test: | S@n_x gy Sud _[4 ] :4(7r__7r_)
converges by the Integral Tes L L & du:l : j/ u du u " FRET:
+X

2.0 posw

du=2x dx

b
converges by the Integral Test: LOO sech x dx =2 lim . ( ) dx=2 lim [tanf1 e* ]1
b—oo 1y b—o

=2 lim (tan71

eb —tan”! e) —7—2tan le~0.71
b—0
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© b
40. converges by the Integral Test: L sech? x dx = blim L sech? x dx = lim [tanhx]f = blim (tanh b — tanh 1)
—>0 —0 —>0

=1-tanh 1~ 0.76

41 ] (-5 = Jim [amnfx+2]-infed]) = lim { In 2" —1n(%)}= Jim In G2 —1n(%);

(b+2)° a>1

0.
—a lim (b+2)% 1 =1
b+4 ab—)oo( ) {1’ a=1

lim = the series converges to In (%) if @ =1 and diverges to o if
b—0
a>1. If a <1, the terms of the series eventually become negative and the Integral Test does not apply. From

that point on, however, the series behaves like a negative multiple of the harmonic series, and so it diverges.

b
(1 _2a)\g— 1 x-1 _ b=l (2 )[_ 1 b=l __ 2 ).
42 j3 (X—l x+1)dx [)lirolo |:ln (x+1)20 :|3 bh—r)lzo |:1n (b+1)2a 1n(42a ):| [}E)rolo 1n (b+1)2a 1n(42a )’
1, a :%
lim b—12 = lim ﬁ = = the series converges to In (i) =In2 if =1 and diverges to
b0 (H oo 2a(b+ oo g <L 2 2

o if a< % If a> %, the terms of the series eventually become negative and the Integral Test does not apply.

From that point on, however, the series behaves like a negative multiple of the harmonic series, and so it
diverges.

43. (a)

12 _ 1/n 112 1/n

n+1 n
Lapcrsds 41 l+i+...+i<l+ Loy
2 2 n 1 X

(b) There are (13)(365)(24)(60)(60) (109) seconds in 13 billion years; by part (a) s, <1+Inn where

n=(l 3)(365)(24)(60)(60)(109) =5, <l+In ((13)(365)(24)(60)(60) (109 ))
=1+1In(13) + In(365) + In(24) + 2 In(60) + 9 In(10) ~ 41.55

o0 o0 o0
1 _1 1 |
44. No, because Z - —;Z - and Z - diverges
n=1 n=1 n=l1
o0 o0 o0 a a
. . . . 1 _ .
45. Yes.If Z a, is a divergent series of positive numbers, then (E) Z a, = Z (7”) also diverges and = < a,.
n=1 n=1 n=l1
o0
There is no “smallest” divergent series of positive number: for any divergent series Z a, of positive
n=1

numbers Z (%) has smaller terms and still diverges.

n=1
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o0 o0 o0
46. No, if Z a,, is a convergent series of positive numbers, then 22 a, = Z 2a, also converges, and
n=l1 n=l1 n=l1

2a, > a,. There is no “largest” convergent series of positive numbers.

47. (a) Both integrals can represent the area under the curve f(x)= ﬁ, and the sum s5, can be considered an
X+

50
approximation of either integral using rectangles with Ax =1. The sum s5; = Z T is an overestimate
n=l1

51 . .
of the integral L \/1_1 dx. The sum s5, represents a left-hand sum (that is, the we are choosing the
X+

left-hand endpoint of each subinterval for ¢; ) and because fis a decreasing function, the value of fis
a maximum at the left- hand endpoint of each subinterval. The area of each rectangle overestimates the true

dx In

area, thus J J_d Z \/_ In a similar manner, s5, underestimates the integral j

this case, the sum s5 represents a right-hand sum and because f'is a decreasing function, the value of f'is
a minimum at the right-hand endpoint of each subinterval. The area of each rectangle underestimates the

51
true area, thus Z T J dx Evaluating the integrals we find j \/_ dx = [2x/x + 1]1

=252 -2V2 %116 andj [2\/x+] =2/51-241 ~12.3. Thus, 116<Z—<123

Fdx
=[2\/x+1]1 = 2Jn+1-242 >1000 = n >(500+J5) —1~2514142

(b) s, >1000= L

= n2>251415.
30 ) o0
48. (a) Since we are using s3; = Z % to estimate Z %, the error is given by Z % We can consider this
n n n
n=1 n=l n=31

sum as an estimate of the area under the curve f(x)= % when x> 30 using rectangles with Ax =1 and
X

¢; is the right-hand endpoint of each subinterval. Since fis a decreasing function, the value of fis a

minimum at the right-hand endpoint of each subinterval, thus Z % < dx = lim | -Ldx
S0t 0 boson 430 x*
b 5 5
= lim [—%} = lim (— L j~1 23x107°. Thus the error <1.23x10~
bl 3x 130 b—ow\ 3D 3(30)

b b
(b) We want §—s, <0.000001 = j L dx <0.000001 = j Ldx=lim [ Ldx= lim [—L}

3
b—xo n x* b—x© 3x” 1y

—1; 1 1 )__1 ,1000000 ~
= lim (-g—l—;) —§< 0.000001 = n > 3 3 ® 69.336 => n>70.

b—w

by b
49. We want S—s, <001:>j dx<001:>j Ldr=1lim [ Ldr=lim [_;2} = lim (—L+L)
n

bsop U1 X b—owo L 2x hooo \ 20%  2n°

8
=55 <001=n>5027071=n28= S~ 55 =3 L =1.195

n=l1
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b b
50. Wewant S—s, <0.1= [“—Ldr<0.1= lim ['—L_dr= lim | Lan"'(%)]
n x“+4 b—soo 9N x“+4 b_mZ 2/,
= lim (Ltan 12— Lian ' (2)) = Z _Ltan~
—blir;o(ztan (2) 2tan (2))—4 2‘[an (2)<013n>2tan( 02) 9.867=>n=>10
10
Dstl():
n=l1

b b
51. S-s, <0.00001:>j dx<000001:»j dr=lim [ ';dx= lim [—&} = lim (—&H—)

b—© X b—0

=10.20.00001 = 1 >1000000"" = 1 >10%°
n

52. §-5,<00l=

nxnx

b
b
dx<001:>j -dx = lim | 13dx:hm[— ! }

x(lnx) h—soo 91 x(Inx) bhooo| 2(Inx)?

= lim (— I 2): L <0.01=n>e" x1177.405= n>1178
bseo | 2(Inb)>  2(nn)? ) 2(Inn)

53. Let 4, = Z a, and B, = Z 2k a( ) where {a, } is a nonincreasing sequence of positive terms converging
k=1
to 0. Note that {4,} and {Bn} are nondecreasing sequences of positive terms. Now,

B, =2a, +4ay +8ag +...+2”a(2n)

=2a, +(2a4 +2a4)+(2a8 +2ag +2ag +2a8)+...+(2a(2n) +2a(2,,) +...+2a(2,,)j

2" erms
<2ay +2ay +(2a3 +2ay )+ (2as +2ag +2a; +2ag)+...+ (2(1(2,,_1) + 2a(2,,_1+1) +. +2a ] 2A(2n
0 , . k
< 22 ay.. Therefore if Z a; converges, then {B,} is bounded above = 22 a(z") converges. Conversely,
k=1

o0
A, =ay+(ay +a3)+(ay +as+ag +a7)+...+ a, <ay+2a, +4a, +...+2”a(2,,) =ay+B, <aj+ ) 2ka(2k).
k=1

Therefore, if Z 2k a( 2") converges, then {4, } is bounded above and hence converges.
k=1

o0

54. (a) L —=—1 %2 () i :in% which diverges

U27) = 3 (2 2"n(In2) ~ 2" n(ln2)
( ) n=2

o0
1 .
= Z‘é = diverges.
n=

(b) ( ,,) = 2,,p Z 2"a (2,,) = i 2" 2’#’}7 :i = i(%)n, a geometries series that converges if
n=l1 =

1
n=l1 (2’1 )1’*1 n=l1 2

if p<1.
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56.

57.

58.

59.
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J‘Oo de . [u:lnx, du:%]—)joo u Pdu= lim [u””]i’nz = lim (1_ )[b pl —(In2)" pﬂ]

@) 2 x(ln x)?’ In2 bl —P+1 h—>oo
L) p>1 , . . . .
=471 = the improper integral converges if p >1 and diverges if p <1. For p=1:
0, p<l
J;o = hm [ln(ln x)] = hm [ln(ln b)—In(In 2)] oo, so the improper integral diverges if p =1.
o0
(b) Since the series and the integral converge or diverge together, Z 0 L " converges if and only if p >1.
n=2 n(inn
(a) p=1= the series diverges
(b) p=1.01= the series converges
o0 0
L _1 1., _ foc i
(©) Z n(lnn3) =3 Z oy P = 1= the series diverges
n=2 n=2
(d) p=3= the series converges
1 n+l | 11 1
(a) From Fig. 10.11 () in the text with f(x)=1 and ap =5, we have L < dx < 1+5+§+...+;

S1+J.1nf(x)dx:1n(n+1)£1+l+%+...+%s1+lnn 0<1n(n+1)—1nn<(1+ w4l ) Inn<l.

Therefore the sequence {(1 + é + ; +...+ ) In n} is bounded above by 1 and below by 0.

(b) From the graph in Fig. 10.11 (b) with f(x)=1,--< j "ML g In(n+1)-Inn

=0>-L—[In(n+D)-Inn]=(1+1+1+. +——1n(n+1)) (1+1+1+. +1-mn).

%-i—%—h’l n, then 0>a,, —a, = a,, <a, = {a,} is a decreasing

sequence of nonnegative terms.

If we define a,, =1+%=

—x’ —-x © —x : P : -b , -1 -1 © ¥
e <e " for x>1, and L e “dx= lim [—e J = lim (—e +e )= e = L e~ dx converges by the
1

b—w b—o
x 2 x 2
Comparison Test for improper integrals = 2. e " =1+ X ¢ " converges by the Integral Test.
n=0 n=1

X b o7b .
(a) smzzl% 1.97531986; j L dx=lim [ xdx= lim [—7} = lim (—L+$)—ﬁ
n=

h—oo9ll b—w 11 bow\ 20
and L dx = lim b x73 dx = lim [—i}b = lim (—L+L)=L
10 h—>0910 bowl 2 Jlo b\ 26> 200] 200
=1. 97531986+m<s<1 97531986+m31 20166 < s <1.20253

(b) 5= i% 1. 20166+1 20253 =1.202095; error< 1.2025351.20166 =0.000435
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10 b
b _4 . -3 .
60. (a) si9 =D~ =1.082036583; j Adv=lim | x™ dr= lim [‘XT} = lim (—#+ﬁ):7193

61.

62.

10.4

n= 1 b—o 1 b—0 11 b—x0 b
b 4 -3 b
and | —rdx=lim | x " drx= lim [——] = lim (—#+#)—#
;,_m 10 bowl 3 10 b\ 3b° 3000 3000

= 1.082036583 4+ o3 3993 <5 <1.082036583 + =~~~ 3000 =1.08229 <5 <1.08237

(b) §= i% 1. 08229+1 08237 =1.08233; error < 1. 0823721 .08229 =0.00004

. 111 (1 1 &1 n?
The total area will be —(—— ) = [—— ] The p-series — converges to — and
nz=1 n\n n+l ngl n2 n(n+1) p Zﬁ 2 g 6

o0
Z " ! 1 converges to 1 (see Example 5). Thus we can write the area as the difference of these two values,
n(n

2
or %—1 ~ 0.64493.

( )
The area of the nth trapezoid is l(l + ! j (l 1 ] = lLL - ;2 J . The total area will be
2 (n+1)

n n+l n+1
1&( 1 )1 :
= Z k—z— 2J =—, since the series telescopes and has a value of 1.
27\n" (n+1) 2
COMPARISON TESTS

o0
Compare with Z e which is a convergent p-series since p =2 > 1. Both series have nonnegative terms for

n=1"
n=1. For n>1, we have n?<n?+30= lz > . Then by Comparison Test, Z 30 converges.

n I’l +3
n=1"

o0
Compare with Z e which is a convergent p-series since p =3 > 1. Both series have nonnegative terms for

n=1"
n>1. For n>1, we have n* <n* +23l42 41 =>t 3%2 ThenbyComparlson

n n+2 n n+2 n +2

o0
Compare with Z N which is a divergent p-series since p = % <1. Both series have nonnegative terms for
n=2

n>2. For n>2, we have Jn-1<n= \/_ . Then by Comparison Test, Z

J— 1

¢
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o0
Compare with Z % which is a divergent p-series since p =1<1. Both series have nonnegative terms for

n —-n n n —n I’lzfl’l }’lz —-n

o0
n>2 Forn>2, wehave n> —n<n*=>—-L->L o n >n_1_ nt2 5 n 51 Z
2 2 nZ n n }’l*l’l

diverges.

Compare with Z

n= 1

7 which is a convergent p-series since p =3 >>1L Both series have nonnegative terms for

2
2n<1:>cos ne_ 1

n>1. For n>1, we have 0 < cos on s 3/2

Then by Comparison Test, Z °°§ /2” converges.

n=1

0
Compare with Z%, which is a convergent geometric series, since |r|= ‘%‘ < 1. Both series have nonnegative
n=1

terms for n >1. For n>1, we have n-3" 23" = —13’1 <—. Then by Comparison Test, E —L converges.
"
n=1

is a convergent p-series since p = > 1, and the series Z

1
32 32

o0
Compare with Z ek The series Z
n=l1

n= 1

=5 Z 5 converges by Theorem 8 part 3. Both series have nonnegative terms for n>1. For n>1,

we have 73 <n? = 4n3 <4n* = n* +4n® <n* +4n* =5n* = n* + 41 S5n4+20=5(n4+4)

4,43 4
S R (n+ ) <5 = Ltd <i3 [t < S > 3/2 Then by Comparison Test, Z ntd
4 4 n*+4

n + l’l+ l’l+4

converges.

o0
Compare with Z T which is a divergent p-series since p = % <1. Both series have nonnegative terms for
n=1

n>1. For n>1, we have JZ21:>2J222:>2JZ+123:n(zﬁﬂ)zsnzs:znﬁmzs

:>n2+2n\/;+n2n2+3:>

n°+3 n*+3 n 43 n

2
o2 >1= ”*2*/;“ >1 _(\/;H) > 1 nH \/7 \/—“ > L
> >

Then by Comparison Test, Z il diverges.

> s

o0
Compare with Ziz, which is a convergent p-series since p =2 > 1. Both series have positive terms for
n

n=2

3.2 n—on? . 2_ . _ . ..
n>1. lim 2 = lim 2 3 = lim 2 22” = lim 3”2 4n — lim £2=% = [im £ =1> 0. Then by Limit
n—wbn  ns0 1n N I —1"+3  psw3n’-2n  poe0 0172 5000
Comparison Test, Z converges.
-n +3

="
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730
o0
10. Compare with Z T which is a divergent p-series since p :% 1. Both series have positive terms for n >1
n+1
i n n2+2 : n*+n n2+n 2n+l _ s 02 E
lim - = lim im , |52 = [ lim &5 = [ lim lim 2 =+/1=1>0. Then by Limit
b, n—»0 l/\/— n—oo \ n°+2 n—o0 N°+2 noo 2N n—so0 2

n—»o0 “n

o0
Comparison Test, Z ’;—” diverges
o v +2

o0
11. Compare with Z % which is a divergent p-series since p =1<1. Both series have positive terms for n > 2

1> 0. Then by Limit

n(n+1)
PR U U Sin’ 30?42 L 6ni2 _ o 6
lim % = lim ————= lim - 3*—= e = Jim 22 = lim 2 =
n—oo “n n—>w 1/n n—oo - —n-+n— 1 n—>w 3n“-2n+l1 n—>w 6n-2 n_)oo6
1 .
Comparison Test, Z n(ntl) diverges.
(n +1)(n-1)
12. Compare with Z , which is a convergent geometric series, since |r|—‘ ‘<1 Both series have positive
n= l
Zn
. a, 3ea" _ pin 4" - 4"In4 . i
terms for n>1. lim - = lim = lim —— = lim == =1> 0. Then by Limit Comparison Test,
n—0 b n—w 1/2"  p_o03+4 n—oo 4" In

o0 2}’!
g 3+4"

o0
Compare with Z 7 which is a divergent p-series since p =% 1. Both series have positive terms for n > 1
n=1

13.
57!
lim £ = lim % = lim 5 = lim (5 )” =oo. Then by Limit Comparison Test Z
n—w by n—>0 1/\/— n—o 4 n—soo 4 ’ ol Jn-4"
i n
14. Compare with Z (%) , which is a convergent geometric series since |r|—‘ ‘ < 1. Both series have positive
n=1
u (2n+3)” B ;
terms for n>1. lim o= lim 24 o= (%) =exp lim 111(%) =exp lim nln(%)
n—o % p—ow (2/5) n—yoo \ 17 n—»m n+ n—>0 n+
(11%n+185) 10 10 2o’ 70n2
=exp lim —"~ =exp lim 103 1008 — oxp [im ——_ =exp lim a
p)HOO 1/n p,HOO —1/n? p’HOO (107+15)(107+8) p,Hoomon +230n+120
n
140 _ ;710 5 0. Then by Limit Comparison Test, Z ( g;’ji) converges.

; 140n
=exp lim ———2— =exp hm
oo 200n+230 200

which is a divergent p-series, since p =1<1. Both series have positive terms for n > 2

M

15. Compare with 1
n
n=2
a 1
lim == lim i‘/‘—” lim 1— = lim T lim n =oo. Then by Limit Comparison Test, Z T diverges.
B T T R e ) n—>m Pt
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17.

18.

19.

20.

21.

22.

23.

24.

Section 10.4 Comparison Tests 731

n=1
()
a ln(1+%) 1+% >
n>1. lim = lim 57—~ = lim ————= lim % =1>0. Then by Limit Comparison Test,
n—wo % p—ow  1/n n—w (7%) n—o0 I+
o0
Zln(1+%) converges.
n
n=l

0
diverges by the Limit Comparison Test (part 1) when compared with Z %, a divergent p-series
n
n=1

1
lim —(Zﬁ*% ) = lim —¥"_ = fim (—1 ) -1
n—»w (%) nsoo Nn+fn  psen\ 240710 2
diverges by the Direct Comparison Test since n+n+n>n+ Jn+0= 3\/_ > %, which is the nth term of the
n+~\n

o0
divergent series z% or use Limit Comparison Test with b, :%

n=1

. . in?
converges by the Direct Comparison Test; S < L

—, which is the nth term of a convergent geometric series

converges by the Direct Comparison Test; M# < % and the p-series Z% converges
n n n

diverges since lim 32”1 = % £0
n—o0 2N

converges by the Limit Comparison Test (part 1) with %, the nth term of a convergent p-series
n

lim
n—o 1 n—o
232

n

w: lim (21) =1

converges by the Limit Comparison Test (part 1) with %, the nth term of a convergent p-series
n

10n+1
lim ('1(n+1)("+2)) = lim 10n%4n _ lim 29241 — 1im %:10

n—o (L) nooo I A3142 poeo 203 e
n

converges by the Limit Comparison Test (part 1) with %, the nth term of a convergent p-series
n

[5»13—3»1}
2, 2
th)("”)_hm Sw=3n  _ pi _157%=3 _ o 30 _ s
= 3 2 - 2 - 6n—4 -
n—00 EL) n—o0 0" =2n"+5n=10 o0 3n"—4n+5 o0 O
n
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n n n
25. converges by the Direct Comparison Test; (ﬁ) < (%) = (%) , the nth term of a convergent geometric

series

26. converges by the Limit Comparison Test (part 1) with ——-, the nth term of a convergent p-series

3/2 4

lim = lim |2 = lim [1+2 =1
n—»o0 [ 1 ) n—»o0 n n—>0 n
w42
1 1 1 1 4
27. diverges by the Direct Comparison Test; n>Inn=Inn>Inlhn=-<—— i <h i and Z . diverges

n=3

o0
28. converges by the Limit Comparison Test (part 2) when compared with Z T a convergent p-series

n= 1
|:(lnn)2:|
3 2 2(1 1
lim = d = qim &% _ fim (n+)("):2 lim lnTnZO

n—o [Ji) n—oow N n—»o0 n—>0

29. diverges by the Limit Comparison Test (part 3) with %, the nth term of the divergent harmonic series:

lim [&}"J = lim = lim (2?;)

n—0 (;) n—0 n—»0 (;) n—0

Jn J

= lim 5=

30. converges by the Limit Comparison Test (part 2) with ——, the nth term of a convergent p-series

|:(ln )1)2 :|
3/2
lim =~

n—o 1 n—oo n
/4

5/4 4

1
=8 lim (—)—32 lim —L-=32.0=0

1/4
n4>a3(44L4,) n—oo n
434

2Inn
— lim &8 _ i s )—81

1/4
n—oo| 1 n—oo n
34

1/4

31. diverges by the Limit Comparison Test (part 3) with %, the nth term of the divergent harmonic series:

b
32. diverges by the Integral Test: J- 1n(erl)a’ Oo3udu = lim Buz]l T = lim 2(b2 In? 3) =
n

In b— b

33. converges by the Direct Comparison Test with ——-, the nth term of a convergent p-series n?-1>n for

3/2 >

n>2=n’ (n2 —l) > = min®-1>n¥? =L 5L oruse Limit Comparison Test with %
n

3/2 " ’nz_l

34. converges by the Direct Comparison Test with ——-, the nth term of a convergent p-series

3/2 >

3/2 Jn 1

2
=n?+1>n-n’? = ”TH >nt == X < =7 or use Limit Comparison Test with —~
n n-+

112—|-l>n2

3/2
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35.

36.

37.

38.

39.

40.

41.

42.

Section 10.4 Comparison Tests 733

o0 o0 o0 o0
1-n 1
converges because = + which is the sum of two convergent series: —— converges b
¢ PV Y ¢ 2 comermesty

the Direct Comparison Test since —— < - and Z_—l is a convergent geometric series
n2n 2n 2"[

0
converges by the Direct Comparison Test: Z 232" Z (L + L) and L +-L <L L the sum of the nth

o 1n2" n’ n2" ot 2" R

terms of a convergent geometric series and a convergent p-series

converges by the Direct Comparison Test: 3"}1 . <—L_, which is the nth term of a convergent geometric series
+

31171 4
. . n=1 .
diverges; lim (ﬁ) = lim (l+i) =1lz0
n—owo\ 3" n—owo\3 3" 3
i n
converges by Limit Comparison Test: compare with Z (%) , which is a convergent geometric series with
n=1
[ n+l L)
2 . .
|r|——<l lim ~=3 50 = i 4 = jim L=,
now (USY' poon’+3n e 21F3
i n
converges by Limit Comparison Test: compare with Z (%) , which is a convergent geometric series with
n=l1
(2”+3”j 3\
nan . n n =) +1
Irl=3<, lim S = im 8412 = i i 2), =1-1>0.
w (3/14)" ps9"H2" g (%) |

n=1

e . n . n ) n )
"2 7 — lim 2_;’1 = lim 2 ’}1’1271 = lim 2n(ln2)2 _
n—w 2 now 2"IN2 e 2"(In2)

Inn
n
. . ne . Inn .
Since \/n grows faster than Inn and V2 >In2, lim Jn = lim —==0. Since e>1,
n—owo e n—0 \/;
o0
Z— is a convergent geometric series, so Z converges.

n= le \/;e

0

n

o0 o0
43. converges by Comparison Test with Z ﬁ which converges since Z p (}1171) = Z [ﬁ—i], and
n=2 n=2

n=2
sk=(1—%)+(%—%)+...+(ﬁ—ﬁ)+(ﬁ—;)—1——:1(13130%_1 for n>2,(n-2)!>1

1
=>nn-Dn-2)!'>2n(n-1)=n!'>2nn- 1):>n'Sn(n 0
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734 Chapter 10 Infinite Sequences and Series

o0
44. converges by Limit Comparison Test: compare with Z %, which is a convergent p-series
n=1"
(n-1)! 3
fim =2 = i m DL i 2 im 222 = fim 2=1>0
n—oo 1/n nsop (MF2) (D=0 702300 o 203 02

45. diverges by the Limit Comparison Test (part 1) with %, the nth term of the divergent harmonic series:

il
lim M: lim

sinx _ |
n—»oo (%) x—0

46. diverges by the Limit Comparison Test (part 1) with %, the nth term of the divergent harmonic series:

lim@: lim 11 @Zlim(#)(w):l-]:]
n—>00 (i) n—so0\ oS, (L) X0 \COSX X

n n

4

1 z Oz ©
47. converges by the Direct Comparison Test: ta;‘l—ln < # and Z 2= = Z —L- s the product of a convergent

p-series and a nonzero constant

_ -1 z - |5 - .
48. converges by the Direct Comparison Test: sec™' n < % = 5“’:1—3” < i%) and % = % Zn1—13 is the product of
n=1

n=l1

a convergent p-series and a nonzero constant

Ecolhn )
n2

49. converges by the Limit Comparison Test (part 1) with %: lim = lim cothn = lim %
n n—»0 (%) n—o0 n—ow € —e
n
—2n
= lim - =1
n—o l—e "
(tanhn)
o . . . 2 . . e
50. converges by the Limit Comparison Test (part 1) with lz: lim ~*—=%= lim tanhn = lim <=
n n—o (sz n—o n—o e +e
—2n
= lim ==
n—oo l4+e "

( 1 )
51. diverges by the Limit Comparison Test (part 1) with Lo gim 28— i L=
n Nn—>00 (%) n—>0 An

52. converges by the Limit Comparison Test (part 1) with %: lim @ = lim ¥n =1
n- p—oo [sz n—o
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53.

54.

55.

56.

57.

58.

59.

60.

61.

Section 10.4 Comparison Tests 735

1 =1 __— The series converges by the Limit Comparison Test (part 1) w1th

14+2+3+..+n (n(n+1)) n(n+1)
2

lim@—l —11

n—oo EL) n—oo n°+n  p—owo
2
n

ot A
2n+1 h_ﬂnz 2.

1 — 1
14224324 4n? - n(n+1)(2n+l) n(n+1)(2n+1)

< % = the series converges by the Direct Comparison Test
n

0

(a) If lim Z—” =0, then there exists an integer N such that for all n > N, Z——

<l:>—l<%<l
n—oo n

n

=a, <b,. Thus, if 2 b, converges, then X a, converges by the Direct Comparison Test.

(b) If lim 2= = oo, then there exists an integer N such that for all n > N > 1= a, >b,. Thus, if

n—>0 bﬂ

2.b, diverges, then 2 a, diverges by the Direct Comparison Test.

o0
a . . a
Yes, Zf converges by the Direct Comparison Test because —<a,

n=l1

lim %2 = oo = there exists an integer N such that for all » > N, 2>1= a, >b,. If X a, converges,

n—>0 bﬂ )

then 2.5, converges by the Direct Comparison Test

2 a, converges = lim a, =0 = there exists an integer N such that forall n> N,0<a, <1= aﬁ <a,

n—0

= Za,% converges by the Direct Comparison Test

Since a,, >0 and lim a, =00 #0, by n'™ term test for divergence, 2 a, diverges.
n—>0

Since a,, >0 and lim (n2 ) 0, compare > a, with Z , which is a convergent p-series
n—»0

lim 2= = lim (na,|=0=Ya converges by Limit Comparison Test
oo 1/n® ne n n

Let —o<g<o and p>1. If ¢=0, then Z (lnz) Z L ~, which is a convergent p-series. If g # 0,

n=2 " n=2"
o (lnn)q
q

compare with Z L where 1<r < p, then lim —— 1 = lim (lnp—'f)r, and p—r>0.If g<0=-¢>0 and

_ n—soo 1/n" n—»o

-1
im P im0, 1f g>0, lim 8= i )y amm
n—ow 1’7" pseo (Inm) In?™" T oo 07T ase (pmrn? T e (p-r)nP T
-1
qg—-1£0=1-¢>0 and lim q(hln)q_‘ = lim 4 — =0, otherwise, we apply L'Hopital's Rule
0 (p=rIn’™" pseo (p=r)n? (Inm)'

~1)(Inn)?2 -

again. lim ata=hainm) S ) = lim 44- Ditn )2 . Ifg-2<0=2-¢>0 and
n—»o (P—V) nf="" n—wo (p- ”) n?™"

Copyright © 2014 Pearson Education, Inc.



736 Chapter 10 Infinite Sequences and Series

lim 2@-Dnm?? 9(q-1)
noo (P’ n”” o (p=r)in (Inn)*
there is a positive integer k& such that ¢ —k <0 = k —¢ > 0. Thus, after k applications of L'Hopital's Rule we
L “1)--(g—k+D)(Inm)?* . —1)--(g—k+1
obtain lim 2D - I))frn”) = lim —44 - )pf(rq k)ﬂ
n—> (p=r)'n n—o (p=r) n""(Inn)

= 0; otherwise, we apply L'Hopital's Rule again. Since ¢ is finite,

=0. Since the limit is 0 in every case, by Limit

o0
q
Comparison Test, the series E (hl_z) converges.
n

n=l1

o0 o0
62. Let —o<g<oo and p<1. If ¢ =0, then Z @ = Z Lp, which is a divergent p-series. If ¢ >0, compare

n=2 " n=2"
0 (nm?
with ZL, which is a divergent p-series. Then lim L’} = lim (Inn)? =o0. If ¢ <0 = —¢g >0, compare
o n? n—ow 1/n n—w
(Inn)?
3 < L 3 np — 3 (1nn)11 — . nr‘—p - _ " s [
with X —, where 0< p<r<l1. lim — =] —— = — since r— p > 0. Apply L'Hopital's to
n=2n" n—aoo 1/n' n—ow nf™’ n—oo (Inn)~4
_ r—p-1 _ r—p _ r=p q+1
obtain lim —2" " fim T f g 1<0=g+120 and lim 2 00T o
n—wo (=q)(Inm) (L) p o0 (=g)(Inn) n— -9
2, p-l N2, P
otherwise, we apply L'Hopital's Rule again to obtain lim (r=p)n —— = lim %. If
n— (=q)(=g-1)(Inm) 12 (1) 5500 (=q)(=g-D(Inn)
N2, P N2, P q+2
—-¢-2<0=¢g+2>0 and lim (r=p)n = lim Y=p)n “(nm = oo, otherwise, we apply

n—w (=q)(=g-D(Inn) 17y (CON=g-D)
L'Hopital's Rule again. Since ¢ is finite, there is a positive integer k such that —g—k <0= g +k >0. Thus,

knr—p

after k applications of L'Hopital's Rule we obtain lim (r=p) —
n—o0 (=q)(=g=1)+(—~g—k+D)(Inn)™?

T e (. e

O aD gy = % Since the limitis © if ¢ >0 orif ¢ <0 and p <1, by Limit comparison test,
n—>0

o0 o0 o0 o0
. Inn)? . . . Inn)? Inn)? .
the series Z(;p—nj diverges. Finally if ¢ <0 and p =1 then Z (I;—’;) = Z % Compare with Z %,

n=l1 n=2 n=2 n=2
q X q
which is a divergent p-series. For >3, nn>1= (Inn)? >1= % > % Thus Z (lnTn) diverges by
n=2
. . .o
Comparison Test. Thus, if —o0 < g <o and p <1, the series ZT diverges.
n
n=l1
o0 9 o0
63. Since 0<d, <9 forall n and the geometric series Z—n converges to 1, Z ”n converges.
n=1 10 n=1
- T
64. Since Z a, converges, a, — 0 as n—> oo. Thus for all n greater than some N we have 0<a, <E and
n=1

0
thus 0 <sina, <a,. Thus Z sina,, converges by Theorem 10.

n=1

65. Converges by Exercise 61 with ¢ =3 and p =4.
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66.

67.

68.

69.

70.

71.

Section 10.4 Comparison Tests

Diverges by Exercise 62 with ¢ :% and p= %

Converges by Exercise 61 with ¢ =1000 and p =1.001.
Diverges by Exercise 62 with ¢ =% and p =0.99.
Converges by Exercise 61 with ¢ =-3 and p=1.1.
Diverges by Exercise 62 with ¢ = —% and p = %

Example CAS commands:

Maple:
a:=n ->1./n"3/sin(n)"2;
s =k ->sum( a(n), n=1..k );
limit( s(k), k=infinity );
pts :=[seq( [k,s(k)], k=1..100)]:
plot( pts, style=point, title="#71(b) (Section 10.4)");
pts :=[seq( [k,s(k)], k=1..200)]:
plot( pts, style=point, title="#71(c) (Section 10.4)" );
pts :=[seq( [k,s(k)], k=1..400 )]:
plot( pts, style=point, title="#71(d) (Section 10.4)" );
evalf( 355/113);

Mathematica:
Clear|[a, n, s, k, p]
a[n_]=1/(n> Sin[n]? )
s[k_]=Sum[ a[n], {n, 1, k}];
points[p_]:= Table[ {k, N[s[k]]}, {k, 1, p}]
points[100]
ListPlot[points[100]]
points[200]
ListPlot[points[200]
points[400]
ListPlot[points[400], PlotRange — All]

To investigate what is happening around k = 355, you could do the following.

N[355/113]

N[ —355/113]

Sin[355]//N

a[355]//N

N[s[354]]

N[s[355]]

N[s[356]]

Copyright © 2014 Pearson Education, Inc.
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738 Chapter 10 Infinite Sequences and Series
72. (a) LetS Z% which is a convergent p-series By Example 5 in Section 10.2, Z y converges to 1.
1 1 1
By Theorem §, S = z z PICES) Z Z n(n+1) Z‘ier Z‘i(n—z— n(n+l)) also converges.
n=
o0
(b) Since Z‘i n(nl+l) converges to 1 (from Example 5 in Section 10.2), S =1+ zl(n%_ n(n+l)) z 2(n+1)
n= n=
o0
(c) The new series is comparable to Z %, so it will converge faster because its terms — 0 faster than the
n=1
terms o z%
" lo00 1000
(d) The series 1+ Z gives a better approximation. Using Mathematica, 1+ Z 1 5 =1.644933568,
=1 =1
1000000 8 ) !
while z % =1.644933067. Note that % =1.644934067. The error is 4.99x10~ compared with
n=l "
11076,
10.5 ABSOLUTE CONVERGENCE; THE RATIO AND ROOT TESTS
2n+1 0
: (n+D!' 2"2  ml)_ q; 2\ 2"
L. nh_r)rio e _n—m((”“)'”' 2”) 11_r>130(n+1)—0< 1= Z‘i ~ converges
n! n=
(_1)n+1(n+1)r2 0
i - i (233 ) = fim (23) = Jim (L) =1 _1)" n£2
2 Jim || = fim (223585 = i (35) - fim (1) =4 <1 20" 52 converges
((n+1)-1)!
. )+ . {(n-1)! 1)2 . 3 2 . 2 . (n—1)!
31 (D)™ | 1 n(n-1! (n+ =1 (n +2n +n): 1 (3n +4n+1) -1 6n+4 S1=
Jim 2= i (055 i () i (1) = i (6528) =215 5%
(n+1)
diverges
2(n+1)+1 0
. (n+1)«3(n+1)_1 T 2n+1_2 ) n.3nfl T 2 2 2 2n+1
o et (RS = i (5 fm (3) =3 <1 X comrge
n-3"" =
()t )
. gyl . 1 n . 4 3 2 .
5. lim ‘=2— 4)4 = lim (—(n:) 4—4): lim (—” +4n +6f{ +4”+1): lim (%+%+%+% ): -
n—o0| 2 n—wo\ 44 n—00 4n n—>0 2n® o Ant ( 4)
4"
converges
3(n+1)+2 ) 3 2
; In(ntl) | _ 15 323 Inn | _ 3Inn_| _ | 3n+3) _ 3"
6. nh_r:io 31n+2 }}l_r:;o(ln(nﬂ) 3n+2) lim (ln(n+l)) nlgl’;[ n-li-lj nh_r;;o( n ) nlir;o( ) 3>1= Z Inn
diverges
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7.

10.

11.

12.

13.

14.

15.

16.

Section 10.5 Absolute Convergence; The Ratio and Root Tests

‘(71)“1 (n+)2((n+1)42)! ,

2(n+0) | 2n 3,c2
: (n+1)!3 —_1; (n+1)"(n+3)(n+2)! 513 _ 1 n +5n"+7n+3
lim 2 ) = lim 22122 2 = lim T 03,02
n—0 (4)"% n—0 (n+l)n!3°"-3 n(n+2)! n—>0 9n”+9n

132

i 2
= lim (507 fim ($2215) lim (&) =4 <12 3 (1" U2 converges
n=1

oo\ 2702 +18n | _yep \ 4018 n13%"

(n+1)5"*1
. (2(n+D)+3)In((n+D+) | .
(2n+3)In(n+1)

( (n+1):5"5 '(2n+3)ln(n+1)): lim (5(n+1)-(2n+3)' ln(n+1))

(2n+3)In(n+2) 05" oo\ n2n+5)  In(n+2)

— lim (10n2+25n+15)_ lim (ln(n+1)): lim (20n+25)_ lim
n—>0

N0 212 +5n In(n+2) N—>o0 an+s )T

()= tim (2) im (22)

n+2 n—0 n—»0

1

0

— : 1) — — 5" H

—5-nli130(—)—5-1—5>1:> %m diverges
n=

(2n+5)"

=1im(<l/7)=0<1:z 7T converges
n=1

=1lim (£)=0<1= Y 4 converges
Hoo(3 ) Ei“’”" ¢

Ant3\' _ i (4043 — 1im (4) — 4 4n+3\" 3
Jim ¢ (322) _,}l_rgo(3n—5)_nlf;(3)_ 3 >13’§(3n—5) diverges
n+1 1+1/n 0 n+l
tim gl <n(e+2)[" | = tim [1n(e4-2) |7 <in(e?) =251 = 3| in(e +L) | diverees
n—>00 n n—>00 n el n
8 o0
lim pf|—=3 = lim | — =l 8 _ converges
o |3 | ool (31)° ) nzz‘;(%% B

= lim sin (ﬁ) =sin(0)=0<1= i[sin (ﬁ)} ’ converges

n—o0
n=l1

o0 2

lim (1" (1=1)" | = lim (1-1)" =¢' <1 1-1)" converges
n—>%0 =1 ( ) n—)oo( ”) nzz‘i( ”) &

n n n &
lim | :lim( l“/ﬁl):lim(\ﬁ):o<13 > —L converges
n—oo \| 1" n—oo\n "t n—o ”W n=2 nt
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17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

Chapter 10 Infinite Sequences and Series

[(n+1)\/5:|
. . . 2 (n+1) n
converges by the Ratio Test: lim [t = lim = lim 2= lim (1+41) T (L)=1<1
& Y n—owl 4 n—0 [&} noeo 2" n\/E n%oo( ) (2) 2
zn
((nn)z)
n+l n
converges by the Ratio Test: lim [“2| = lim ~——> = 1 (nﬁl) £ = lim (1+i) (1): L1

n—ool “n n—»o (L) n—ow € n n—»©
s

((n+l)!

diverges by the Ratio Test: lim |“:1 = lim ~¢L = lim (";:11)' -e—n,: lim 2L = oo
n—owl | p—ow ("7;) n—sw e e €
((n+1)!)
. . . . n+1 . ! .
diverges by the Ratio Test: lim [“2:L = lim "L = |im (D! 10" _ i 2= o
n—ool “n

n—>0 (L‘) oo 10" ml 00 10
10)1

(]

((m)lo)
) | ) 0 10
= lim "% = lim (”+1+)1 0% = 1im (1+l) (i):l<1
n—w ("—n) n—o0 10" n n—w n
10°

converges by the Ratio Test: lim

n—w| 9n

. . . n—2\" . 2\ -2
diverges; lim a, = lim (—) = lim (1+—) =e %0
n—00 n—w ' N n—>0 n

i ; L 24(=D" 4\ o\ 4\" S th
converges by the Direct Comparison Test: 125 —(5) [2+( 1) JS(S) (3) whichisthe n™ term of a

convergent geometric series

converges; a geometric series with |r|= ‘—%‘ <1

diverges; lim a, = lim (~1)" (1—1)" = lim (~1)" (1+;3)"; & (1+;3)" — ¢ forn evenand —e
n—o0 n—o0 n n—>0 n n

for n odd, so the limit does not exist

n
diverges; lim a, = lim (1—%) = lim
n—w n—>w n

n

1Y
[1+( 3)J =B 207220

converges by the Direct Comparison Test: ln—3” <= iz for n>2, the n'M term of a convergent p-series
n n n

n—o0 n—o0 n—o " poo

Un
n Inn)" 1
converges by the nth-Root Test: lim #/|a,| = lim ¢ (lnr;) = lim ((nn)l/l = lim 12 = |im Q:0<1
e )

Copyright © 2014 Pearson Education, Inc.



29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

Section 10.5 Absolute Convergence; The Ratio and Root Tests 741
diverges by the Direct Comparison Test: %—% = ”—21 %(i) for n>2 or by the Limit Comparison Test
n n
(part 1) with 1
1/n
converges by the nth-Root Test: lim 1/ = lim 4/ i_ l = lim l—l) = lim (———) 0<l1
& Y n—w n—w ” 2 nooo| \N n? n—o\""  n
diverges by the nth-Term Test: Any exponenetial with base > 1 grows faster than any fixed power, so
lim a, #0.
n—>0
converges by the Ratio Test: lim |2 = lim (n+1)ln5n+1)' 2" 1.
nson| @n N—so0 ont nin(n) 2
. BET . 2)(n+3) |
converges by the Ratio Test: lim [%:| = lim . 1. =0<1
ges by S | TR T D Ge(ne2)
3 n
converges by the Ratio Test: lim [“zL| = lim (”++11) L=l
n—ool 4n n—w €' n ¢
: T wtl| _ 1 D 313" ntd _ 1
converges by the Ratio Test: . lim [2] = lim —* . hm <1
Verges by nsool @ | peyoo 3(ma)13 (A3 70 3(n+1) 3
~ ; - 02" )l 3y 1)(2)(2£2) = 2
converges by the Ratio Test: lim [%:| = Jim . = lim (&2 )(5)( = )=4<1
By n—wl @1 oo 3D n2" (n4)! Hw( " )(3)( 1) 3
: c im [Gas| _ fi (DD CeaD! s n+l -
converges by the Ratio Test: nlgrso 0 _nlf:o 3l —nlgr;o Gn3)2nid) =0<1
7 . n . .
converges by the Ratio Test: lim |22 = lim (’leil A~ Jim (L) = lim ——=lim ——=1<1
n—oo| 9n n—oo (n+1) nt e\t n—>0 (”T“) n—>0 (l+%) ¢
) lim &
converges by the Root Test: lim 1/ = lim pf = lim lﬂ =4 =0<1
n—w n—w (lnn) n—oo M MDA
lim &/n
converges by the Root Test: lim 1/ = lim p/—2— = lim Un_ _ oo =0<1 ( lim &n = lj
g Y n—»0 n—oo '\ (Inn ’1/2 n—soo VInn nli_?;\'hl” n—»00
converges by the Direct Comparison Test: 10— ___Inn__ o z 1 L which is the nth-

n(n+2)!  n(n+1)(n+2) n(n+1)(n+2) (n+1)(n+2) n?
term of a convergent p-series

Ant

diverges by the Ratio Test: lim = lim L 2" _ iy o’ (%)=%>1

n—>0

nosoo (n+1°2" 3" o (n+])

n
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43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.
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. . +1)! ! .
converges by the Ratio Test: lim [22L = lim (G )] L2 im & lim LZ”“:i<1
g Yy
oo | @ oo [ 2(n+D)]! [n,] nesee 2nH2)2n+1) T 0 a2 enta 4
~ | e (2”+5)(2n+1+3) 3142 245 26" +42"+33"+6
converges by the Ratio Test: lim [ = lim - . = lim [ a }
ool @ | g 342 (2n+3)(2"+) nesoo | 2143 3674937422716
. . . n . n . n
- lim |:2n+5:|_ lim [26 +42"433 +6]:1_;:;<1
oo L2031 | 36" 493" 42:2" 46 3.3

(%)a” =0<1

converges by the Ratio Test: lim [“24| = [im
n—0 n n—>0 n
(1+tan_ln)a .
. n n . - .
converges by the Ratio Test: lim [“2| = lim = lim 07 — ) since the numerator approaches
n—>0 “n n—>0 n n—>0
1+Z while the denominator tends to o
(Grbtlan 313
diverges by the Ratio Test: lim |2 = lim = lim 22—==2>1
Ne>o0 an oo Gn nsoo 2n+5 2

: . n n—1 _(_n n—1 2
dlverges, Ayl = +1 —=a, =>4, = (m) (T a,_1 ) =, = (m)( P )(m an72)

n_\(z=l)(r=2)...(1 =4 =3 ich i i
=a,,,= (n+1)( - )(n—l) (2)a1 = yy) =57 = 41 = 57> Which is a constant times the general term of

the diverging harmonic series

2 a
converges by the Ratio Test: lim [“2| = lim () lim 0<1
n—ool %n n—sow n—o
4 n
. . apn 2 ) |
converges by the Ratio Test: lim |- = lim = lim 5 =5< -0
n—ool % n—w n—>w
. . a ) (1+lnn)an
converges by the Ratio Test: lim || = lim ~—2~ = lim 2 — jim L-0 <]
n—owl 9|l psw n—w n—>0

n+lnn 10 n+lnn

>0 and ¢y =L =a,>0;Inn>10 for n>e "’ = n+Inn>n+10= 24071 5
n+10 2 n+10
=>a,, = nn:l?on a, >ay; thus a,, >a, 25 L — lim a, # 0, so the series diverges by the nth-Term Test

n—»0

diverges by the nth-Term Test: @, = % a, :%/%, a3 :J%/% :\/%, ay :,/43[%/% :“\;/%,...,an :”\g

= lim a, =1 because {"\/%} is a subsequence of {\/:} whose limit is 1 by Table 8.1

Hn—>0
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55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

Section 10.5 Absolute Convergence; The Ratio and Root Tests

converges by the Direct Comparison Test: a; = %, ay = (%)2 ,a3 = ((%)2 f = (%)6 ,ay = ((%)6 T = (%)24 -

! n
=a, = (%) < (%) which is the nth-term of a convergent geometric series

. 2! @) e 20 D(H) e el 1
converges by the Ratio Test: nh_r)rio - _nh—riolo Gni2)] T = M 3y aneD) — nh_r)rzo 2”n+1 —7<1
. . e agal (Gn+3)! Al (D! (n42)] 1o (Gna3)(3+2)Gnt])
diverges by the Ratio Test: nh_rf!o e nh_rf!o GG Gl ) M D 2)(43)
— 1 3n+2 \(3n+l) _ _
= lim 3(3E2)(35)=3-3:3=27 >1

n—»0

| n
diverges by the Root Test: lim ,"/|an| = lim , (n')z = lim & =0 > 1
n—>0 n—>0

(n”) n—oo

N H — n! _ 1)(2)(3)...(z=1)\(n L
converges by the Root Test: nh_rfion _nl_r::O n” _nh_rgonn _nll_rgo( )(n)(n) ( . )( )Snlglzo
=0<1
converges by the Root Test: lim ,/ = lim / = lim £ = lim =0<1

g Y n—ow n—>oon 2” n—oo 2 n—02"In2
diverges by the Root Test: lim ,/ = 11m 2= lim L=00>1
& Y n—o (2")2 n—)oo4
: c i |G| i B3 Q2n-D@n+D) 47"t 2ntl 1
converges by the Ratio Test: nh_r)rio o nh—riolo P at T3 D) nh—riolo @) niD) <1
13-2n-1) _ 1234--Q2n-D)2n) _  (2n)!

converges by the Ratio Test: a,, = (2.4”.2“(3”“) = (2.4.”2”2(3%1) = (2"n!)2(3"+1)

2
2"n) (3741 @n+1)(2n+2)(3"+1 1437"
= lim (2n+22)! ( ) (' ): lim - - ( ): lim (4nz+6n+2)( ):1'L=l<1
n—o0 [2“1(”“)!} (3n+1+1) @m)! n—ow  2%(n+l) (3"+1) n—yoo \ 4n~+8n+4 (3 3*") 3
Ratio: lim |2 = lim —L—.2% = [im (L)p =1” =1= no conclusion
n—ool “n n—awo (n+1)? ! n—»o0 n+l
Root: lim ,/ = hm n[ = lim —— =1= no conclusion
n—% n—>0 (J—)p (1)"
P 1) 17 P
Ratio: lim |2 = lim 1 (lnf) {hm ; ln”l } lim (1) (hm ”HJ =) =1= no
n—ool 4 | p—oo (In(n+1))” n—sop In(1+1) naoo(“l) n—aw
conclusion
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Root: lim \I = lim 1”[ (hm)p —( 1 ; let f(n)=(In n)l/” then In f(n) = 1n(1nn)

n—>w n—>w fim (In n)l/n)

n—o0

1
= lim In f(n) = lim 20 _ fiy () _ i 1 Z 02 fim (nm)" = Tim /) Z 0 .
n—»00 n—oowo N —>00 n_>oon1nn ot Pt
therefore lim {a, = 1

p
n—>0 lim (ln n)l/n ) (1)
n—ow

=1= no conclusion

0

65. a,< 2 for every n and the series Z— converges by the Ratio Test since lgrio
n

("+1).2_"—l<1

ol g )

n= 1

= Z a, converges by the Direct Comparison Test

n=l1

n—0 2" n—o0 n—
n!

(n+1)
2 o 2 on+l 2n+1
66. >0 forall n>1; lim | -0 (= [im | 22— .1l | = |im (2] = lim (2% | = lim (24 04
n! 2 . n+l 1
i 2"!2
=0>1= 27 diverges

10.6 ALTERNATING SERIES AND CONDITIONAL CONVERGENCE

1. converges by the Alternating Convergence Test since: u,, = L >0 forall n>1;

T
>l n+l>n=An+l>Nn = 21— = <u,; limu, = lim —
n n n n Jn \/— \/— Uy Sy, i OOu nﬁoo\/—

0 0
2. converges absolutely = converges by the Alternating Convergence Test since Z la,|= W which is a
n=1 n=1

convergent p-series.

3. converges => converges by Alternating Series Test since: u,, = # >0 forall n>1;
n

n2l=n+l12n=3"123"=>m+1)3"M 23" > — _< L =y <y limu, = lim L =0.
n+l n n+l n n
(n+1)3 n3 n—>o0 n—oo n3

4 >0 forall n>2;

4. converges = converges by Alternating Series Test since: u,, = )
nn

2 2 1 1 4 4
>2=>n+l2n=>mh(n+1)>Inn=(In(n+1))” > (n = < = <
n n n (n+1)2Inn= (In(n+1))” = (Inn) (G DF ()’ (n(reD).  (nn)?
lim u, = lim 4 _-0.
n—»o0 n—»0 (lnn)

5. converges = converges by Alternating Series Test since: u,, = >0 forall n>1,

_n_
n*+1

n21:>2n2+2n2n2+n+1:>n3+2n2+2n2n3+n2+n+1:>n(n2+2n+2)2n3+n2+n+l

=0.

n((n+1)2+1)2(n2+1)(n+1):>+2”—+£3un+1 <u,; limu, = lim
n“+l  (n+1)“+1 n—»0 n—oo 1 +1

Copyright © 2014 Pearson Education, Inc.
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11.

12.

13.

14.

15.

16.

17.
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n+5

diverges = diverges by n' " Term Test for Divergence since: lim =1= lim (- 1)"+1 n’+5 = does not

n—oo N 214 n—0 n>+4
exist

n+l 2"

diverges = diverges by n™M Term Test for Divergence since: lim % =0 = lim (-1)"" 4 = does not exist
n

n—oon n—»

converges absolutely = converges by the Absolute Convergence Test since Z |a,|= z (n+1)" which

n=l1

pil | _ = lim 102_0<1
n—0 +

converges by the Ratio Test, since lim

n—ool n

diverges by the nth-Term Test since for n >10 = E >1= lim (%) 0= Z( 1)"Jrl (10) diverges
n—o n=1

converges by the Alternating Series Test because f(x)=Inx an increasing function of x = ﬁ is decreasing

=u, >2u,, for n>1; also u,, >0 for n>1 and 1iigoﬁ=0
n

converges by the Alternating Series Test since f(x) = lnTx = f'(x)= H% <0 when x >e= f(x) is
X

L_g

1

Inn
n

= lim
n—0

decreasing = u,, >u,_; also u, 20 for n>1 and lim u, = lim
n—0 n—o

converges by the Alternating Series Test since f(x) = ln(l +x )3 f(x)= < 0 for x>0= f(x) is

decreasing = u,, > u,; also u,, >0 for n>1 and lim u, = lim 1n(1+ ) 1n( lim (l+%))=lnl=0
n—>0 n—>0 n—>0

\/—+1 f( )_ 1*)(*2\/;

converges by the Alternating Series Test since f(x) = <0 = f(x) is decreasing

x+l 2x (x+1)?
\/— +1
= Uy ZUpyy; also u, 20 for n>1and lim u, = lim S72==0
n—>w n—oo MF
) 3,/1+L
diverges by the nth-Term Test since lim N _ i =30
oo Nn+l p e 1+(i)
Vn
o0 o0
. 1\* . .
converges absolutely since Z‘i la, | = zl(ﬁ) a convergent geometric series
n= n=

n+l n
converges absolutely by the Direct Comparison Test since |(_1) O.) | =1

n
< (%) which is the nth term

n | a0y'n
of a convergent geometric series
o0 o0
converges conditionally since —— > >0 and lim —= =0 = convergence; but a L
g y s — ,Hoof g HZ;I ul = 20

is a divergent p-series
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20.

21.

22.

23.

24.

25.

26.

27.
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o0 o0
converges conditionally since —=>—1— >0 and lim =0 = convergence; but a,|=
g Y I+/n 14/l n—ol +\/— & y§| —

is a divergent series since —=>—— and Z pp is a divergent p-series
n=1"

1+ 2n

o0 0
converges absolutely since Z la,|= Z - . and — . < lz which is the nth-term of a converging p-series
n+ n
n=l1 n=1

diverges by the nth-Term Test since lim ”—n' =

n—o0 2
o0 o0
converges conditionally since -~ >—1—>0 and lim —==0= convergence; but Z la,|= ZL
n+3 (n+1)+3 n—sop 1143 ? n n+3
n=l1 n=1
1o 1 1
diverges because —32%, and Z is a divergent series
n=1
0
converges absolutely because the series Z |Smrn Sm” | converges by the Direct Comparison Test since | Sm” |< %
n=l1 "’
diverges by the nth-Term Test since lim 32 =1 (
S5+n
n—>0
. . . (=2)"*! onl 2\ L
converges absolutely by the Direct Comparison Test since — T < 2(5) which is the nth term of a
n+

convergent geometric series

2

converges conditionally since f(x) = % +% = f'(x)= —(—3 + lz) <0= f(x) is decreasing and hence
X X X

o0 o0 o0
u, >u,,; >0 for n>1 and nlgrio( L+ n) 0= convergence; but Z|an|_zl+” = ZinrZﬁ is the sum
n=1 n=

n=l n=1
of a convergent and divergent series, and hence diverges

diverges by the nth-Term Test since lim a, = lim 107" =120
n—>0 n—>0

Upiy —

converges absolutely by the Ratio Test: lim

n—>0 n
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29.

30.

31.

32.

33.

34.

35.

36.
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[1n(x)+1]

converges conditionally since f(x)= xlnx = f'(x)= ) < 0= f(x) is decreasing = u,, >u,,; >0 for
e
n>2 and lim ——=0= convergence; but by the Integral Test, J & _ [im == dx
500 ninn bson 92 Inx

= lim [In(In x)] Z = lim [In(Inb)—In(In2)] =0 = Z la,| = Z — diverges
bh—>0 b—x

converges absolutely by the Integral Test since LOO (tan_1 x)( 1 ) dx = lim

= im [ (im0 =35 (5 |-

(L)er-tnx)~(nx)(1-1)  1=(105)-In x+(10x)

converges conditionally since f(x)= xljllr)fx = f(x)= s = p—— =

1

=u, >u, ;>0 when n>e and lim = lim (”)
n n+l n—Inn 1
n—o0 n—>o0 1—(;)

Inn

o0
= lnn_ >% so that Z la,|= ln” dlverges by the Direct Comparison Test

n—Inn
n=1 n= 1

diverges by the nth-Term Test since lim 2-=1=0
nsop 111

o0 o0
. n . . .
converges absolutely since Z la,|= Z (%) is a convergent geometric series

n=1 n=l1

n+l
= lim (100) — nl = jm 190 -«
e (DD 100y — 1 el

n+1

converges absolutely by the Ratio Test: lim
n—»0

n

converges absolutely by the Direct Comparison Test since a,|= an 1
& yoy p nz:1| n| ’lz‘in2+2n+l 2+ 2n+1

nth-term of a convergent p-series

o0
converges absolutely since Z|an| = Z U 1)

n=1

o0
z -7 1S a convergent p-series

0 0
. . - . . . .
converges conditionally since Z COS% = Z % is the convergent alternating harmonic series,

n=l1 n=l1

but Z|an| = Z% diverges

n=l1 n=l1

Copyright © 2014 Pearson Education, Inc.
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44.

45.
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/1
converges absolutely by the Root Test: lim %|a,| = lim (wj = lim 2l =1 <
n—>0 n—>0 (2’7)" n—»o 2n 2
12 2
converges absolutely by the Ratio Test: lim |2 = lim (DY @m!_ lim " 1

n—soo| @n N0 ((2n+2)!) (n!)2 oo (2n42)(2n+1) 4

diverges by the nth-Term Test since lim |a,|= lim Gl _ iy (D02) ) gy (n+1)(n+2)~~1(n+(n—1))
n—»m n—w2'nln po 2"n n—o 2"

-1
> lim (”;l) =0%(
n—>0

(n+D) ()13 @nen! (n+’3 3
r5114)00 (2n13)! a3 nlf;o anrayaniy) — 4 <1

converges absolutely by the Ratio Test: lim |2zl
n—>0

n

Jiin Nwiedn and{ |
[N v W A e PN il W i

( 1))‘1
\/ﬁ n

converges conditionally since } is a decreasing sequence of

converges; but Z la

n=1

positive terms which converges to 0 = Z diverges by the

""ZJ—I

Limit Comparison Test (part 1) with L; a divergent p-series lim ﬁ*‘/; = lim _n
p (part 1) T gent p Hw( - Jim e

= lim —=
n—o0 \[1+141

1
2

n—o Nn - +n+n

[ 2
diverges by the nth-Term Test since lim (\/nz +n —n) = lim (\] n?+n —n)' NI ARIR | = Jim =l
n—0 n— N +n+n 2

= lim —L—=1x0
n—o0 \[1+141

. i . . [ 3 L / _ nen+n
diverges by the nth-Term Test since nh_r)rio ( n+~In —~In ) = nlglzo [( n+~n —n )(—Wh/;

—fim 1 fim L= 120
n—w \ntn+dn  n—w 1+%+1
n

converges conditionally since {ﬁ} is a decreasing sequence of positive terms converging to 0
n+Nn+

N Vl j Jn

o0
= converges; but lim ( nN _ fim = lim —— =1 go that ¥ ——1L —
Z\'Wr\/ g n—o0 (Tl_) n—oo NnHntl  pseo 1+ ,Hle 2 nz:'\/nJr n+l

n

o0
diverges by the Limit Comparison Test with z % which is a divergent p-series
n

. . . 1 n . .
converges absolutely by the Direct Comparison Test since sech(n) =— 2 — = %1 < % = % which is the nth
e +e e+ e e

term of a convergent geometric series
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o0

converges absolutely by the Limit Comparison Test (part 1): Z la

n|:

n=1 n=1
2
. . . . ,— . n .
Test with %, the nth term of a convergent geometric series: lim "’n‘l‘ “ = lim —%¢ —= lim 2_2” =
€ n—»o0 n n—oo e —e Nn—>00 1-¢
e
11,1 1,1 _1 S (D"
T ets 0t et Z (n+1), converges by Alternating Series Test since: u, = =30 +1) >0 for all

. 1 1 R H — i L _
nx1; n+22n+132(n+2)_2(n+1):>2((n+1)+1)sz(n+1):>un+1Sun, nlgrioun _nlfiﬂ(nﬂ)_o'

o0
TSN S R TR R e Z a,; converges by the Absolute Convergence Test since

4 9 16 25 36 49 64

z la,|= 2—2 which is a convergent p-series

n=1 n= 1

|err°r|<‘(_l)6 (%)‘:0,2 50. |error| <|(—1) ( ) 0.00001
i 4,4 4

|error| < (—1)6—(0'21) —2x1071! 52. |err0r|<‘(—1) ¢ ‘:t <1

error| < 0.001 = u,,; <0.001 = <0.001:>(n+1)2+3>1000:>n>—1+\/997 ~30.5753 = n >31
n+l

(n+1)"+43

2
frmor] < 0.001 =ty <0001 => 2 1) - <0.001= (n+1) +1>1000(n-+1) => n > DRAE O
n+
~998.9999 = 1 > 999
3
jerror| < 0.001 = 1,1 < 0.001 = ——L—— <0.001=> ((n+1)+3n+1] >1000
((n+1)+3JE)

2
:(\/n+1) +3n+1-10> 0= nr1 =00 20 = =35 24

1000

lerror| < 0.001 = u,,,; < 0.001 =7 <0.00l= ln(ln(n+3)) >1000 = n>-3+¢°

In(In(n ( +3))

~5.297 x10323228467 which is the maximum arbitrary-precision number represented by Mathematica on the
particular computer solving this problem.

1

(2n)!<106:>(2n)'> —200000:>n>5:>1— +4'—6,+ L ~0.54030
L__5 10° L1 1.1 1.1

A< 5 S <n!l=>nz29=1- 1+2,—3!+4!—5!+6!—7 g1 ~ 0.367881944

. . 1 1
(@) a, 2a,, failssince 3 <7
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(b) Since Z la,|= Z [(%)n + (%)n} = z (%)n + Z (%)n is the sum of two absolutely convergent series,
n=1 n=1 n=1 n=1

we can rearrange the terms of the original series to find its sum: (% + % + % +.. ) - (% + % +é +.. )

60. sy0=1-++Ll-Ly 4L 1506687714032 = s, + ~0.692580927

1.1
23 4 19 20 2 21

o0
61. Theunused termsare > (=)/"a; = (=" (a,41 = a,42) + (-1 (@13 — ) +...
J=n+l

= (-1 [(anﬂ — )+ (A3 —apig) +.. } Each grouped term is positive, so the remainder has the same

n+l

signas (—1)""", which is the sign of the first unused term.

1_1 1__1
J# (=4 (h-2k)
n
which are the first 2» terms of the first series, hence the two series are the same. Yes, for s, = Z (% —ﬁ)
k=1

B B e

QI |—
ENIE

n n
62. s, =r+srr .t n(nl+1) =k§m= Z(%—ﬁ)z(l—%%(%—%%(

1

1

= both series converge to 1. The sum of the first 2n+1 terms of the first series is (l —L) +—5=L

n+l
Their sumiis lim s, = Tim (1--1)=1.

n—> n—0 n+l

o0 o0 o0
63. Theorem 16 states that Z|an| converges = Zan converges. But this is equivalent to Zan diverges

n=l1 n=l1 n=l1

o0
= Z |la,| diverges

n=l1

64. |a1 +ay +...+an| S|a1| +|a2|+...+|an| for all »; then §:|an| converges = ian converges and these imply

n=1 n=l1

o0
Zan

that

o0 0
65. (a) Z |an +bn| converges by the Direct Comparison Test since |an + bn|£ |an |+ |bn| and hence Z (a,+b,)
n=1 n=1
converges absolutely

(b) Z|bn| converges = Z —b, converges absolutely; since Z a, converges absolutely and Z—bn
n=1 n=l1 n=l1 n=1
0 o0
converges absolutely, we have Y _[a, +(-b,)]=Y_(a, —b,) converges absolutely by part (a)
n=1 n=1

(c) §:|an| converges 3|k|§:|an| = §:|kan| converges = ikan converges absolutely

n=1 n=1 n=l1 n=l1
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0 o0 0
66. If a, =b, =(-1)" -, then Z(—l)” L converges, but Zanbn = Z% diverges

n n=l1 i n=l1 n=l1
0
67. Since Zan converges, a, — 0 and for all n greater than some N, |an |< 1 and (a, )? <|an | Since
n=l1

0 0 o0
Z a,, 1s absolutely convergent, Z | a, | converges and thus Z (a, )2 converges by the Direct Comparison
n=1 n=l1 n=1

Test.

1 1 1 < , . . . o
68. For n>2, —— — > pe Thus Z (l —i) diverges by comparison with the divergent harmonic series.
n

n n n=1 N1 n?
69. s =—2,5=-1+1=1,
- _1lyq_ 11 _1_1_1_1_ 1 _ 1 _ 1 _ 1
S3= ot T80 T2 14 16 18 20 22~ 05099,

L]
0.4
0.2
2 4 6 8
-0.2 °
L]
-0.4
* 0 - . y=1/2

70. (a) Since Z|an| converges, say to M, for ¢ > 0 there is an integer N; such that

N;-1 N1 N1 o o o
Z'an|_M <§<:> Z'an|_ Z|Gn|+2|an| <§©_Z|an|<%© Z'an|<%'
n=1 n=1 n=l1 n=N, n=N, n=N,

Also, > a, convergesto L <> for e >0 there is an integer N, (which we can choose greater than or

0
equal to N, ) such that ‘sN2 —L‘ < 5. Therefore, Z |an| <5 and ‘sN2 —L‘<%.
n=N,

k
Z|Gn|_M

n=l1

(b) The series Z|an| converges absolutely, say to M. Thus, there exists /N, such that

n=l1

<€

whenever k > N;. Now all of the terms in the sequence {|bn|} appear in {|an |} Sum together all of the

Ny

terms in {|bn|}, in order, until you include all of the terms {|an|}n=1 s

and let V, be the largest index in

N N, 0
the sum Zzz|bn| so obtained. Then i|bn|—M <e aswell = Z|bn| converges to M.

n=l1 n=l1 n=l1
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POWER SERIES
lim [ < 1= lim L:l <l=xkl=-1<x<1; when x=-1 we have Z(—l)", a divergent series;
n—oo| Un n—ow| X il
o0
when x =1 we have Z 1, a divergent series
n=1

(a) the radius is 1; the interval of convergence is —1 <x <1
(b) the interval of absolute convergence is —1 < x <1
(c) there are no values for which the series converges conditionally

n+l 0
lim [“221] < 1= lim |5 —|<1=|x+5]<1=-6<x<-4; when x=-6 we have ) (~1)", a divergent
n—oo| Un n—o| (x+5) el
o0
series; when x = —4 we have Z 1, a divergent series
n=l1

(a) theradius is 1; the interval of convergence is —6 <x <—4
(b) the interval of absolute convergence is —6 < x < —4
(c) there are no values for which the series converges conditionally

(4x+1y"*!
(4x+1y"

<1:>|4x+1|<l:—1<4x+1<1:—%<x<0; when x:—% we have

Upi)

<1l= lim
Nn—>0

lim
Nn—>»o0

n

o0 o0 o0 o0 o0
PUCHECIHEEDY (-1 = >"1", adivergent series; when x =0 we have »_(-1)"(1)" = )_(-1)",
n=l1 n=1 n=1 n=l1 n=1

a divergent series

(a) theradius is %; the interval of convergence is —% <x<0

(b) the interval of absolute convergence is —% <x<0

(c) there are no values for which the series converges conditionally

G
n+l (3x-2)"

u .
2+l <1 = lim

Nn—>0

lim
n—>0

<1=Px-2| lim () <1=Px-2<1=-1<3x-2<1
' N300 n+l

1

= =< x<1; when x=4

o _1\"
we have Z% which is the alternating harmonic series and is conditionally

3 3
n=1
o0
convergent; when x =1 we have Z%, the divergent harmonic series
n=l1

(a) theradius is %; the interval of convergence is l<x<l

(b) the interval of absolute convergence is % <x<l
(c) the series converges conditionally at x =1

3
_ Ayt n )
fim [fet] <1 = fim (S22 10" | By o105 10 <x-2<10= -8 <x <12; when
n—wl| Un n—oo| 10"° (x-2)" 10
o0 o0
x =-8 we have Z (=1)", a divergent series; when x =12 we have Z 1, a divergent series
n=l1 n=l1

(a) the radius is 10; the interval of convergence is —8 < x <12
(b) the interval of absolute convergence is —8 < x <12
(c) there are no values for which the series converges conditionally
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. e
fim [“2:1] <125 tim |22 1= lim [2x] <1 =5 [2x <1 ~L < x < L5 when x=—1 we have Sy,
n—oo | Un n—»owo (x) n—w =l
o0
a divergent series; when x :% we have Z 1, a divergent series
n=l1

(a) the radiusis 1; the interval of convergence is —% <x <%

(b) the interval of absolute convergence is —% <x< %

(c) there are no values for which the series converges conditionally

n+l
lim [z < 1= lim % (n+2) <1:|x| lim %<1:>|x|<1:—1<x<1; when x =-1 we have
n—>00 n Nn—>o0 n—»0
Z( 1) , a divergent series by the nth-term; Test; when x =1 we have Z 5 a divergent series
n=l1

(a) the radius is 1; the interval of convergence is —1 < x <1
(b) the interval of absolute convergence is —1<x <1
(c) there are no values for which the series converges conditionally

fim [“1] <1 = Jim |20 2|15 (x 42 lim () <1=fx+2l<i=-l<x+2<1=-3<x<-
n—ow | Un noo| M (x42) n—so0 \M1t1
0 n
when x =-3 we have Z %, a divergent series; when x =—1 we have Z ) , aconvergent series
n=1 n=1
(a) the radius is 1; the interval of convergence is =3 < x < —1
(b) the interval of absolute convergence is —3 < x < —1
(c) the series converges conditionally at x =—1
fim [%21] <1 = fim |2 -”ﬁ3"|<1:>i( lim L)(\/ lim j<1:> i ‘(1)(1)<1:>|x|<3
n—oo | Un n—>oo|(n+1)\/ﬁ3"+1 x" | 3 oo 11 n—o 1
o n
= -3 <x<3; when x =-3 we have %, an absolutely convergent series; when x =3 we have
n=l "
o0
Z #, a convergent p-series
n=1

(a) theradiusis 3; the interval of convergence is -3 < x <3
(b) the interval of absolute convergence is -3 < x <3
(c) there are no values for which the series converges conditionally

. . -1 n+l R
fim [“ <1 = Jim (S0 g o] [lim 2 <15 v—1[<1=—l1<x—1<1=0<x<2; when
n—ool Un n—oo| Vol (x-1)" n—yoo 1141
n o0
x =0 we have Z 1/2 , a conditionally convergent series; when x =2 we have Z —5» adivergent series
n
n=1 n=1

(a) the radius is 1; the interval of convergence is 0 < x <2
(b) the interval of absolute convergence is 0 < x <2
(c) the series converges conditionally at x =0

Copyright © 2014 Pearson Education, Inc.
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xn+1
( +1)I o

n+1

<l= lim <1:>|x| 11m(n11)<1f0ra11x

Hn—>0

11. lim

n—»0
(a) theradiusis oo; the series converges for all x

(b) the series converges absolutely for all x
(c) there are no values for which the series converges conditionally

n

Uy 3n+1 xn+1

<1= lim
n—»0

12. lim

n—»0
(a) the radius is oo; the series converges for all x

(b) the series converges absolutely for all x
(c) there are no values for which the series converges conditionally

<1:>3|x| 11m( i1)<1 for all x
n—»0

(D! 3» n

u,

n+l _2n+2
42 ﬂ):4x2<1:>x2<%3 é<x<2;whenx——;

n+l

n
n+l 4,20

Uyl

<l= lim
n—>0

13.  lim

n—

<1= x% lim (
n—>0

n

2n OO X 2n X
4 1 i i =1 4T %L i
we have E ( ) E o a divergent p-series when x = 5 we have E - (2) = E . a divergent
n=l n=1 n=l1 n=1
p-series

(a) the radius is 1; the interval of convergence is —% <x <%

(b) the interval of absolute convergence is —% <x< %

(c) there are no values for which the series converges conditionally

n+l n
14. lim = <1= lim L)l”z—3 <1:>|x—l| lim [ n’ 2j:i|x—l|<1:—2<x<4; when x =-2 we
n—oo| Un n—oo| (n+1)°3" - (x-1)" now\ 3(n+)? ) 3
(- 3) =" B <1
have 3 G = 371" VoY
1 n=l1 n=l1 n=l1

absolutely convergent series.

(a) the radius is 3; the interval of convergence is -2 < x <4

(b) the interval of absolute convergence is —2 < x <4

(c) there are no values for which the series converges conditionally

. . n+l1 2 . 2
15 lim [“22 <1= lim |2 N8 x| [lim 253 <1=|x|<1=-1<x<]; when x=-1
n—>o0 uy, N—>0 |4 (}’l+1)2 +3 X n—soo - +2n+4
e s
we have Z , a conditionally convergent series; when x =1 we have Z —L__ adivergent series
=1 n?+3 \/n?

(a) the radius is 1; the interval of convergence is —1<x <1
(b) the interval of absolute convergence is —1 <x <1
(c) the series converges conditionally at x = —1

. . n+l [,2 . 2
16. lim [“zl<1= lim |——X—. ":3 <1:|x| lim 2”—+3<1:|x|<1:—1<x<1; when x =-1
n—oo | Un n—o0 |\[(n+1)>+3 X n—oo n-+2n+4

o0
we have Z \/— a divergent series; when x =1 we have Z

n=l1

(G

n°+3

, a conditionally convergent series
(a) the rad1us is 1; the interval of convergence is -1 <x <1

(b) the interval of absolute convergence is —1<x <1
(c) the series converges conditionally at x =1
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eyt e |
<l= lim . . -
n—>0 5 n(x+3)

Uyt <1:>Mhm( )<1:>‘5‘<13|x+3|<53 —5<x+3<5

5 n—o

lim
n—>0

n

n

0
= —8<x<2; when x=-8 we have Z =Sy Z (-1)" n, a divergent series; when x =2 we have
n=l1 5 n=l1
o0 o0
Z n, adivergent series

(a) the rad1us is 5; the interval of convergence is —8 < x <2
(b) the interval of absolute convergence is —8 < x <2
(c) there are no values for which the series converges conditionally

2 2
) ) | Dttt AT | x| |7+
lim [ <1= lim (1"+2)x : ( - )<1:>%11m #<1:>|x|<43—4<x<4; when
n—oo | Un n%c>o|4'”r (n +2n+2) nx | n—w n(n +2n+2)
Sl S
x=-4 wehavez T ,
n=1 n=1

series

(a) the radius is 4; the interval of convergence is —4 < x <4
(b) the interval of absolute convergence is —4 < x <4

(c) the series converges conditionally at x =—4

n+l
lim 2 <1= lim —Mf}j‘l - <1:>‘3‘ 1im(”+1)<1:‘ ‘<l:>|x|<3: —3<x<3; when x=-3
N—>00 n n—>o0 3 \/—x n—>0

o0 o0

we have Z =" «/; , a divergent series; when x =3 we have Z \/; , a divergent series
n=l n=l1

(a) theradiusis 3; the interval of convergence is -3 <x <3

(b) the interval of absolute convergence is -3 < x <3

(c) there are no values for which the series converges conditionally

!

n+lf n+l n+l lim \/;
lim Yot <1 = Jim |~ @xS) <1=[2x+5| lim (—“’”1)<1:>|2x+5| 2 <] =[2x+5] <1
oo | U now| Un@2x+5)" now \ n lim 4/n

n—o0

= -1<2x+5<1=-3<x<-2; when x=-3 we have Z (—1)’«1/;, a divergent series since lim ’\1/; =1,
n=1 n—0

o0
when x =-2 we have Z Yn , a divergent series

n=1
(a) the radiusis 1; the interval of convergence is —3 < x < -2

(b) the interval of absolute convergence is —3 < x < -2
(c) there are no values for which the series converges conditionally

o0 o0 o0
First, rewrite the series as Z (2 +(=1" )(x +1) = Z 2x+1)" 1+ Z (1) (x+ 1"

n=l1 n=l1 n=1
For the series Z:Z(x+1)"71 o lim 22 < 1= lim %lenl <1 :|x+1| lim 1:|x+1| <l=>-2<x<0;
el n—co | Un n—oo | 2(x+1) n—>o
n+l n
For the series Z( D*(x+1)"" - hm Dl < 1= lim M <l= |x+1| lim 1 :|x+l| <1
n n—oo | (=1)" (x+1)" n—»0

n=l1
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0

= —2<x<0; when x =-2 we have Z (2 +(=1" )(—1)”_1, a divergent series; when x =0 we have
n=l1

> (2 +(=1)" ), a divergent series

n=l1

(a) theradius is 1; the interval of convergence is -2 < x <0

(b) the interval of absolute convergence is —2 < x <0

(c) there are no values for which the series converges conditionally

_1\itH1Q2n+2 0 Ayntl .
lim [t <125 fim |0 SD) g n|<l:>|x—2| lim 22 = 9lx-2|<1= T <x< L2,
n—ow | Un n—>0 (n+1) (=D"37(x-2) | o0 11
o0 on o0
_11 (=13 (_1)” B U T ies: _1
when x = 5 we have Z‘i = 5) = Z‘i 3 A divergent series; when x = 5 we have
n= n=

o0 o0
(_1)n32n (l)n _ (_l)n . .
—,\9) = ZT’ a conditionally convergent series.

n=1 n=1
9 9

(b) the interval of absolute convergence is % <x< %

(a) the radius is %; the interval of convergence is 1/ < x <12

(c) the series converges conditionally at x = %

( L)nﬂx’”l

Upil n+l

<1=[x[(¢) <1=|x|<1=-1<x<I; when x=~-1
u e

lim (141
<1= lim —— <= |x|| 22—
nool - (1+1) % lim (1+1)

n—o

lim
Nn—»o0

n

o0
we have Z =" (l +%)n , adivergent series by the nth-Term Test since lim (1 +i)n =e#0; when x=1

o0
n=l1 n—»

& % . .
we have Z (1 +;) , a divergent series
n=l

(a) the radius is 1; the interval of convergence is —1 <x <1
(b) the interval of absolute convergence is —1<x <1
(c) there are no values for which the series converges conditionally

n+l 1
lim 22 < 1= lim % <1=|x]| lim () <1=|x| lim (L)<1:|x|<1:—1<x<1;
n—wl Un n—w| X'knn n—>00 (%) n—oo \ 11
o0
when x =—1 we have Z (=1)" In n, a divergent series by the nth-Term Test since lim In 7 # 0; when x =1
n=l1 n—»0
o0
we have Z In n, a divergent series
n=1

(a) the radius is 1; the interval of convergence is —1 <x <1
(b) the interval of absolute convergence is —1<x <1
(c) there are no values for which the series converges conditionally
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(n+l)n+1xn+l

nx

Upil

<l= lim
n—>0

lim
n—o
x =0 satisfies this inequality
(a) theradiusis 0; the series converges only for x =0
(b) the series converges absolutely only for x =0
(c) there are no values for which the series converges conditionally

<13|x|( lim (1+%)”)( lim (n+1))<1:>e|x| lim (n+1) <1=> only
n—>o0 n—0

n n—>»0

lim (n+1)1(x—4)"*!
n—wm nl(x-4)"
(a) theradiusis 0; the series converges only for x =4

(b) the series converges absolutely only for x =4
(c) there are no values for which the series converges conditionally

Upi)

<1= lim
n—»0

<l= |x - 4| lim (n+1) <1= only x =4 satisfies this inequality
n—»0

n

. nl ' +2| .
lim [“#| < 1= lim &)1”—21 :u lim ( )<1:>‘ ‘<l:|x+2|<2:>—2<x+2<2
n—ool Un n—oo| (412" (x+2)" 2 ot 2
o0 o0 1
1 . . (_1 n+
= -4 < x<0; when x =—-4 we have Z 5 a divergent series; when x =0 we have Z , the
n=l1 n=l1
alternating harmonic series which converges conditionally
(a) theradiusis 2; the interval of convergence is -4 < x <0
(b) the interval of absolute convergence is —4 < x <0
(c) the series converges conditionally at x =0
_yntl 1yl .
lim [“2#| < 1= lim |2 n(”+2)(x l)n |<1:>2|x—1| lim (”+2)<1:>2|x |<1=]x- 1|<—
n—ool tn noo|  (<2)"(neD(x-1)" | !
o0
= —% <x-l<i 7= é <x< 5, when x —5 we have Z(n +1), a divergent series; when x —% we have
n=1

o0
Z (-1)*(n+1),a divergent series
n=1

(a) the radius is %; the interval of convergence is % <x< %

(b) the interval of absolute convergence is % <x <%

(c) there are no values for which the series converges conditionally

2
lim [zl < 1 = llm| 2 "(lnn)2|<1:>|x|( lim _j(hm ln—”) <1
n—>ool tn n—>0 (n+l)(ln(n+1)) x" | n—yoo 11+l In (n+1)
L)Y : :
:>|x|(1)( im 2 ] <1:>|x|(11m "“) <1=|x|<1=-1<x<I; when x=—1 we have Z D
n—»0 (ﬁ) n—»0 n(ln n)

o0

which converges absolutely; when x =1 we have Z which converges

n=1

(a) the radius is 1; the interval of convergence is —1<x <1
(b) the interval of absolute convergence is —1<x <1

(c) there are no values for which the series converges conditionally

n(In n)2
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31.

32.
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-t S 2 L ) e In (1)
nlf;o - <l:nl£r;0 ARG |<1:>|x|(nlir;0 H)(h 1n(n+1))<1:|x|(l)(l)<l:|x|<l
= —l<x<1; when x=-1 we have Z:Z - )n, a convergent alternating series; when x =1 we have Z:Z i
n n=

which diverges by Exercise 56(a) Section 10.3

(a) the radius is 1; the interval of convergence is —1<x <1
(b) the interval of absolute convergence is —1<x <1

(c) the series converges conditionally at x = —1

3/2
. . _g\2n+3 3/2 .
lim 1] < 1 = i [ ) . 1|<13(4x—5)2 lim 2| <1= (4x-3)> <1=|dx-5<1
nosoo| Un nosa| (n+1) (4x-5)""1| n—soo "1
( 1)2n+1
= -l<4x-5<1=1<x< —, when x =1 we have Z 7 ZW which is absolutely convergent;
n=1 n=1"
( )2n+1 .
when x —— we have Z R a convergent p-series
n=1
(a) theradiusis --; the interval of convergence is 1< x %

(b) the interval of absolute convergence is 1 < x S%

(c) there are no values for which the series converges conditionally

|Gxe™  2nin |

lim [ <1= lim S 2| <1=[3x+]1] lim (§”+i)<1:|3x+1|<1:> —1<3x+1<1
n—o | Un n—soo | M (3x+1) | n—>%

2 2 o ()" iy :
=>-3<x< 0; when x = -3 we have Z T A conditionally convergent series; when x =0

n=l1

X (1)n+1 0 1 . .
we have ) 5= Zm, a divergent series

n=1

(a) theradiusis %; the interval of convergence is —% <x<0

(b) the interval of absolute convergence is —% <x<0
(c) the series converges conditionally at x = —%
[ e 246-(n) ( L)
nlglgo - <1:>,}f&o|2-4-6---(2n)(2(n+1)) o |<1:>|x| lim ) <1 forall x

(a) the radius is oo; the series converges for all x

(b) the series converges absolutely for all x
(c) there are no values for which the series converges conditionally

Upi1

lim <l= lim Ep —| <
ey (n+1)22" 357-(2n+1)a"| N300

|3:57-(@n+1)(20+1)+1)x"2 2o | 1= x| lim ((2n+3)n2j<1
Nn—»0

2(n+1)°

= only x =0 satisfies this inequality
(a) theradiusis 0; the series converges only for x =0

(b) the series converges absolutely only for x =0
(c) there are no values for which the series converges conditionally
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35. For the series Z%x", recall 1+2+---+n:@ and 12 +2% +-+n? :w so that we
+25 4+

3™ (2n)
(2(n+1)+1) 3x"

Upyl

<l= lim <1

n—o

o0 n(n+1) 0
can rewrite the series as Z e X" = Z(ﬁ) x"; then lim

n=l1 6 n=l1 N0

Uy

(2n+1)
| 2n43)

<1:>|x|<1:>—1<x<1; when x =—1 we have i( 3

= |x| hm 5T

)(—1)”, a conditionally

n=l1

convergent series; when x =1 we have Z( 5 +1) a divergent series.
n=1

(a) the radius is 1; the interval of convergence is —1<x <1

(b) the interval of absolute convergence is —1<x <1

(c) the series converges conditionally at x = —1

N s S VR i wedn
36. For the series Z_:( n+1 \/;)(x 3)", note that \n+1 Jn = 0 Tnsiodn = T so that we can

n+l
RTIN C - s e
ngr:o|\/n+2+\/n+l (x=3)" |

(3"
ot e

Unpyl

rewrite the series as z

n

= v =3 Tim —lzleln

<13|x 3|<132<x<4 when x =2 we have Z " a conditionally
n—oo Vn+2+/n+l

J_J—

o0
convergent series; when x =4 we have Zﬁ, a divergent series;
+\n

(a) the radius is 1; the interval of convergence is 2<x <4
(b) the interval of absolute convergence is 2 <x <4
(c) the series converges conditionally at x =2

oy ) (n+1)1x™! .3~6~9-~-(3n)| (n+1) |x]

37. nlgrio - <l:nlgr;0 X TS |<1:| |11m 3G +l)<1: <l=|x|<3=>R=3

2 n+l 2|

38, tim [leot] <15 g [GEE@OCEDN P 2S8CuD] |y ) gy (@2 g A
n—o0 | Un o [ (258 -Bn-1)(3(n+)-1))° (24:6-(2n) x" | oo | (3n+2)? 9
=|x|<I=R=

2 n+1 n 2

30, lim 1] <1 o i [0 2(i’”!|<1:>|x| tim | s s x<s = R -8

o, o (272D (n )xn| S 2en )

2

40. hm\/7<1:11m”(ﬁ) x"<l:>|x|1im(L)n<1:>|x|eil<1:|x|<e:>R=e
n—>0

n—»0 n—o n+l
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S [ O e . 1 1 1 1
41. lim | <1= lim <1:>|x| lim 3<1:|x|<§:—§<x<§; at x=—-= we have
n—>00 n Nn—>00 n—>0
& n 1)? & n . . 1 & n{1\"? & . . .
Z 3 (—3) = Z (—1)", which diverges; at x =3 we have Z 3 (3) = Z 1, which diverges. The series
n=0 n=0 n=0 n=0
o0 o0
Z 3"x" = Z (3x)", is a convergent geometric series when —% <x <% and the sum is ﬁ
n=0 n=0
1
. Uy . (ex74)”+ x . X X
42, lim M <1= lim ——|<1=|e" —4| lim I<l=e —4‘<133<e <5=In3<x<In5;
n—ow | Un n—»00 (ex—4) n—>0
o0 1 3 n o0 o0 1 5 n o0
at x =In3 we have Z (e n —4) = Z (=1)", which diverges; at x =In 5 we have Z (e n —4) = Z 1
n=0 n=0 n=0 n=0

> n
which diverges. The series Z (ex - 4) is a convergent geometric series when In3 < x <In5 and the sum is

n=0
11
1 (exf4) 5-¢"
2n+2 n 2
43, lim |“ < 1= lim |(X‘13+1 4 2n|<1:>(" U gim [1]<1= (x=1)? <4=|r-1|<2>2<x-1<2
n—w | Un n—w| 4 (x-1) | 4 oo

0 2n o0 0 0
-2 n . . 2n
= -1<x<3; at x=-1 we have Z%: 4= Zl, which diverges; at x =3 we have Z 2
4" . 04"

n=0 n=0 n= n=

o0 o0 o0 _ 2
= Z 4 Z 1, a divergent series; the interval of convergence is —1 < x < 3; the series Z %

n
n=0 4 n=0 n=0
o0 2 n
= Z (x—’l) is a convergent geometric series when —1 < x <3 and sum is —— = 1 = 4
2 1)? 2 2 _
= 1— xfl) {4-@-1) } 4—x"+2x-1
n=0 2 4
_ 4
342x—x2
) ) 2n+2 " 2
44, lim |“ <1=> lim |(X+1)+1 . 92|<1:(x+1) hm|1|<1:(x+1)2<9:>|x+1|<3:—3<x+1<3
n—w | Un n—w| 9" (x+1) n| 9 oo

o0 n 0 o0
. -3) : . . 32
= —4<x<2; wh = — O = 3=
x <2; when x =—-4 we have Z = Zl which diverges; at x =2 we have Z p Zl
n=0 n=0 n=0 n=0
n

0 2n 2
which also diverges; the interval of convergence is —4 < x < 2; the series Z % = Z ((XTH) j isa

n=0 n=0
convergent geometric series when —4 < x <2 and the sum is 1 5= 1 = 29 =—2 5
1-(221) {9_@“)2} 9-x?-2x-1 8-2x-x
9

\/—_2 n+l .,
45. lim |“ < 1= lim |(x 1) —2 |<1:>‘\/;—2‘<2:>—2<\/;—2<230<\/;<4:>0<x<16;
n—oo | “n n—>0 ‘ 2 (\/;—2)’1
o0 o0
when x =0 we have Z (-1)"", a divergent series; when x =16 we have Z ()", a divergent series; the
n=0 n=0
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n

o0
) is a convergent geometric series when 0 < x <16

interval of convergence is 0 < x <16; the series Z (
n=0

x-2

and its sum is ( 1 =2
. X

5 e e

(1n x)n+1 1

)’ <x<e; when x = ¢! or e we obtain the
nx

Dndl 1= lim <1:|1nx|<1:—1<1nx<1:e

n—>0

lim
Nn—»0

n

o0 o0 o0
series Z 1" and Z (~1)" which both diverge; the interval of convergence is ¢ ' < x < ¢; Z (Inx)" =
n=0 n=0 n=0

I-Inx

when e ' <x<e

Upy

<l= lim
n—>0

lim
n—0

2
<1:(x3+1) lim [1]<1=+% o 2 <2:>|x|<x/—
n—o0

5 \ntl n
(x +l) ( 3 )
3 x4+l

o0
2 <x<2 ;at x= +2 we have Z (1) which diverges; the interval of convergence is
n=0

Uy

. & 2 n . . . . .
/2 < x <~/2; the series Z (XT“) is a convergent geometric series when —v2 <x < V2 and its sum is

n=0
1
1_(x2+1) (3—)(2—1) 2-x%
3 3

Upi1

lim
n—>0

) n+l
-1
<l tim [ 2 <1=[x? -1 <22 3 <x</3; when x=+J3 we have S,

nswo| 2" (x2+1) n=0

n

© n
. . . . . 2 - .
a divergent series; the interval of convergence is —/3 < x < 3; the series Z (le) is a convergent
n=0

geometric series when —/3 < x <+/3 and its sum is N R PN e
17(, j [Zx 1] -X

o2 2 . .
Writing — as ——————— we see that it can be written as the power

1=[=(x-1)]

series Y 2[—(x—1]" =Y 2(-1)"(x—1)". Since this is a geometric series with ratio —(x—1) it will converge
n=0 n=0

for

|-(x=1)| <lor0 < x <2.

5 5/3 - 5[ )
a = = » =| =| , which converges for || < lor < 3.
@ SO=3 =5 2 e | x]
(b) g(x)= xi2 = (3//22) g-%[%} :,,ZZE)_ n3+1 x”*, which converges for <lor|x|< 2.
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3 3 1 (1) noo
51. g(x)= = = = Z —— (x—S) , which converges for
x=2 3-[—(x-95)] - _(x—S) AN
3
al <lor2<ux<8.

0 n

52. (a) We can write the given series as 1 Z (E) which shows that the interval of convergence is —4 < x <4.
n=0

(b) The function represented by the series in (a) is , for -4 < x <4. If we rewrite this function as

o0
1(—3) we can represent it by the geometric series Z 2(x—3)" which will converge only for
- n=0

|x—3| <lor2 < x<4.

<l= |x—3| <2=1<x<5; when x=1 we have Z ()" which diverges; when x =5
n=0

53. lim :
o+ (x73)n

we have Z (=1)" which also diverges; the interval of convergence is 1< x < 5; the sum of this convergent

n=l1

geometric series is =2 If f(x)= 1—%(x—3)+%(x—3)2 +...+(—%)n (x=3)"+... =ﬁ then

1+()‘T‘3) x-1

f'(x)= ——+ (x 3+...+ (—%)n n(x—3)”_1 +... is convergent when 1< x <5, and diverges when x =1 or

, the derivative of =

5. The sum for f'(x) is (x:I)Z x-1"

54. If f(x)=l—%(x—3)+%(x—3)2+...+(—%)n (x=3)" +...=-2 then

n+l
jf(x) dx=x— 4 (x123) ...+(—%)n % . At x =1 the series Z diverges; at x =5 the

n=l1

P
series Z ( nlllz converges. Therefore the interval of convergence is 1 < x <5 and the sum is

21n|x l|+(3 In 4), smcej dx = 21n|x 1|+C where C =3—-1In4 when x =3.

4 6 8 10
55. (a) Differentiate the series for sin x to get cosx=1- , +55L!—77i!+99¢!— 111’1“ !

x() xlO

2 4 8 . .
_1__+T__+§__W+ .. The series converges for all values of x since
. 2n+2 2n)! .
lim )2‘ 2'-(;1”) =x? lim (ﬁ):0<1forallx.
oo | 2N+ & oo \ (2n+1)(2n+2)
. _ 233 2% 27y 2%%° ol _ .o 8x0 ,32x°  128x7 | 512x°  2048x!!
(b) - 3! 5! 7! 9! 1 +...=2x 3! + 5! 7! + 9! 1 tee

(c) 2sinxcosx= 2[(0~1)+(0-0+1~1)x+(0~_—1+1-0+0~1)x +(0-0—1-%+0~0—1-%)x3

(0 L+1:0-0-1-0-L+0. 1)x +(o 0+1-5+0-0+1 —!+0~0+1-%)x5
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56.

57.

58.

59.

(a)
(b)
(©

(b)

(©)

(b)

(©)

(b)

Section 10.7 Power Series 763

+(0~é+1-0+0~%+0~%+0~%+0-%+0~1)x6+...}:2[x—43—x!3+%—...}

50T or 1M
d,x)_ 2x , 3x% , 4xS | 5xt _ X X e~ ot X so X
;(e )_1+5+T+T+? 1+x+?+ 3 +T+ ; thus the derivative of e* is e itself
4 5 . . . . .
J efdx=e"+C= x+7+§—+%+x—,+...+C, which is the general antiderivative of ¢*
3 4 5

_ X X X .

=1- x+7—?+$—§+---’
- = 1-L-1.1+4L. 2(.L_.LL._L.)3
e —11+(1-1— 11)x+( L-11+, 1)x+13! Pk -1

1 1 1.1 1 1 4 1 1 1.1 1.1 1 1 5
+(l-m—l-§+§-§—§'l+m-l)x +(1-5—1-m+§-§—§~§+m-l—§~l)x +...

=140+0+0+0+0+...

3 5 8 10
- — O 2 17x0 62 —xt ox px  17x 3lx .
1n|secx|+C—Jtanxdx—j(x+ 3+ +3i5toas e )dx 5+ +45+2520+14’175+...+C,

3
4 6 8 10
x’ +X 17x 31x
x=0=>C= O:>1n|secx| TR TR TSR VAL

+..., converges when —% <x< %

sec? x = % dx(x+ 3 +21’; +1371x5 +g§g‘5+ )—1+x +2§ +11)5‘ +6321x5 +..., converges
when —3<x<’2’

seczx:(secx)(secx):(1+§+%+6712x; +...)(1+%+%+6712xg +)
=1+(%+%)x2+(254+41t+254)x4+(%+%+%+%)x6+...=l+x2+23i4+%+%+...,
—%<x<%

1n|secx+tanx|+C=J‘secxa’x=JA(l+x2 +52)‘4 +6712x0 )dx X+ c +%+g(l)io+722775);6+ +C;

+..., converges when —Z <x<Z

9
x:0:>C:O:>ln|secx+tanx| x+—+—+61x + 271 2 2

6 24 5040 @ 72,576

secxtanxzd(sj;x) (1+x—+52i4+6712xo +. ) +5g +6112’§) +217070’é +..., converges when
—%<x<%

(secx)(tanx):(l 52)2 720 )( x? 2—5+ 371)‘57+)

S TR T AT SIS e
—%<x<%

If f(x)= ianx", then /¥ (x) = i n(n—1)(n—2)-(n—(k-1))a,x"* and £ (0)=kla;

n=0 n=k
LU0 ikewise if f(x)= 3 by, then by =L = g — b, £ ive integer k
= aj =+ likewise i f(x)=>b,x", then by = o = 4 = by for every nonnegative integer
n=0

0
If f(x)= Z a,x" =0 forall x, then f(k) (x)=0 forall x= from part (a) that a;, =0 for every
n=0
nonnegative integer &
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10.8 TAYLOR AND MACLAURIN SERIES

Lo f@)=, ['(x)=2e, ["(x) = 4>, ["(x) =8¢*"; [(0)=*" =1,1'(0)=2, /"(0) =4, /"(0) =8
= RB(x)=1,A(x)=1+2x, B (x)= 142x +2x2 , B(x)= 14 2x +2x2 +‘31 3

2. f(x)=sinx, f'(x) =cosx, f'(x) = =sinx, f"(x) = —cosx; f(0)=sin0=0, f'(0) =1, f"(0)=0, f"(0) =~-1
= By(x) =0, B(x) =x, B(x) =x, B(x) =x -1’

3. f()=hx, f'(x)=1 f(X)——— " (X)— s S =Inl=0, /D=1 /" D=-17"(1)=2
= B(0) =0, B(x) = (x=1), B (x) = (x= D)=L (x =%, B(x) = (x =D =L (=) + L (x—1)’

4 f)=0+x), M) =rL=1+0)7", /() =-1+0) 7, ") =20+ f(0)=In1=0, f'(0)=1=1,

F1O=-7 =1, /") =200> =22 B =AW =x.P () =35 A(x)=x-5 + 1

5. f(x)=i=x‘1 L) ==x72, @) =27, [0 =63 fQ) =1, [ =4 '@ =1, /() =-3
= RN =1, A®) =5 4(x-2), B =F - (-2 +§(x-2)°,
= B(x) = ———<x 2)+1(x-2)" — 5 (x-2)°

6. f)=x+2)", () =~(x+2)72, f1(x) =2(x+2) >, f"(x) = —6(x+2)*;
FO=27" =1 0 =-27 =-1. 10)=27 =1, ") =-6(2) " =-

= R@W=LAW=1-5 B =L-2+5 AmW=1-5+5-%

27
f”(ﬂ)=—sin1=—ﬁ,f’”(1)=—cos —£:P */— ,B(x)= */— ﬁ(x %)

4 4 2 4 4 2
SRS I R

8. f(x)=tanx, f'(x)= sec? x, f'(x)= 2sec? xtan x, f"(x)= 2sec? x+4sec? xtan’ x; f(% = tan% =1,

(5] s (5) 23] -2 a5 . /(5] 25 50 5o 5] -1

= R0 =1, R(x) =1+2(x-Z), B(x) =1+2(x _%)”(x_%)z,

(o =12(x-5)e 23] +3(x-5)

9. f)="x=x"2 fi(x)= () 12 i) = ( )—3/2 () = ()_S/Z'f(4)=«/1=2
S =14 =1 @y = (-4 = ;2,f(4)=(—) 472 = = R0 =2, Rx) =2+ 1(x-4),
P2(x)=2+z(x—4)—a(x—4) ,P3(x)=2+%(x—4) (x 4) +m(x 4)
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

Section 10.8 Taylor and Maclaurin Series 765

S =0-0", f'(0)=-10-07"", () =-20-07", ") =-30-0""
SO =" =170 =-30" =3, /"0 = O = {0 =30 =3

= Rx)=1LA(x)=1- xPz(x)—l——x——x P3(x)—1——x—%x2—%x3

f@)=e™, [l =—e", ff)=e, ["x)=—e" =...[P(x)= (—l)ke‘x' f0) = =1, f'(0)=-1,

O =1 f"0) =L, fRO) =(-Df m e =1-x+12? -LiP 4 = (nl,)
n=0

f(x)=xe", f'(x)=xe" +e*, f'(x)=xe" +2e", f"(x)=xe* +3e” :>...f(k)(x):xex+k e’;

FO) =0 =0, £/ =1 ") =2, f"(0) =3... ;DO =k = x4 " +5 Z(n =yE

f@)=1+x)" = 1) ==1+x) 7, f(x) =20+x)7, f"(x) =311+ x)"*
= .. P =D+ F0)=1 £10)=-1, £"0)=2, £"0)==-31,..., F®0) = (=) k!

Sl-x+x>—x+. Z( x)" —Z(—l)"x"

n=0

S0 == @) =2 10 =60-07, 70 =180 -0 = D (0 =300 -0

F(0)=2, £1(0)=3, f"(0)=6, f"(0)=18,..., FF(0)=3(k!) = 2+43x+3x> +3x° +...=2+ iiix"

0 2n+1 0 n 2n+1 20+l 2041
N (D" : _ N\ (=D'3x) (=D"3 _a,. 32 3PN

sty = QneDp = Sin3x = (2n11)! Z R TR
n= n=0

) 0 (71)"x2"+1 ) 0 (_1),,(%)2%1 0 (71)"x2"+1 3 5

sinx= ) o —sind=)" — = ) S S LA T

(2n+1)! 2 (2n+1)! 22 pen 20 2231 2%

n= n= n=0

7cos(—x)=7cosx =7 Z (D" =7 S E P 2 < +..., since the cosine is an even function

2n)! 20 T4 T Tl ’

0 2n
_ (=D)"x _ (1) (”x) 522’ 57r4x4_57r6x6
CoOSX = . ) = 5coszx=5 . ) =5- TR a Tt
n= n=\
e t+e” 1 22 X 2 ata < X2
coshx = &% :5 1+x+7+ 3'+T+ +(1—x+7—§+ﬁ—... :1+—!+—!+—!+...:Z(2n)!
n=0
_ef=e 1 X0 X VU GO AN AU I DU L I
sinh x 5 —2[(1+x+2!+3,+ -+ l-x+ =4+ XA Z(2n+1)!
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21.

22.

23.

24.

25.

26.

27.

28.

Chapter 10 Infinite Sequences and Series

Fx)=x*—2x3—5x+4= fl(x)=4x> —6x% =5, f"(x) =12x% —12x, f"(x) = 24x—12, ¥ (x) =24
= fMx)=0 if n=5; £(0)=4, £'(0)=-5, £"(0)=0, £"(0)=-12, P (0)=24, FM(0)=0 if n=5

=t 2 —Sx+d4=4-5x— 12x3+%ﬁ Y. £ |

_ D"nt

( +1)n+l 2

S == () = 2”" f()— 3,f”'()—

x+1 x+1)?’

F(0)=0, £'(0)=0, f"(0)=2, £"(0) =6, f*(0) = (1)l if n22= x* —x” +x* -2 +. Z( )" x

f(x)=x—2x+4= f'(x)=3x> =2, f"(x)=6x, ["(x)=6= FP(x)=0 if n>4;
£(2)=8, f'(2)=10, f"(2)=12, f"(2)=6, ™ (2)=0 if n> 4
= = 2x+4=8+10(x-2)+2 (x=2)* + £ (x-2)’ =8+10(x-2) +6(x—2)" +(x-2)’

F(x) =20 +x2+3x=8= f(x) =637 +2x+3, f"(x)=12x+2, f"(x)=12= fFM(x)=0 if n>4;
f)==-2, 'MW =11, ") =14, f") =12, fD 1) =0 if n>4
=200 427 +3x-8=2+11(x-D+ B (x=1? + 2 (x - 1)’ = 2411 - D) + T(x=1)* +2(x 1)’

F@) =xt+x2 412 () =4x +2x, f"(x)=12x% +2, ["(x) =24x, fPD(x) =24, fPD(x)=0 if n>5;
F(=2)=21, f'(=2)=-36, f"(=2) =50, f"(=2)=—48, fP(=2)=24, fM(=2)=0 if n>5= x* +x? +1
=21-36(x+2)+ 20 (x+2)" =B (x+2)’ + 2 (x+2)* =21-36(x +2)+25(x +2)* =8(x+2)” + (x+2)"

f(x):3x A, S I L R, JEN f(x)—15x4—4x +6x7 +2x, f"(x)= 60x> —12x% +12x+2,

F"(x) =180x —24x+12, ¥ (x) =360x—24, O (x) =360, £ (x)=0 if n=6;

F(=1)==7, f'(=1)=23, f"(=1) =82, "(=1) =216, f P (-1) =384, ) (=1)=360, /™ (~1)=0 if n>6
=30 —xt 2 0P 22 =T 230+ D) - B (x4 )? + LE (x4 1)’ - 3B (x4 )t + 380 (1)

=—7+23(x+1)—41(x +1)% +36(x +1)° —=16(x + )* +3(x +1)°

FX)=x72= fi(x)==2x7, f"(x)=3x"4, f"(x)=—41x7 = fD(x) = (=)' (n+1)1x"72;
S =1, 1My ==2, f"1) =3, f"(1) = -4, £ (1) = (~1)" (n+1)!

=L =1-2(x-)+3(x-1)> —4(x-1)° +...= i(—l)”(n+1)(x—1)”
) n=0

f0)= ) =120-2)7, (0 =60(1-x) ¢ = £ () = L2107,

1(0)= Lf’(O) =3, /"(0) =12, £"(0) =60, ..., £ (0) =22

=1 —143x+6x>+10x° +...=

= (n4+2)(ntl)_n
R D

n=0
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29.

30.

31.

32.

33.

34.

35.
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f=" =)= [ == [P =c" fQ= f@=¢,.. fPQ2)=¢
S =+ (- + L (-2 + 5 (-2 +. i%(x—z)”

n=0
F(x)=2"= f'(x)=2"n2, f"(x)=2%(In2)?, f"(x) =2"(n2)’ = £ (x) =2"(n2)";
F)=2, f'(1)=2In2, f"(1)=2(1n2)%, /") =2(n2)%, ..., f™ (1) =2(In2)"
1)y 22 2(ln 2) 202 (3 i 2(In2)" (x—1)"

n!
n=0

=2 =2+(2In2)(x— 1)+2(1“2) (x

f(x)—cos(2x+ ) f(x)——2sm(2x+ ) J"(x) =—4cos(2x+ £ ) /") =8sin(2x+Z )
f(4)(x) 24005(2x+ )f(s)(x)—— sm(2x+2), 3
FE)= 1 (5)-0. ()4 a) 0 sV )2 (1) 0 ) - o

= cos(2x+%) = —1+2(x—%)2 —;(x—£)4 +...= i (71)}12_2” (x—ﬂ)zn

O =Vx+L £ =2+ )2, 100 ==L+ )72, 0 =20 ) P =B e )T

fO=L70)=1 r0=-1 10 =3, (PO =-L _ =srr1=1+lx-12 L Syt

The Maclaurin series generated by cosx is Z ((;1))' 2

n=0

which converges on (—o0, 00) and the Maclaurin

series generated by ﬁ is 2 Z x" which converges on (-1, 1). Thus the Maclaurin series generated by
n=0
f(x)= cosx—% is given by Z ((21))' 2n 22 X" = —1—2x—%x2 —.... which converges on the
n=0

intersection of (—o0,0) and (-1, 1), so the 1nterva1 of convergence is (-1, 1).

The Maclaurin series generated by e” is Z ’;—n, which converges on (—o,00). The Maclaurin series generated

n=0
0
by f(x)= (1—x+x2)ex is given by (1—x+x2) Z = 1+= x2 + % x> .... which converges on (—o0,0).
n=0
The Maclaurin series generated by sin x is Z (2n+1)'x2n+l which converges on (—o0,00) and the Maclaurin

n=0

0 n—1
series generated by In(1+x) is Z%x” which converges on (—1,1). Thus the Maclaurin series generated

n=l1

by f(x)=sinx-In(l+x) is given by (Z P 2"“](2( n" ]—xz —%x3 +%x4—..,, which

n=l1

converges on the intersection of (—o0,0) and (—1,1), so the interval convergence is (-1, 1).
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36.
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x2”+1 which converges on (—o0,©). The Maclaurin

The Maclaurin series generated by sinx is Z (2n+l)'

2
0 n 0 n 0 n
series generated by f'(x) = xsin® x is given by x( (gn—?l)'xz'”l] = x( (gl—?l)'xz’”l ]( (gn—?l)'xZ"HJ
. n=0 ) n=0 .

n=0
=x>-1x>+ 27+ .. which conver —
= 3 a5 X Tt ges on (—o, ).
X o £ (a) n X (n) a
37. If e = ZT(x—a) and f(x)=e", wehave [/ (a)=¢" forall n=0,1,2,3,...
n=0 ’
=e=e {(XOI,J) (XI!a) (xz‘,l) } {1+(x a)+(x a) } at x=a

38.

39.

40.

41.

42.

fx) =" = fMx)=¢ forall n= f"(1)=e forall n=0,1,2,.

= e =ete(r-D+ & (-2 + G- +...= [1+(x D+ i +(x3,1) }

@ =f@+ f@e-a)+ LD a? + L9 (x—ay 1.

= f'(x) = f'(a)+ f"(a)(x—a)+f (@) 3(x W 4.5 70 = @)+ (@) (x—a) + L (“)4 3(x—a)+...
= £ () = £ @)+ £ (@) —a) +L “Rxa)+
:3f@%aﬂ@+&f%@=f%@+0wufwkm=f“Rm+0

E(x)= f(x)—by—bj(x—a)—by(x—a)* —by(x—a)> —...—=b,(x—a)" = 0= E(a) = f(a)—by = by = f(a);

from condition (b),
S-S (@) = b (x=0) by (=)’ by (x=a)' = =B, (x=a)" _

lim
x—a (X—a)n
. fU(x)=B=2b, (x—a)-3by(x—a)*—...—nb, (x—a)" " ,
3)}2}1 J'(x)=b1=2b, (x a)n(xi:;"*al) nb, (x~a) =0=b = f'(a)
. f"(x)72bzf3!b3(xfa)f...7n(nfl)bn(x7a)"72 1 on
1 =0=b) ==
R n(n-1)(x-a)' =b =277
. f"'(x)—?)!b3—...—n(n—l)(n—Z)bn(x—a)"_3 1 om
1 =0 =1
ey nn1)(r-2)(x-a)"> =bh =5/
() ()
= li;n % =0=>b, = #f(”) (a); therefore,
X a

g0 = f(@+ @ -a)+ LD (x—a)? ..+ LD (g~ (v)

f(x)=1In(cosx)= f'(x)=—tanx and f"(x)= —sec? x; £(0)=0, f'(0)=0, f"(0)=-1
= L(x)=0 and Q(x) =%

F(x) =" = £1(x) = (cosx)e™ and f"(x) = (-sinx)e"™ + (cosx)2 S Y; £(0) =1, £(0) =1, £"(0) =

= L(x)=1+x and Q(x):1+x+x7
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44,

45.

46.

10.9

Section 10.9 Convergence of Taylor Series

f(x) =(1—x2 )71/2 = f'(x) =x(1—x2)73/2 and f"(x)= (1—x2 )73/2 43,2 (l_xz)*5/2;
F0)=1, £'(0)=0, "(0)=1= L(x)=1 and O(x) =1 +§

f(x)=coshx = f'(x)=sinhx and f"(x)=coshx; f(0)=1, f'(0)=0, f"(0)=1
= L(x)=1 and Q(x)=1+%

f(x)=sinx = f'(x)=cosx and f"(x)=-sinx; f(0)=0, f'(0)=1, f"(0)=0= L(x)=x and Q(x)=x

f(x)=tanx:f’(x)=seczx and f"(x)=2seczxtanx; £(0)=0, f'(0)=1, f"=0= L(x)=x and Q(x) =

CONVERGENCE OF TAYLOR SERIES
ex:1+x+x72,+...: fl—n,:>e =1+ (=5x)+ Sx) S e P 5 . Z( D" 5’1 ’
! !
(2)
X _ ﬁ _ x_” —x/2 _ =X 2 _1_X _2 ( l)nxn
e —1+x+2!+...—}§)n!:>e —1+(2)+ 2 +...=1 2+222! 233' . _Z 21
sinx = x——+—— = Z( DS = 5sin(—x) =5| (—x)— () x) G SN iw
. (2n+1)! T 0 (2n+1)!
n=|
. LR &y o (%) (%)5 (%)7 & (ly g2
sinx = x—?+——...—n:0—(2n+l)! =sin Dt =It - o 4 +...—n:0—22n+1(2n+1)!

2n
0 2n 2 (71)n 5x2 © ng2n _4n 12
_ N (D'« 2 _ _ N\ (ED'5Tx 25x* | 625x% 15625«
cosXx = ) = cos5x” = Z ant = an =1- TR g+
n=0 n=0 n=0

172\
(=" x*" 302 3\1/2 & (_1)’{[23) J o (—1)" 2" 3 6 9
= — X X _ = X = = — X = X X __X
cos x 2! DCOS( 2) COS[(Z) ] nz_:,) 2n)! P 1 it Pt
& - s —l)n_l n—1 2)1 4 6 8
N DT 2) ¢ (1) a8
i - S (12 - T SN
n= n=
-1 - (1) k2! [~ 4 & (—D"(Sx“)zn+1 O\ (C1yr 32 (S
tan " x = Z—2n+1 = tan (3x ): P = Z .
n=0 n=0 n=0
=3x% —9x12 +%x20 _21787 28
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9.

10

11.

12.

13.

14.

15.

16.

17.

18.

19.

Chapter 10 Infinite Sequences and Series

1 B o0
o = 2 D"
n=0

o0 o0 o0
1
IV [V S N N B 1) = (L)'” 11,412, 1,3
=2 O e Z(zx) =2.(3) ¥ =grgxegx Y+
n=0 n=0 n=0
x o X" X o X" i xn+1 2 x} x4 XS
e =ZW:xe =X ZF :Z p =X+X +?+¥+$+
n=0 n=0 n=0
. ( l)n 2n+l1 2 . 2 ( l)n 2n+l1 ( l)n 2n+3 3_x_5 i_x_
s = (Qnaryy X Smx=x 2ni)! P T TR TR T
n=0 n=0 n=0
( D" x > (= 1)’1)5 _)c2 P A L L
COSXx = (2}1)' ——1+COSX———1+Z 2n)! —7—14‘1—74‘?—54‘5—@4‘
n=
4 6 8 10 n_2n
=X X 4 x X (=D"x
T4 6! + 8! 10! tee = Z (2n)!
n=2
B ( n 2n+l ( n 2n+l 3 X3 XS x7 xg 11
sinx = Z (2n+1)' = sinx— x+ Z (2n+1)' —x+?— x—§+§—ﬁ+§ 11'
_x _x x A 5 (D'
o791 (2n+1)!
n=
o0
( l)n 2n _ (_l)n(”x)Zn ( 1)” 2n 2n+1 72'2)63 7r4x5 7[6)67
COS X = (2n)' = XCOSTTX =X 2n)! Z 2n)! =X—- 20 + 2 - 6! +...
n=0 n=0
S D 2 N 22 V) Sy 5 e o
COS X = 2! =X COS(X )zx ! = 2! =X —a'i‘w—ﬁ'i‘
n=0 = =

2 _ 1, cos2x _
COS x—2+ 5 2‘l'2

n=

:1_(2x)2 20t @x° (2x)

=
n=0

221 T 2ar T 26l Tas

4 16 64

o D' 1], e ot @of L'
2n)! _E+E[l_ » Pt T e e T

( 1) (2X)2n ( 1)’1 22)1 -1 _2n
_1+Z 2.(2n)! —1+Z an
_eor o' @ _ @ @' @v°

22n—1 2n

B i (_1)n+1(2x)2n
o 2-(2n)!

2
x- 2 (_1
1-2x X ( )

? 2 (2x)"

(="
Z 2n)!

Z 202 2 o3 122 230
n=0
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n—1 n n—lAn _n+l
20. xIn(l+2x) = xz(l) (2x) Z(D 2T 02 2 2 2
n=l1 n=l1

LN 2, 3 d(1\_ SRR -

21. E—Zx"—1+x+x +x +:>$(E) (1 x)2—1+2x+3x +o=y " =) (n+ )"
n=0 n=0

2 _d*(1)\_d[_1 |_d 2 _ 2 N a2

2 2 () [(lx)zj L (1425436 +...) =246 +126 4., nZ::zn(n Dx
o0
= Z (n+2)(n+1)x"

n=0

3 5 7
23. tanflxzx—%x3+%x5 —%x7+...:xtan1x2=x(x2 —%(x2) +%(x2) —%(xz) +j

( 1)n 4n-1
2n-1

_ 3 1.7, 1.1 _1.15
=x" —ix g LT Z‘i
n:

24. sinx = x——+—5—i+...3sinx-cosx:lsin2x:l(2x—(2x) (2x) _29 +j

TR 2 2 3! 5! 7!
podd e e 20 20 a3 et
- 3! 5! 70T 3 15 315 N (2n+1)!
n=0
2 3
25, e =l+x+i X4 and L=l-x+x? -0+ et vl =l x i (l—x+x2—x3+...)
2173 T+ T 21730
o0
=2+3x2 334+ B4y Z( +(=1)" )
n=0
. 4
26. sinx= x—?+——7+ .. and cosx—l——+T—F+

. 2 6 3 5 7 2 5 6 7
= cosx—sinx = (1—x—+x——x—+...)—(x—%+%—%+...):l—x—x—+x—+x——x——x—+x—+...

_ i (71)n x2n B (71)n x2n+1
= 2n)! Qnt)!
n=0

2 3 4
_ . 1.2 13 1 4 X 2\ _ x| 2 _1(,2 (.2 _1(,2
27. In(l+x)=x FX X - x +...:>31n(1+x )—3(x 2(x ) +3(x ) 4(x ) +j

0 -1
-13_15.1.7_1.9 _ D" 2n+1
3 6 9 12 “'_Z—x

28. In(l+x)=x—1x*+1 —d1x* 4 and n(l-x)=—x-1x* -1 - Lyt 4 = in+x) - In(l- x)

_ 12,13 1.4 (1.2 1.3 1.4 3 2n+l1
—(x XX =X +) (x X —3X X +..) 2x+3x +2 x +. 22’”1
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30.

31.

32.

33.

34.

35.

36.

37.

Chapter 10 Infinite Sequences and Series
2 3 . 3 5 7
e’ :1+x+%+%+... and s1nx=x—%+%—%+...
2 3 3 5 7
X g x = XX X x _xl - 2.,1,3_1.5_
=e s1nx—(1+x+2!+3!+...)(x TR 7!+...)—x+x +3X =35 X
ln(l—i—x):x—lxz—i—lx3 “Lxt e and L=laxax? x4
2 3 4 1-x
In(l+x) L_(_lz 1.3 1.4 ( 2.3 _ ., 1.2 .53 7 4
= =In(1+x) oy (XX X X+ I+x+x"4+x" +... SXHIXT X X
2
tanflx:x—%x3+%x5 —%x7+...:(tan71 x) :(tan71 x)(tan7l x)
(y_L1 3,15 1.7 13,15 1.7 —,2_2,4_23 6_44 8
—(x 3X X —ox +...)(x 3N X -5 +...)—x TR TR Al VR A
. N 2t xS 2 . .
sinx =x—r 4+ -5+ and cosx=1—7+?—?+...:cos X-Sinx = cosx-cosx-sinx
_ Lo 11 22 2t x® e @) @) 713,615 1247 7
=CosXx 2s1n2x—2(l Tt et 2x TR T [T X X X — o X
X )CS X X )Cz X3
sinx=x—Sp+—<r+...and " =l+x+o0 45
P LE 0 ) (RN S SN AN (YR N PR S S 2+l S SAE S 3+
S E TR TR TRARAR I C TR TR T 3 TR TR T
:1+x+%x2—%x4+
. P S -1 13,15 1.7 : -1
SINX =x =S+ =7+ and tan X=X—3X +5X —oX +...:>s1n(tan X

3 5
(Ll 315 1,7 Ayl 315 1.7 1 (13,15 1,7
—(x IX X —ox +) 6(x IX X —5x +) + (x IX X -2 +)

7
1l (13,15 1.7 —x-1 305
5040(x IXT X’ —ox +) +.o.=x—2X +2x X'+

Since n=3, then £ (x) :sinx,‘ f(4)(x)‘ <M on [0,0.11=> [sinx| <1 on [0,0.1] = M =1.

0.1-0[*
Y

Then |R;(0.1)] < =42x107% = error <4.2x107°

e*|<+e on [0,0.5]= M =2.7.

Since n =4, then f© (x)=e¢",

f(s)(x)‘ <M on [0,0.5]=

0.5-0
5!

Then |R4(0.5)| < 2.7 =7.03x10™* = error <7.03x107*

N
By the Alternating Series Estimation Theorem, the error is less than % = | x|5 <(5h (5 X 10_4)

=[x <600x107* = | x| <V6x1072 ~ 0.56968
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4
(CIM . 0.0026, by Alternating Series Estimation

2
If cosx :1—% and |x| < 0.5, then the error is less than 7

2

Theorem; since the next term in the series is positive, the approximation 1— 5

is too small, by the Alternating

Series Estimation Theorem

(10‘3 )3

3!

If sinx=x and |x| <107 , then the error is less than ~1.67x 10710, by Alternating Series Estimation
Theorem; The Alternating Series Estimation Theorem says R, (x) has the same sign as _);_3" Moreover,

x<sinx=0<sinx—x=Ry(x) =>x<0=>-10" < x<0.

2
Vl+x = 1-1—%—)‘—82 +% —.... By the Alternating Series Estimation Theorem the |error| < ’Ti‘z < (0'(;1)
=125x107
e 3] 30D )3
|R2 (x)| = e;f <3 3('0'1) <1.87x 104, where ¢ is between 0 and x
c 3 3
|R2 (x)| =15 < (0'31') =1.67x10~%, where ¢ is between 0 and x

2 4 6
2 lfcos2x)_l_l 1 1 @x) @2x)" (2x) _oxr 2%t 2%
sin x—( =5 2cos2x—2 2(1 TR T T HE

A2 Nod (222 222 25\, 20 @ @
:>dx(sm )_dx(Z! a T | TR T e
@0’ L @0’ (@0

3 5 =7~ +...=sin2x, which checks

= 2sinxcosx =2x—

. 2 4 6 3 2 3.4 5.6 7.8
Coszxzcos2x+s1n2x:[l—(zg') +(2:,) —(221) +(2;) +...j+(2x Zx 4 2x 2x +)

o 2xr | 23 2546 —1_4,2,1,4_2 6, 1 8_
=1 o0 A & +...=1-x +I3X S X FgEX T

A special case of Taylor’s Theoremis f(b) = f(a)+ f'(c)(b—a), where c is between a and
b= f(b)- f(a)= f'(c)(b-a), the Mean Value Theorem.

If f(x) is twice differentiable and at x = a there is a point of inflection, then f"(a)= 0. Therefore,

L(x) = 0(x) = f(a)+ ["(a)(x —a).

(@) f"<0,f"(@)=0 and x=a interior to the interval /= f(x)~ f(a) = L2 (x~a)> <0 throughout I
= f(x)< f(a) throughout / = f has a local maximum at x =a
(b) similar reasoning gives f(x)— f(a) = @(x— a)2 >0 throughout / = f(x) > f(a) throughout /

= f has alocal minimum at x =a
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48.

49.

50.

51.

52.

Chapter 10 Infinite Sequences and Series

fO)=0-0"2fM=01-07 = "()=20-0"= P =60-1"= /P =2401-x7;

. 2 3 10_ 1 _10 1 10\ 4(10\

therefore E~l+x+x +Xx. |x|<0.ljﬁ<g<3 (1—_x)5<(3) :>(1—x)<x (?) = theerror
@ "

e3<M <(0.1) (30) — 0.00016935 < 0.00017, since f4,(x) e |

@ f(0)=0+0"= £ =k+ )" = £ =k(k=1)A+x) 5 f£(0)=1, f'(0) =k, and
S"(0) = k(k - 1):>Q(x)—1+kx+k(k D2

) |Ry(x)|= ‘321 3‘ 1:‘ ‘<—20<x< or 0<x<.21544

100 100 1003

(a) Let P=x+7=> |x| = |P —7z| <.5x107" since P approximates 7 accurate to n decimals. Then,

P+sinP=(mr+x)+sin(r+x)=(r+x)—sinx =7+ (x—sinx)

= |(P+sinP)—z|=|sinx—x|<5- ‘ <0125 125 x10_3" <0.5%x10™" = P+sin P gives an approximation to

7t correct to 3n decimals.

& ks (k)
If ()= a,x", then O x)=3 n(n-1)n-2)-(n—k+Da,x"* and O 0)=kla) = a, = L2
n=0 n=k
for k a nonnegative integer. Therefore, the coefficients of f(x) are identical with the corresponding

coefficients in the Maclaurin series of f(x) and the statement follows.

Note:  feven = f(=x)=f(x) = —f'(-x) = ["(x) = ["(=x) ==f"(x) = f" odd;
fodd= f(=x)==f(x) = ()= =f'(x) = f'(-x) = ["(x) = [" even;
also, f odd = f(-0)= f(0)=2/(0)=0= f(0)=0
(a) If f(x) is even, then any odd-order derivative is odd and equal to 0 at x = 0.
Therefore, a; = a3 = a5 =...=0; that is, the Maclaurin series for f contains only even powers.
(b) If f(x) is odd, then any even-order derivative is odd and equal to 0 at x = 0.
Therefore, ay =a, =a, =...=0; that is, the Maclaurin series for f contains only odd powers.

53-58. Example CAS commands:

Maple:
f:=x > l/sqrt(1+x);

x0:=-3/4;

x1:=3/4;

# Step 1:

plot( f(x), x=x0..x1, title="Step 1: #53 (Section 10.9)");

# Step 2:

P1:=unapply( TaylorApproximation(f(x), x = 0, order=l1), x );
P2 := unapply( TaylorApproximation(f(x), x = 0, order=2), x );
P3 := unapply( TaylorApproximation(f(x), x = 0, order=3), x );
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# Step 3:

D2f = D(D(f));

D3f := D(D(D()));

D4f = D(D(D(D(1))));

plot( [D21(x),D3f(x),D4f(x)], x=x0..x1, thickness=[0,2,4], color=[red,blue,green], title="Step 3: #57
(Section 10.9)");

cl:=x0;

M1 :=abs( D2f(c1) );

c2 :=x0;

M2 := abs( D3f(c2) );

c3:=x0;

M3 = abs( D4f(c3) );

# Step 4:

R1 := unapply( abs(M1/2!*(x-0)"2), x );

R2 := unapply( abs(M2/3!*(x-0)"3), X );

R3 := unapply( abs(M3/4!*(x-0)"4), x );

plot( [R1(x),R2(x),R3(x)], x=x0..x1, thickness=[0,2,4], color=[red,blue,green], title="Step 4: #53
(Section 10.9)");

# Step 5:

E1:= unapply( abs(f(x)-P1(x)), x );

E2 = unapply( abs(f(x)-P2 (x)), X );

E3 := unapply( abs(f(x)-P3(x)), x );

plot( [E1(x),E2(x),E3(x),R1(x),R2(x),R3(x)], x=x0..x1, thickness=[0,2,4], color=[red,blue,green],
linestyle=[1,1,1,3,3,3], title="Step 5: #53 (Section 10.9)");

# Step 6:

TaylorApproximation( f(x), view=[x0..x1,DEFAULT], x=0, output=animation, order=1..3);

L1:= fsolve( abs(f(x)-P1(x))=0.01, x=x0/2); #(a)

R1:= fsolve( abs(f(x)-P1(x))=0.01, x=x1/2);

L2 = fsolve( abs(f(x)-P2(x))=0.01, x=x0/2 );

R2 = fsolve( abs(f(x)-P2(x))=0.01, x=x1/2);

L3 := fsolve( abs(f(x)-P3(x))=0.01, x=x0/2 );

R3 = fsolve( abs(f(x)-P3(x))=0.01, x=x1/2 );

plot( [E1(x),E2(x),E3(x),0.01], x=min(L1,L2,L3)..max(R1,R2,R3), thickness=[0,2,4,0], linestyle=[0,0,0,2]
color=[red,blue,green,black], view=[DEFAULT,0..0.01], title="#53(a) (Section 10.9)");

abs(*f(x)'-'P'[1](x) ) <= evalf( E1 (x0) ); # (b)

abs(*f(x)"-"P'[2](x) ) <= evalf( E2(x0) );

abs(*f(x)"-"P"[3](x) ) <= evalf( E3(x0) );
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Mathematica: (assigned function and values for a, b, ¢, and n may vary)
Clear[x, f, c]
fix_]= (1+x)*?
{a,b}={-1/2,2};
pf=Plot[ {[x], {x, a, b}];
polyl1[x_]=Series[f[x], {x,0,1} ]//Normal
poly2[x_]=Series[f[x], {x,0,2}]//Normal
poly3[x_]=Series[f[x], {x,0,3} ]//Normal
Plot[ {f[x], polyl[x], poly2[x], poly3[x]}, {X, a, b},
PlotStyle - {RGBColor[1,0,0], RGBColor[0,1,0], RGBColor[0,0,1],RGBColor[0,.5,.5]} 1;

The above defines the approximations. The following analyzes the derivatives to determine their maximum
values.

f'c]

Plot[f'x], {x, a, b}];
f"[c]

Plot[f"[x], {x, a, b}];
f"[c]

[f"[x], {x, a, b}];

Noting the upper bound for each of the above derivatives occurs at x =a, the upper bounds m1, m2, and m3
can be defined and bounds for remainders viewed as functions of x.

ml=f"a]

m2=-f"[a]
m3="7a]
rl[x_]=ml x? /2!
Plot[r1[x], {x, a, b}];
r2[x_]=m2 x> /3!
Plot[r2[x], {x, a, b}];
r3[x_]=m3 x* /4!
Plot[r3[x], {x, a, b}];

A three dimensional look at the error functions, allowing both ¢ and x to vary can also he viewed. Recall that ¢
must be a value between 0 and x. so some points on the surfaces where c is not in that interval are meaningless.

Plot3D[f[c] x? 121, {x, a, b}, {c, a, b}, PlotRange — All]
Plot3D[f"[c] x> /31, {x, a, b}, {c, a, b}, PlotRange — All]

Plot3D[f""[c] x* /4!, {x, a, b}, {c, a, b}, PlotRange — All]
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10.
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13.

14.

Section 10.10 The Binomial Series and Applications of Taylor Series

THE BINOMIAL SERIES AND APPLICATIONS OF TAYLOR SERIES

B (B

(1+x)1/2:1+%x+ SE—+ 5 to=ledyl? e L
C2)? (L)(—2)(=3)S
(1+x)1/3=1+%x+(3)(2!3)x +(3)( 33)§ ) to=ledy L 300

(1-x)73 = 1+(—3)(—x)+(_3;#(—x)2 +%(—x)3 +oe= 1430 +6x% +10x° +---

1\ —1l)(—2y)? 1)) Z3)—24)?
(1—2x)1/2:1+%(—2x)+(2)( 22),( 20 +(2)( 2)(3!2)( 20 R O e Lt LA
-2 ) ()
(1+%) =1—2(%)+ 3 2+ 3 2 +...=1—x+%x2—%x3+...
4 @2 @e(-)  @e@n(-2)
(1—1) =1+4(—§)+ St T+ TR +O+...=1—§x+%x2—2i7x3+éx

2 3 4
(1+0)* =1+ dp+ Q2 OD2 | OE)x

3 =l+4x+6x2+4x3+x

eo(<)  eo¢) 6
T

3
(1+x2) =1+3x% + =1+3x2 +3x% +x

2 3
(1-2x) = 14+ 3(-2x) + QL2 ORI _ 16341227 -8

X 2 X 3 X 4
(1_1)4 g (_x)+ @R(3) @3] | @eOO3) 0psd 2 13,1 4

T 31 + a 2 PRMIT3
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3 7 11 15
15. Example 3 gives the indefinite integral as C PR S -
3 7-31 11-50 15-7!
integration is 0, the value of the definite integral will be the value of this series at the upper limit, with
11

C=0. Since ?'165' ~2.75x107° and the preceding term is greater than 107, the first two terms should give

+---. Since the lower limit of

3 7
the required accuracy, and the integral is approximated to within 107 by % - % ~0.0713335

-Xx 2
-1 . .
¢ S PR Integrating term by term and noting that the

16. Using the series for e *, we find
X 21 3!

2 3
lower limit of integration is 0, the value of the definite integral from 0 to x is given by —x + IR % +
6

Since % ~9.48x10~" and the preceding term is greater than 107>, the first five terms should give the

required accuracy, and the integral is approximated to within 1073 by
04> 04 04 04°

-0.4+ +
2-20 3.31 4.41 5.5!

~—0.3633060.

4 8 12
17. Using a binomial series we find ﬁ =1- x? + 3% _Slx_6 +---. Integrating term by term and noting that
I+x
the lower limit of integration is 0, the value of the definite integral from 0 to x is given by
5 9 13 13
x—y x__5x_+ ---. Since 5:0.5 ~2.93x107° and the preceding term is greater than 107>, the first
10 24 13-16 6

three terms should give the required accuracy, and the integral is approximated to within 1073 by

052> 057 1 4969564
24

2 4 6
18. Using a binomial series we find Y1+x2 =1+ x? - % + Sgil —---. Integrating term by term and noting that the
30 sy
lower limit of integration is 0, the value of the integral from 0 to x is given by x + T + ERTI Since
5.0.35’ - . . s .
ETTE ~5.67x107" and the preceding term is greater than 10, the first three terms should give the

035’ 0.35°

required accuracy, and the integral is approximated to within 107 by 0.35+ ~0.3546472.

0.1 0.1

0.1 0.1 2 4 6 3 5 7 3 5
smx = X 4 X X = X 4 X X ~ X 4 X

19. .[0 e .[0 (1 ET 7!+"')dx [x 3317551 7-7!+"']0 [x 3~3!+5~5!]0

;
~0.0999444611, | E| < % ~2.8x10712

0.1 2 0.1
20. j e dx= (1—x2+£—£+ﬁ—...)dx:[x—
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21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

Section 10.10 The Binomial Series and Applications of Taylor Series

(1 +x4)1/2 (1)1/2 (1) 1/2( ) % (1)—3/2( )ﬂw(l)‘m(f‘f

(%)(‘%)(‘l)( )(1) 7/2( )+...:1+x4 P -

+ i L_x

> st Tt

0.1 4 8 12 5701 9
R S L P ~ El I ©.n" -11
:jo (1+7 Tt )dx~[x+m]o ~0.100001,| E| < S~ ~1.39x10

1{1=cos x 4 6 8 3 5 7 o 1
jo( > )d J(——x—+x?—%+ﬁ—...)dxz[%—%+ﬁ—%+9ﬁm} ~ 0.4863853764,

x 0
-10
|E|_1112,~1.9><10
1 24— 1 ) R G die LR 1 00011
J})cost t—'fo — St et dt= I_E+W__136'+ 0:>|error|<—136'

1
[ cos/rde = j( iy i—ﬁ+ﬁ—...)dt:[z—%+{—3—i+{—5—...} — Jerror| < <L ~ 0.000004960

58!

I R N L |2t t t T8
F()C)—J-O(t —§+§—?+... dt = ?——+———+ R —_—.+—_.

= |error| < —= 157, ~0.000013

S P 2 A 0 T o2 x (05)
(a) F(x)= O(t +5 7+...)dt—[2+ + } ~x2 :|error|< ~.00052

3 1230 0 v
4 6 8 32
X X L x X 15 x
(b) |error|<3334 00089 when F(x)~%-—37+3c—3c+...+(-1)
“[f—t+2_L I PO e SR s A L S S S
(a) F(x)_-[o(l Sty T dt=|\t >2t33 " aat 53 ...0~x —22+—32 _42+_52

= [error| < - 05)° + 00043

(b) |error|<?z.00097 when F(x)zx—22 +3z Z_:+"’+(_1)31x_31

2 3 e —(1+x 2
Lz(e —(1+x)):l2((1+x+x7+§—+ )—l—x)—%+%+%+ = lim (2 )_ i (1+%+%+
: x—0 X x—0 :
_1
2
1(,x x| _ 1 P _1 23 2x° 2y
;(6 —e )—;[(1+X+F+?+T+ ) (1—x+7—?+ﬁ—... —; 2x+—!+—!+—!+...
S22 20 s gim (2422 20 o)
3! 5! 7! Y0 X Y00 3! 5! 7v
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s / 2 417 6! 41761 8l

~

2
1—cost—[’—j
31 l(l—cost—%):%[l—ﬁ—(l—%+ﬁ—£+...)}:—l+ﬁ—i+...:>lim—z

32. ?(—9+‘9—;+sin9):l(—9+97f+6’—9—3+‘9—5—...)=l—9—2+9—4—...: lim

3 2 4 -1 2
33, L(y—tan‘ly)=%[y—(y—y +2 —...ﬂ:%—y 12 —...3limw:lim(l—%+y——...

y3 y 3 5 5 7 y—0 y3 y—0 3 7
3005 3005 3 5 2
Y v Y v Y 23y 1, 23y
14 tan~ y—sin y [Y*T+?*---j*[y*?+?*~-j (*?* 5t *j (7* 5t *]
T Yeosy ¥ cosy " sy | cosy
-1 ; 6 5!
. t — .
= l]m%: lim~——  /__1
y—0 ¥ cosy 30 cosy 6

2 2
35. xz(—l+e_1/x )=x2(—1+1—%+4—4+...)=—1+L Lyt..= lim xz(e_l/x —1)
X X X

= lim (—1+2LZ—L+...)=—1
X

4
X—>00 6x

() - TS DU SRR D TS R R
36. (x+1)sm(x+1)—(x+l)(x+1 TR R ...j_1 T

. O T T _ 1 1 _ _
= lim (x+1)s1n( )— lim (1 —3!(X+1)2 +—5!(x+1)4 ...j—l

=
+
_—

inf1:2) (xz S j [1 2, ) in(1++%) [1-%%-...)
37. - - = lim = lim —21=2

1—cosx 17(1 o2 ot j (1 2 j x>0 1760s¥ v 50 [%{%f..)

=4 _

38 x4 — (x=2)(x+2) _ x+2 = lim = lim x+2 =4
T In(x-1) x-22  (x-2° =2 (x-2)2 roo In(x=1) 70 x-2  (x-2)2
[(x—z)—#+f—... e 1-22, 00

. 2 _,.2 9 6,81 10 _ _ 2 24,4 6

39. sin3x” =3x SX X ... and 1—cos2x =2x $X 45X
2 96,8110 9 4,81 8
— lim sin3x2 ~ lim 3T X x ~ lim 3 TX X _3
x—0 17€082x o 2x2—%x4+%x(’—,,. x—0 2—%x2+%x4—,,. 2

6 9 12 .
40. ln(1+x3):x3—x—+x——x 4. and xsina? =0 Ly 4 LMoL 5,

273 4 6 120 5040
3 6 9 12 3 6 9
) LR , T
= lim — = lim — BN TR = lim Ty o =1
x—0 xsinx x50 X =X+ 5pX — gt Tt xg)ol—gx + 0% ~s0m% o
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41.

42.

43.

44,

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

Section 10.10 The Binomial Series and Applications of Taylor Series

O O | O O e e i

B S S __L(é)z L(i)4_i(i)6 _ (;)
422!+444! 466!+”'_1 a\a) tals oila) +---=cos|y

2 3 4

11 ., 1 1 —(1y_1(1 1(1)y _1(1 - D omn(2
2 507 T35 1 (2) 2(2) + (2) 4(2) + ln(1+2) ln(z)
z_z  x _a zl_L(£)3+L(l)5_L(l)7+ :Sln(l)zﬁ
37 3P3 3551 3771 37 31\3) Ts5\3) T3 3)7 2
2.2 2 7 :(;)_1(;)3 +l(;)5_i(2)7 o=tan”(2)
3 333 355 3774 3 3\3 5\3 7\3 3

3
x3+x4+x5+x6+...=x3(l+x+x2+x3+...):x3(ﬁ)=l’i—x

2.2 4 4 6_6
-3y S =1-Len?+ Lot -Lon® +. = cos(3x)

2 3 3
o - 4= 1—x2+(x2) —(xz) +...|= 3( 12): s
1+x 1+x

2 53,25 22 200 2 v’ @0 @0 _ 2,2
X2 A S =X | 1= xS e = xe
—1+2x—3x2+4x3—5x4+...=i(1—x+x2—x3+x4—x5+...)=i(L): =
dx dx \1+x (14x)?
23 4 2 3 45 In(1=x
xox o xt 1 x 2 x| 1y — ) = _nd=x)
1+2+3+4+5+...— x(x R s )— xln(l X) = .
Lex) _ Iy =[x )2 x| 2,0
1n(17x)_1n(1+x) In(1 x)—(x Ly x-ior_x ) P
2 3 4 _\yn-lyn _ynln
1n(1+x):x—x—+x——x—+...+(1)—x+...:>|err0r|= CD_ X _ 1 \hen x=0.1;
23 4 n n n10"
L <L = n10" >10% when n>8=>7 terms
nl0" 10
. _i x_s_i ﬁ_ (_1)n—1x2n—1 _ (_l)n—lx2n—l 1 .
tan " x=x—d 4l L4 Aot S ferror| = |5 S| = 5 when x =1;
2}1171 <$:n >L201:500.5:> the first term not used is the 501°' = we must use 500 terms
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_ 3 5 7 9 _pyl 2t )
56. tan l)c=)c—)‘—+)‘——)‘7+%—...+()—x+... and lim

x2n+1 2n-1
375 2n-1 st

_ 2
2nl et X lim

n—>0

x = tan x

2n 1‘ -1

o0
-1)" _ .
converges for |x| <1; when x =—1 we have Z% which is a convergent series; when x =1 we have
n=l1

o0
-1 n—1 ) ) ) B .
( 2,271 series = the series representing tan 'x diverges for |x|>1

-1 x3 x5 x7 (_1)n—1x2n—1

e X x x X )™ X . . —1 l
57. tan x=x RS R e PP S v e PP and when the series representing 48 tan (18) has an

error less than %-1076, then the series representing the sum 48 tan”~! (ﬁ) +32tan”! (%) ~20tan”! (ﬁ) also

1 2n-1
has an error of magnitude less than 10~ -, ; thus |error| 48 ( ) < ﬁ = n >4 using a calculator = 4

2n-1 .
terms
58. (a) f(x)=1+i(;”)xk:>f'(x)=i(km) A= (1) f1(x) = (1+x)z(k'") k-l
k=1 k=1 k=1
> k-1 k1 _No(m\, k-1 m\, k_
kz:l( )kx +Xx- kzl( ) —kzz‘i(k)kx +kz:1(k)kx
[\t s (1)t (e et <me T (1)t 2 (1)
k=1 k=2 k=1
Note that é(?)ka_l =kzl(k’+"1)(k+1)x
Thus, (1+x)-f’(x)=m+i(,’f)kx"*ui(;”)kxk :m+§:(z’+1)(k+l)xk +§:(,’f)kxk
k=2 = k=1 k=1

(e (et Tme S { (1)t o0 (5)6) |

Note that: (71 ) (k-+1)+(7 ) = (D) (k(ﬁ)‘,(k“)”)(k+1)+’”'(’”‘”',;‘!(’”"‘”)k

m(m 1)---(m— k) m-(m=1)---(m—k+1) m-(m—1)---(m—k+1) m-(m—1)---(m—k+1)
k! k! k A ((m k)+k) —k! :m(

)
Thus, (1+x)- £(x) :m+§[((k:”1)(k+l)+(,'f)k)xk} :m+§;:1[(m(2”))ka :m+m§;‘i(,’f)xk

=m[1+§(,ﬁ”)x"J m- f(x):f(x)—"élj;();) if ~l<x<l.
k=1

=3

(0) Let g(0)=(1+x)" f(x) = g'(x) ==m(1+x) " f(x) +(1+2) "

1) ==m1+x) " f )+ 1+ x) ™ ’zli ();) —m(1+ )" L)+ A+ 1) me f(x) =0,

@ g0)=0=g@=c=+0)" [ =c= f()=

= c(1+x)". Since f(x)—1+Z( ) k

k=1

:f(0)=1+§:(;”)(0)k —14+0=1=c(1+0)" =1 = c=1=> f(x)=(1+x)".
k=1
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~12
_ 42 2 3t 50 -1 X 30 | 5]

59. (a) (1 x) ~1+2 +8+16 =sin x=® x+6+40+112,

[13:5--2n-1)2n+D)x>" 2-46--2n)2n+1) |

|246 -2n)(2n+2)(2n+3) 135.. (2n— 1)x2n+1|

(2n+1)(2n+1)

2 ..
<l=>x 1lmm

n—>0

Using the Ratio Test: lim

n—»0

= |x| < 1= the radius convergence is 1. See Exercise 69.

1/2 3 5 7
d T = —(1-42 1oz _gn oz X030 5\ X 3% 5y
(b) dx(cos x)— (1 X ) =cos x=7-sin xx7 (x+ ¢t a0 +112) X

60. (a) (th)‘”z z(l)’1/2+(—%)(l)’3/2 (t2)+(§)(§)(1) () +(7%)(%)(%)(1), () ot 3t

2! 3! 2 2221 2331
inh Ty~ [F(1-L2 438 5 _x 30 S5x
= sinh x~j (1 5+ dt=x 6+40 13
(b) sinhfl( 4)z%—3é 7+ 70960 960 =0.24746908; the error is less than the absolute value of the first unused
(i)7 6
term, ?1—2 evaluated at t_Z since the series is alternating :>|error|< % 2.725%10”
6. L=l — Jix—x?+x3- :>i(_—1)= 1 =i(—l+x—x2+x3— )=1—2x+3x2—4x3+
o l4x 1—(=x) dx \ 1+x (1+x)2 dx
62. L =142 +x*+x04 od (L )=—2 —d (14,2 43 4104 ) =2x+4xd 4607 +...
1-x? dx \ 1-x2 dx

244668 --(2n—2)(2n)
335577 (2n—1)(2n-1)

63. Wallis’ formula gives the approximation 7z = 4[ } to produce the table

n ~7
10 3.221088998
20 3.181104886
30 3.167880758
80 3.151425420
90 3.150331383
93 3.150049112
94 3.149959030
95 3.149870848
100 3.149456425

At n=1929 we obtain the first approximation accurate to 3 decimals: 3.141999845. At » =30,000 we still
do not obtain accuracy to 4 decimals: 3.141617732, so the convergence to 7 is very slow. Here is a Maple
CAS procedure to produce these approximations:

pie =
proc(n)
local i, j;
a(2) :=evalf(8/9)
for i from 3 to n do a(i) := evalf (2*(2*1 — 2)*1/(2*1 —1)"2*a(i—1))od;
[j.4%a()]$ j=n—5..0)]
end
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64. (b) See Exercise 68 in Section 8.2 and the corresponding solution in this manual which shows how the
formulas for definite integrals of powers of sine and of cosine can be derived from repeated application of

the reduction formulas 67 and 68. The given expression for K follows from substituting k?sin® 0 for x

in the binomial series for 1/+/1—x and then using the formula for integrals of even powers of sine in
Exercise 68 of Section 8.2.

2 3
-1/2 -1/2 _1)(_.3 (1)—5/2 2 _1\(_3)(_s (1)—7/2 2
65, (1_x2) =(l+(—x2)) =(l)_1/2+(—%)(l)_3/2(—x2)+( H-3) . ( ) +( DN 23)' ( ) .
13:5-- (2n 1)x2"
S 13x 135x =1+
2 g T T z
-1/2 2n+1
I N £ PR _ 135.- (2n l)x 13:5.--(2n—-1)x
= sin x—jo (1 t ) dt—JO z z 34 (2n)nil) where |x|<1
- +)
— _ o 0 2 0
66. |tan~'t] =Z—tan~ly= [Tl o [*) 2l | (l—lz+l4—l6+...)dt
x 2 X 1+t x IJ{L) x 2ot
2
t
1 _1,1_ 1 1,1 1 1 b 11 1 1
=[T(A-L+L-Li Jar=lim [—-+———+——...] =11, 1 _ 1
x(tz PAR ) bowol 32 5 7/ x o3t 57X
_ _ X _ X
—Stan ly=Z-Ly L Lo x>l [tan ltJ = tan 1)chl:.[ —dr_
2 x 3 5y —0 2 —o0 1442
X
- lim [_u%_Lﬁ%_..} SN VRN TN VRN it S NP ERRS R
bos—wol L 3 5 Tt b X3y 5% Tx 2 x 3 s5x

67. (a) e " =cos(—x)+isin(-z) =—1+i(0)=—1
(b) ei”/4:cos(4)+zs1n( )—% %—(k)(lﬂ')

© e —im/2 _cos(——)—i-zsm(—%) 0+i(=1)=—i

68. ¢ =cos@+isind= e 0 =70 = cos(—8) +isin(—0) = cos @ —isin b,

1 —i .. .. it ,—i0
& e :cost9+zsm6’+cosé’—zsm6’:2005930059:%;
; i . L. L. . i —if
el — 710 =cos@+isin@—(cos@—isin@)=2isind = sind =< >
69. e =1+x+%- +—+—+ :>ei9—1+i6+(i9)2+(i9)3+(i9)4+ and
: 203 T g = 2! 31 41 :
0 .y (=O? (=i | (-io)* L, (0 G0, (i0)!
e =1-i0+1 TR Ta e TS bt 7 Tt T
1+z¢9+(’9) 2 ot z¢9+(’g——ﬁ aot_
ei6+eii9 3! 4! 2! 3! 4! 92 94 96
=>5—= 5 =l-S5+ g%+ =cosb;
(19) (it9)3 (16) (19) (16) (19)
Oy [1+z6’+ R TR ...j{l z6’+—2 B TR T 7j R .
2 21 —9—§+§—7+...=Sln9
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71.
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¥ =cosO+ising = 0 =70 = cos(—0) +isin(—0) = cos @ —isinf

(a) eie + e_ig

=(cos@+isinf)+(cosf—isinf)=2cosd = cosb = "’igge—ig =cosh i6

®) ¢ — e = (cosO+isin@)— (cosO—isin0) = 2isin @ = isin O = =€ — sinh i

X - 2 x3 x4 x3 x5 x7
e sinx = (1+x+2, TR TIEEE | Bt Ty Tl TR
4.(1 1 L) 5 — 2.1,3_1,5
) +(120 12 Tag)X e SXFX AT g

= e+ 7+ (—L 4 d)od o (L4 L)
)=

ex -elx = €(1+l)x =e (COS X+isinx

(x+ix)2 (x+ix)3 (x+ix)4
2! 3! 4!

(1+i)x

o 0 - A\
which we calculate next; e!I™* = > w =1+(x+ix)+
n:
n=0

of e +...

785

e’ cosx+i (e sin x) = ¢" sinx is the series of the imaginary part

=l+x+ix+L+ (21x) %(2ix3—2x3)+$(—4x4)+%(—4x 41x) 6'( -8 6)+...:> the imaginary part of

(I+)x 5 2 243 4,5 8,6 = 24133 135 1,6 i i
e 18 x+2!x +t5X X gX T =XTXT X X 50X ... inagreement with our

product calculation. The series for ¢ sinx converges for all values of x.

72. %(e(“”b) ) = %[e“x (cos bx +isin bx)] = ae™ (cos bx +isinbx)+e™ (b sin bx +bi cos bx)

73.

74.

= ae™ (cos bx+i sin bx)+bie™ (cos bx +i sin bx) = ael X 1 jpelat X — (g 1 jp)ela+ib)

(a) ¢%e® =(cos 6 +isin G )(cos 0, +isin 6,)

=(cos 6 cos 6, —sin @ sin 6, )+ i(sin 6 cos 65 +sin 6, cos G ) =cos (G + 6, ) +isin(6, + 6, ) =e (
(b) o0 cos(—0) +i sin(—0) = cos @ —i sin O = (cosH—i sin 6’)(2222: :EZ) cos0+11 e %
e

_a—bi_ (a+b1)x _a—bi_ o™ i Qi i
el +C) +iC,y = e (cos bx +isin bx )+ Cy +iC,

ax . . . .
=—£ = (@ cos bx +ia sin bx —ibcos bx +b sin bx)+ C| +iC,
a +

= %[(a cos bx +b sin bx)+(a sin bx —b cos bx)i |+ C; +iC,
a*+

™ (a cosbx+b sin bx

= ( 2 2 ) +C+
a“+b

eaxelbx _ eax(

ie™ (a sin bx—b cos bx)

a*+b?

+iC2;

e(a+bi)x _

cos bx +i sin bx) = e™ cos bx +ie™ sin bx, so that given

e (a cos bx+b sin bx)
a*+b?

J. (atbi)x gy — _ZZ DY 4 €, +iC, we conclude that jeax cos bx dx =
a” +

e“(a sin bx—b cos bx)

a*+b?

jeax sin bx dx = +C,

Copyright © 2014 Pearson Education, Inc.
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CHAPTER 10 PRACTICE EXERCISES

10.

11.

12.

13.

14.

converges to 1, since lim a, = lim (l+( D j 1
n—»0 n—»0

converges to 0, since 0 <gq, < <2 lim 0=0, lim - =0 using the Sandwich Theorem for Sequences

\/— n—>0 n—>0 \/—

converges to —1, since lim g, = lim (1 f )— lim (%—1):—1
n—»00 n—>00 n—ow\2

converges to 1, since lim g, = lim [1+(0.9)"J =1+0=1
n—»0 n—»0

diverges, since {sm } {0,1,0,-1,0,1,...}

converges to 0, since {sinnz}=1{0,0,0,...}

1imM=2lim@=o

converges to 0, since lim a,

n—o n—oo M n—ow 1
. . . In(2n+l1
converges to 0, since lim a, = lim 22D = Jim (2”1“) =0
n—o n—wo " n—m
1
. . +1 1+,
converges to 1, since lim a, = li (" n")— lim g”) =1
n—0 n—0 n—o
2
- - ) (262 1) c 12 i 2
converges to 0, since lim a, = lim = lim ~~% = lim =2 = lim = =0
n—>00 n—w N n—»0 n—w 6n”  psoo’

n
converges to ¢ °, since lim a, = lim (”—_S)n = lim (1+%) = ¢~> by Theorem 5
n—»0

n—»o n—o "\ 1

converges to —, since lim @, = lim (1+ ) " = fim —! :% by Theorem 5

n—>o0 n—sw’ N n—>00 (1+L)"
n

1/n

. . . n .

converges to 3, since lim a, = lim (3—) = lim —-=3=3 by Theorem 5
n—»o n—oo\ " n—oo N 1

. . . Un . 5in
converges to 1, since lim a, = lim (i) = lim % =— =1 by Theorem 5
n—o n—ao V" n—o0 N
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

Chapter 10 Practice Exercises

(2" 1n 2)}
n2
converges to In2, since lim a, = lim n(21/”—1) = lim 21/';’1 = lim =1im 2""In2=2%m2=
n—»o0 n—»o0 n—»00 (;) n—>00 (;21) n—>0

2
converges to 1, since lim g, = lim §2n+1 = lim ex p(M) = lim exp(“”)- & =1

Hn—>0 Hn—>0 n—>0 n—>0

. . . . n+1)! .
diverges, since lim a, = lim { ') = lim (n+1) =
n—00 n—w M n—»0

converges to 0, since lim a, = lim o =0 by Theorem 5
n—»m n—ow M

B 6

n3)2n—l) _ 2n3 201 Sn = {_

1
= lim s, = lim {L_ (2) :|:l

n—0 n—>0

2 _ 2,2 2,2\, (=22 2,2 \__2,2 - 1 P
ait D)~ n sl 7 Sn (2 +3)+(3 +4)+”'+(n +n+l) 2T T:OS nlfjo( I+ +1) 1
9 __3 __3 —(3_3) (3_3),(3_3 3 3 \_3__3
GnDGn12)  3n1 3nt2 S (2 5)+(5 8)+(8 11)+“‘+(3n—1 3n+2) 2 32

= lim s, 11m(§— 3 )=i
n—w n—soo 2 3nt2

-8 =_=2 4, 2

@n3)antl) ~ an3 T ane1 7 Sn :(_2+L)+(_—2+l)+(_2+2)+ +( =2 4 2 ):_l+ 2

17 21 4n-3  4n+l 9  4n+l

= lim s, = lim (~2+25)=-2

n—»m nowt 9 Antl
o0 o0
Z e = Z Lﬂ, a convergent geometric series with r =é and @ =1= the sum is % = ﬁ
n=0 n=0° 17(2)

i n
n 3 _ _3\(-L . . . _ 1 _ -3 .
( ) = 7 ) @convergent geometric series with » = 4 and a = = the sum is
n=0

(*%) _ 3

EE

diverges, a p-series with p =%

o0 0
Z _75 = —52 %, diverges since it is a nonzero multiple of the divergent harmonic series
n=l1 n=1
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787

In2



788 Chapter 10 Infinite Sequences and Series

27. Since f(x)=-~ 7 = f'(x)= 3/2 <0= f(x) is decreasing = a,,, <a,, and lim a, = lim —==0, the
n—0 n—0 \/—
0 1 0
series Z (:/_) converges by the Alternating Series Test. Since Z T diverges, the given series converges
n
n=l1

conditionally.

28. converges absolutely by the Comparison Test since # < % for n > 1, which is the nth term of a convergent
n

n
p-series

1 1
In(reD) > which is the

29. The given series does not converge absolutely by the Direct Comparison Test since

= f'(x)=———L_——<0= f(x) is decreasing

nth term of a divergent series. Since f(x) = ln(;+1) (P
n(x+1 x+1

=a,, <a,, and lim a, = lim
n—0 n—0

m =0, the given series converges conditionally by the Alternating

Series Test.

30. [7—L— dx= lim .

b
5 dx = dx = lim [ (In x)_l] =— lim (#—#) =—L_— the series converges
2 x(Inx) h—>0v2 x(lnx) b—>o0 2

In 2
absolutely by the Integral Test

31. converges absolutely by the Direct Comparison Test since ln—3" <= %, the nth term of a convergent
n n n

p-series

32. diverges by the Direct Comparison Test for > ln(e”n ) >Inn=n">Inn=1Inn" >In(n n)

=nlnn>In(nn)= i l(rlln”n) , the nth term of the divergent harmonic series
33. Gt \/ lim = Ji=1= converges absolutely by the Limit Comparison Test
n—oo N+

)

_ 3
34. Since f(x)—3x = f'(x)= A x)<0whenx>2:>an+1<a for n>2 and lim 2
(x+1) n—)ool’l+l

=0, the series

converges by the Alternating Series Test. The series does not converge absolutely: By the Limit Comparison

( 3)12 )
Test, lim AGEIVAS lim

= 3. Therefore the convergence is conditional.
n—»0 (;) n—oo n +1

35. converges absolutely by the Ratio Test since lim [ n+2 ' ”—'} = lim ”+22 =0<1
nesooL (EDY mdl | 7o ()

(- 1)"(n2+1)
36. divergessince lim a, = lim ———+
n—0 n—ow 2n +n-1

does not exist
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38.

39.

40.

41.

42.

43.

Chapter 10 Practice Exercises

converges absolutely by the Ratio Test since lim [ 3 ”—'} = lim 2-=0<1

ool (n+D! 37 nsop 11

converges absolutely by the Root Test since lim ,/ = lim n[ 23" — lim 6=0<1
}’l

n—0 n—0 n—o

converges absolutely by the Limit Comparison Test since lim ———— n(”+1)(n+2)

HA)OO n~>oo
n(n+1)(n+2

4]
converges absolutely by the Limit Comparison Test since lim ) lim

n (n 71) _q
n—»oo [#j n—»o0

3

(x+4)n+l ' n3,,
(n41)3" (x+4)"

111’1’1 n+1
n—>0

‘x+4‘ .
<1= lim <I:Thm(n+l)<l:>

n—»0

n

789

<l:>|x+4|<3: 3<x+4<3

-7 <x<-1; at x=-7 we have Z # = Z %, the alternating harmonic series, which converges

n=l1 n=l1

conditionally; at x =—1 we have Z
n=1"

(a) the radius is 3; the interval of convergence is —7 < x < —1

(b) the interval of absolute convergence is —7 < x < —1

(c) the series converges conditionally at x = —7

o0
Z%, the divergent harmonic series

(x=D>"  (@2n-1)!
@n)! ()22

Sl <l=(x- 1)2 lim —L——=0<1, which holds for all x

<l= lim I @D

n—>0

lim
Nn—»o0

Mﬂ
(a) the radius is oo; the series converges for all x

(b) the series converges absolutely for all x
(c) there are no values for which the series converges conditionally

n+l
lim |21 <1 = fim S0 <1=> -1 lim <= )x-l<I=-1<3x-1<1
n—ool “n n—oo| (n+l) (3x " )
n—1 n 2n—1 ©
=0<3x<2=>0<x<2 ,atx 0 we have Z(l) D Z(D %,anonzeroconstant
n=l1 n=l1 " n= ln

0 (71)1171

0 n—1
multiple of a convergent p-series which is absolutely convergent; at x =2 we have Z ), > O _ Z

3

n=l1 n=l1

which converges absolutely

(a) the radiusis 1; the interval of convergence is 0 < x <2

W

(b) the interval of absolute convergence is 0 < x S%

(c) there are no values for which the series converges conditionally

Copyright © 2014 Pearson Education, Inc.
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790 Chapter 10 Infinite Sequences and Series

. 2x—1)"*! n 2x+1] .. 2x+1
44. lim Unsl <1= lim nt2 ( xn+)1 2n+l 2 "|<1:>‘ ‘ lim |n+2 2n+1l<13‘ ‘(1)<1
ool Un n—soo|20+3 2 n+l (2x41) | 2, ol2n43 n+l 2
=SP2x+l<2=>-2<2x+1<2= 3<2x<13—2<x<—; at x——% we have
1) N ) f)_1
2”n—++1- = P which diverges by the nth-Term Test for Divergence since lim (2n+1) =5% 0;
n=1 2 n=l1 n—»o
o0 n o0
_1 ntl 2" _ n+l : : K
at x=- we have Z 2nil 7 ST which diverges by the nth-Term Test
n=l n=1
a e radius is 1; the interval of convergence is —2 < x <=
the rad 1; the interval of g 3 !
(b) the interval of absolute convergence is —% <x< %

(c) there are no values for which the series converges conditionally

45, lim 1 < 1= lim Pt < 1= ] tim (g ) (-5 )<1:>‘ ‘hm( 1 )<1:>m-0<1, which holds
ool Un n—oo| (n+1)"* x" n+l n+l € s\ Nl e
for all x

(a) the radius is oo; the series converges for all x
(b) the series converges absolutely for all x
(c) there are no values for which the series converges conditionally

Upyi xn+1 \/—
Uy i+l x"

<13|x|11m\/7<13|x|<1 when x = -1 we have Z(

n—»0

<l= lim , which

n—o0

46. lim

n—o

In

n=1
o0
converges by the Alternating Series Test; when x =1 we have Z %, a divergent p-series
n

(a) the radius is 1; the interval of convergence is —1<x <1
(b) the interval of absolute convergence is —1<x <1
(c) the series converges conditionally at x = —1

Upil

47. lim

n—o

<131im|("+2)x2n+1- 3 | 1:>x 11m( +1)<1:>_ 3<x<\/_

N300 3n+1 (nJrl)xanl | 3 N>o0

n

the series Z ”“ and Z 24l obtained with x = ++/3, both diverge

(a) the rad1us is f 3; the 1nterval of convergence is —/3 <x < NE)

(b) the interval of absolute convergence is —/3 < x < NE)
(c) there are no values for which the series converges conditionally

Upi)

48. lim

2n+3
<12 Tim |G e |<1:>(x—l)2 lim (2} <1= (x=)* () < 1= (x=1)* <1
Nn—»o0 Nn—»o0

now| 2nt3 (x—l)x2"+1| 2n

u,

0 (_1))1(_1)2n+1 X (_1)3n+1 X (_l)n—l .
il = 2 e = 2 o Which
n=l1 n=l1 n=l1

=|x-1l<l=-1<x-1<1=0<x<2; at x=0 we have

o0
converges conditionally by the Alternating Series Test and the fact that Z ﬁ diverges; at x =2 we have

n=l1

© n1\2n+l n
(_1)2&)1 = Z (2;131 , which also converges conditionally

n=l n=1

(a) theradius is 1; the interval of convergence is 0 < x <2
(b) the interval of absolute convergence is 0 < x <2

(c) the series converges conditionally at x =0and x =2
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56.

57.

58.
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-2
. u . |esch(n+)x"*! . ( el —n—l) 1 2n-1 X
lim [“2] < 1 = im [SShODx <1:>|x| lim [~——2 <1:>| € —€— <13u<1
n—ool Un n—w| csch(n)x” n—»ow 2 n—ool 1-e " e
en_e*n
o0

= —e < x <e¢; the series Z (+ e)"cschn, obtained with x =+ ¢, both diverge since lim (+ e)”csch n # 0

n—o0
n=l1

(a) theradiusis e; the interval of convergence is —e<x <e
(b) the interval of absolute convergence is —e < x <e
(c) there are no values for which the series converges conditionally

. 202 2
<l= |x| lim 1+e_2
l=e~ n—2

o

—2n

"1 coth(n+1)
x" coth(n)

l=e
I+e

Upi)

<1= lim
n—»0

lim
n—»o0

<1:>|x|<1: “1<x<1;

n

o0
the series Z (x1)" coth n, obtained with x = 1, both diverge since lim (+1)” coth n 0

T _1

791

n=1 n—>0

(a) the radius is 1; the interval of convergence is —1 < x <1

(b) the interval of absolute convergence is —1 <x <1

(c) there are no values for which the series converges conditionally

The given series has the form l-x+x>—x° Fot ()" +...=—, where x=21; thesumis —4—=4%
I+x 4 1+(i) 5

2 3 _ n .

The given series has the form x —% +%— (=t x7+ ...=1In(1+x), where x = %; the sum is

In(3)~0.510825624

The given series has the form x —?-i-——. A= (2n+1)' =sinx, where x = 7; the sumis sin 7 =0

4 n .

The given series has the form 1——+$—... én)' +...=cos x, where x = %; the sum is cos %

The given series has the form 1+ x+?+?+ +—+ =¢", where x =1In2; the sum is P )

The given series has the form x _T+__ =tan~! x, where x = %; the sum is

()%

Consider ﬁ as the sum of a convergent geometric series with ¢ =1 and r =2x

:>$=1+(2x)+(2x)2+(2x)3+. Z(Zx) Z2"x" where |2x|<1:|x|<%

n=0
Consider . 1 + as the sum of a convergent geometric series with a =1 and r = -
—X
1 1 3 3)? 3\ n 3n 3 3
=L = :1+(—x )+(—x) +(—x) Z( 1)"x°" where ‘—x‘<l:>‘x‘<1:|x|<l
1+x 1—(—){3)
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60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

Chapter 10 Infinite Sequences and Series
0 n_2n+l X n 2n+1 0 n_2n+l_2n+1
. _ (-1)"x . _ (D" (7x) _ (-D)"z""" x
S x = (Qnanyr S = )l 2n+)!
n= n=0 n=0

B - ) o (12 201
sinx = Z (2n+D)! = s = Z%) (2n+1)! Z 32T (2p11)!
n= n=0
< (71)nx2n 5/3 ( 1) ( 5/3) s (*1)”)610"/3
cosx = = cos(x ) Z T = .
}’lZO I’l:O n:0
2n
X n _2n © ( 1) © n_6n
= () x R . ( ) _ (-D)"x
N Ly DCOS(T) Z anl &5y
n=0 =0

x i xn (ﬂ.x/z) i (,m)” i n n
D D D Z
n=0 n=0

n=0
X © n 7x2 o ( ) ( 1))1x2n
Fey s - Sy
}’l=0 . n:O =

j‘()€)=\/ﬁ:(3+x2)l/2 Df'(x):x(Serz)il/2 :f”(x):_x2(3+x2)’3/2 +(3+x2)*1/2

-5/2 -3/2
= "0 =37 (3+27) T =3x(3+27) 5 SN =2 f-D =4, /D=t =3,
" 3.3 (x+41)  3(x+1)?  9(x+1)}
f (—1)=—§+§——:> 3+x2=2- FR TR Py

f@==1-0"= f()=>1-0)7 = () =20-x)" = ["(x)=6(1-x)"*
fQ)=-1,1'2)=1 ") :—2,f’”(2):6:ﬁ:—1+(x—2)—(x—2)2 +(x—2)3 -

f@==@) ! = @ =D = ) =200+ D)7 = (@) =6+ D7

SO =4O ==k5. "B =5 /" @)= 2 5= G-+ @-3) - L=+
f=L=xTs == W=7 = f"(x)=-6x";
f@=L @=L =2 "@=F ==l L b0’ L x-a

1/2 3 1/2 30000 0 42 4 ¥ 0 3 172
JO e dx—jo (1—)C +j—¥+w+... dx = X_T+ﬁ_10-3!+m_”'

11 1 1 1 1
1_ + — + — ~(0.484917143
2 2% 27721 299031 2834341 29651

0

Q
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71.

72.

73.

74.

75.

76.

77.

78.

79.

Chapter 10 Practice Exercises

1. 3 1 300 05 22 I( 4 Jo 16 22 28
J})XSII’I(X )dx—jox(x _¥+?_?+T+“' dx—jo pY _?4_?_74_?_'“ dx

1
:[g_%Jrlﬁ;—zﬁ;ﬁ%—..} | =0.185330149

1/2
J.l/zmdx:.l.l/z 1_i+£_X_6+X_8_ﬁ+ dx = x_X_3+£_i+£_X_“+
1 X 1 3 5 7 9 -

o1 1, 1 1 11 11 11 L.
2 9-23+52-25 72-27+92-2" 112-2“+132-2l3 152-215+172-2” 192-219+212-221 04872223583

1/64 ., -1 1/64 3 5 7 1/64
j lan_x xdx:j x—x—+x——x—+...)dx:.[0 (xl/2 132 41,902 —%x13/2+...)dx
X

1
0 Jx 0&(357 37 75

(2,32 2 72,2 11/2 2 _15/2
_[3" anY tas¥ 105~ J

1/64
_( 2 2 2 2_, .)z0.0013020379

0 38 2187 5581 10585

lim 510 = fim ——~ = lim —==1
x—0 e -l X—>O(2x+2 X 2x +) x—>0(2+2 T )
0.0 0> 0 0, 0° 0*
00y (1+9+7+?+ -0+ GG 20 2 G . 3t 5+
lim £ e_fsin_e = lim T = lim >—— = lim > =2
00 00 9—(9—%+%—‘..) -0 (%_%h.j -0 (%_gﬁ...)
2 4 4 6 2
' | | C Psidcost . t2—2+2(1—t7+’4—!—...) ‘ 2(%—%&.) . 2($—%+...) |
lim (T——Z) = lim —; =lim o = lim 3 =lim 5 =1
10\ 272C0SE 10 2t°(1=cost) 10 212(171#77%{..) 10 (147%{..) 10 (1—%+...)
) Wit w it VR o A AR AN A
i (S’%”)fcosh li [1 13! ' 15! =] 12! ' Zu i 2! 13! ' 15! 46 71
= lim = lim = Imm
h—0 i h—0 i h—0 ?
—lim (Lol B _n At ht 1
_,}Eﬂ)(z! TR IR TR TR A
4 4 2
eod? 1—(112#—7...) [zzf%t..) [lf%t..j
lim —=95 2 = [im = lim = lim =-2
70 In(l-z)+sinz 2%0(72 23 j+(z N ) 240[7i7i7i7 ) 240[,L,ﬁ,ﬁ, j
A Rt A it e R
2 2 2
lim —2—— = lim —— " ————— = lim — = lim —— =1
y—0 COSyeoshy 1y, 50 [1 Yoy, )7(1=y R j y—0 (7&7@7 j y—0 (,1,2L, j
2 4! 6! T 20 41 6 " 2 6! 6!
3 5
| [3X_L? N _] 2
lim(%+%+s):lim 4Ly :lim(%—2+81x +...+L2+s):0
x—>0\ X X x—0 X X x—>0\x 2 40 X
=L +3=0and s-2=0=r=-3 and s=2
x x 2 2
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794 Chapter 10 Infinite Sequences and Series
80. The approximation sin x = 6"2 is better than y
6+x y=sinz—z
sinx ~ x. \ 2
\.
1
< NR R R 1-\?:\1‘ X
! N\ y=sinx — &f—‘q
. |258-GrnGre2) ™ 246--(20) | 342 )
81. nlglgo 246 (2n)2n12) -2.5.8“.(3}171))6 1:>|x| hm 2”:2 <1:>|x| < £ = the radius of convergence is %
- [357-@nn@ne3) =) 4914--(5n-1) | o3
82. nlglgo T9-145n DG 357 2niD)y" <l= |x| nlgl; Soal <1= |x| <3 = the radius of convergence
is %
n n n
83. ) 1n(1—kL2) =Y [in(1+4)+1n(1=4)|= 3 [Intk+ D~ Ink+Ink =1~ Ink]
k=2 k=2 k=2
=[In3-In2+Inl1-In2]+[In4-In3+In2-In3]+[In5-In4+In3—-In4]+[In6—-In5+In4—In5]
+...+[In(n+1)—In n+In(n—1)—In n] =[In1—-1n2]+[In(n+1)—In n] after cancellation
n
1)_ 1 1 1
= kz_:zln(l—k—z) = ln(”;;l ) Z ln(l—k—) = nh_r)rzoln(”;l ) In 7 is the sum
n n
1 _1 1 )11y, (1), (1_1),(1_1 1 1 1 _ 1
84. ;2,9_1 = 2;2(/(4 k+l)_ 2[(1 3)+(2 4)+(3 5)+(4 6)+ +(n72 n) (n71 n+1):|
SR T U W T O O T YRS Vi1 R VS S o B T 3_1_1)_3
_E(T_'_E n n+1)_2(2 n n+1)_2|: 2n(n+1) :|_ 4n(n+1) k—2 n11_r>ri02(2 n n+1)_4
|1 4.7---(3n=2)(3n+1)x>"*3 (3n)! | ‘ 3| . (3n+l) ‘ ‘
85. (a) nhaool (3n+3)! 14.7.”(3n_2)x3n| <I= nlir;o (Bn+1)(3n+2)(3n+3) 0<1
= the radius of convergence is o
147-Gn=2) 3n _ dy _ o 147-(3n-2) 3n—1 __ d*y _ <o 147(3n-2) 3n-2
(b) _1+Z Gn)! == G~ T2 2 G2y~
n=l1 n=1
147-(3n=5) 3n-2 _ 147--(3n=2) 3n |_
_x+z T % (1+Z ! ”] xy+0=a=1and h=0
86. (a) R -i-xz(—x)+x2(—)c)2 +)c2(—)c)3 to=xt - x4 Z -D"x

I+x  1-(-x)

which converges absolutely for |x| <1

(b) x=1= > (-1)"x" =) (-1)" which diverges
n=2 n=2
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o0
87. Yes, the series Z a,b, converges as we now show. Since Z a, converges it follows that ¢, > 0= a, <1
n=l1 n=l1
o0

for n > some index N = a,b, <b, for n> N = Zanbn converges by the Direct Comparison Test with

n=l1

88. No, the series Zanbn might diverge (as it would if a,, and b, both equaled ) or it might converge (as it

n=l1

would if a, and b, both equaled 1)

o0
89. D (x4 —x,)= lim Z(xk+1 —xp) = 11m ( Xy41 —X )= lim (x,,;)—x = both the series and sequence must
n=1 n—)ook 1 n—

either converge or diverge.

( an ) 0
I+a,
a—" lim —— =1 because E a, converges and

90. It converges by the Limit Comparison Test since lim
n 500 1+a

n— n=l1

so a, > 0.

a

Ms

oasgegaesas(fas (b o o)
91. 2 aqts gt zat(glat\gty|at(stetarg)atlgtigti T tig)%e T
_%(a2 +ay +ag +ayg +...) which is a divergent series
=L > >y > i EEPI R I 1 :L( 1.1 )
92. a, =15 fornz2=ay2ay2a42...,and 1n2+1n4+1n8+ 2t T I o T Uttt
which diverges so that 1+ Z d1verges by the Integral Test.

CHAPTER 10 ADDITIONAL AND ADVANCED EXERCISES

o0
1. converges since 1 < 1 and — L converges by the Limit Comparison Test:
g Gn—2) 202 S (3, 072 ;(3,172)3/2 ges by p
(2) /
lim —22_ — |im (Mf 2o
n—»o0 1 n—0 n
(3n-2)3/2
0 1 2 dx . (tarflx)3 ’ . (tan71 b)3 3
2. converges by the Integral Test: J- (tan x) F—=lim | ~———| =lim -
1 X+l oo 3 b 3 192
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11.
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diverges by the nth-Term Test since lim @, = lim (-1)" tanh n = hm ( " (—:;) = lim (-1)"" does not
n—»m n—»m I+e n—»m
exist
. . n In (n!)
converges by the Direct Comparison Test: n!<n" = In(n!)<nln (n) = - oy <n=>log, (n!)<n
log,,(n!)
=>—5—=< —2, which is the nth-term of a convergent p-series
n
converges by the Direct Comparison Test: a; =1=—12 =l2__ 12 =(23)(12)=—12__|
sy : W@ 3 @@we? ( '5)(3' ) B’
3 2-3 2 2 S 2
=(32)(22)(12) = N ts th d
ay ( 5 6)( i )(3 4) DOC) Z:‘i D) represents the given series an
#2 < %, which is the nth-term of a convergent p-series
(n+1)(n+3)(n+2) n
converges by the Ratio Test: nlgr;O 0= nlilgo m =0<l1
diverges by the nth-Term Test since if a,, - L as n — oo, then L _E: P+L-1=0=L= J;/g =0
Split the given series into Z peTE and Z 2L the first subseries is a convergent geometric series and the

n= 1 n= 1
second converges by the Root Test: lim n[ 5L = lim @ = % = % <1
n—0 n—>0

f)=cosx with a=Z= f(2)=05,7/(2) ==L, r(2) =05, s"(2)=L. s (2) =05
—ﬁ(x— )— 1 (x 3)2 +£(x—1)3 +...

_1
COSX =57 12 3

f(x)=sinx with a=27= f27)=0, f'27)=1 f"27)=0, f"Qr)=-1 fP2r)=0, O 2r) =1,

5 7
1O =0, /D@y =—1; sinx = (x—2m)- C2 2020

er —1+x+7+ 3 + ..witha=0
f(x)=Inx with a=1= 1) =0, 'O =1 f"O)=-1 "V =2, fD) =-6;

3 4
Inx = (r—1) 00 DTGt

f(x)=cosx with a=227= f(227)=1, f'(227) =0, f"(227)=—1, f"(227) =0, fD(227) =1,
P02 =0, f©227) =-1; cosx=1-L(x-222)" + L (x-227)* - L (x-227)° +.
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14.

15.

16.

17.

18.

19.

20.

21.

Chapter 10 Additional and Advanced Exercises

S =tan™ x with a=1= f() =%, f'()=1, () =—4, r"()=1;

S (x-1) NES 1)

tan 2 3 2

~

1/n
1/n n
Yes, the sequence converges: ¢, = (a" +b") =c,=b (%) +1| = limg,
n—>»
4) In(4 0-In( 4
=Inb+ lim (b) n( d =Inb+ O(Ib):lnb since 0 <a <b. Thus, lim ¢, —elh —p,
n—o0 (ﬂ) + n—0
b
o0 o0 0
24,3 47 42 43 7 4 = 2 3 7
I+ 0" 102 + 10° + 104 + 10° + 10° 1+ Z 1032 + Z 1031 +Z 103"
n=1 n=1 n=
: @, ), ()
3 7 _ 10 10 10°) _ 1,200, 30 7 _
_1+Z 103+ Z 03n+2+ Z 0313 =1+ + + _1+W+W+_

n=0 n=0

n—1
k+1 1 2 n n
=y J' o, = —dx2+j dx2+...+j g, = |
v ko l4x 0 1+x I 1+x n—=11+x 0 1+x

= lim s, = lim (tan_1 n—tan"! 0)2%
n—»o0 n—»0
n+l n
i |2t | () _ '(n+1)(2:c+1) |_ lim |2x (n+1)2 |_I2 I<1:>|x|
nosool Un | nsn| (142)(2x+1) nx nsoo| 25+ n(n+2)| " [2x+1

if x>0,]x<[2x+]]|= x<2x+1=x>-1;

if—l<x<0,|x|<|2x+l|:> —Xx<2x+1=3x>— l:>x>—§,
1fx<—— |x|<|2x+1|:> —x<2x-1=>x<-1.

Therefore, the series converges absolutely for x < —1and x > —%.

(a) No, the limit does not appear to depend on the value of the constant a
(b) Yes, the limit depends on the value of b

————~ = lim Ins=
()

n—o0 (_L)
2
n

n
i ~ cos(2) ) _ i
~ 0.3678794412; similarly, lim | 1- =e

n—ow bn

= lim

n

© s=(1—£(7’)] —Ins=

? ——1= lims=e¢"!

1
0 n—0

n—o

999 —

=Inb+ lim

n—

999+237 _
999

—Ssim

) 1+sin( lim a,

. o Wn
. . l+sina, . I+sina,
Zan converges = lim g, =0; lim 3 = lim 3 5
n—>o0 n—0

n—o0
n=1

= the series converges by the nth-Root Test

bn+1xn+1 Inn

1 1_ -
D) —<x<+=5=>b=%

b b

Upi)

<1l= lim
n—»0

lim
Nn—»o0

<l=|bx|<1=-

W |—

u,

Copyright © 2014 Pearson Education, Inc.

2

n

m((%)"ﬂj

412
333

soin()-os(3)

) _ l+sin0 _ 1

2

797



798 Chapter 10 Infinite Sequences and Series

22. A polynomial has only a finite number of nonzero terms in its Taylor series, but the functions sin x, In x and

¢* have infinitely many nonzero terms in their Taylor expansions.

23 li sin(ax)—sinx—x _ li (ax*ll;_f +'”)7[X7%+.”)7x = li a=2 _d° 1 a 1 2 is finit
. lm—S— 1m 3 = lim _2_?"1‘?_ ?_5 X~ +...| 1s 11nite

x—0 X x—0 X x—0
if a-2=0=a=2; limsin2xsinxx_ 2, LT

x—0 X

_a2 2 4 4 N

. cosax—b . [1 2 4! j b . 1-b &% | a%x*

24, lim ———=-1= lim > =-1= lim | -4+ —...|=—-1=b=1and a==%2
x—0 2x x—0 2x x—0\2x 4 48

25. (a) i:('”zl) —l+ + :>C 2>1 and Z— converges

Upyy n
n= 1

(b) Uy _ n+l _1+ +_:>C—1<1 and Zl d1verges

Up oy

n=1

(l) 5n2
2 4n2 —4n+1

Uy 2"(2”“) 4n*+2n

26. ) =l+—t——=1++ >+ after long division =C=3>1 and
Ul 2n-1)?  4n’—4n+l no Ap’—4n+l n n 2
o0
|f(n )| <5 z u, converges by Raabe’s Test
4n+l £4_i+¢) el
n ’12 =

27. (a) z a,=L= a <a Z a, =a,L= Z a, converges by the Direct Comparison Test

n=l1 n=l1 n=l1
dap 0
1-ay

(b) converges by the Limit Comparison Test: lim = lim ——=1 since Z a, converges and therefore
n—w n—oo '
n=l1
lim a, =0
n—o
@ a 2 3 a ..
28. If 0<a, <1 then |1n(1—an )| =-In(l-a,)=a, +r 3+ <a, + a4, +ay +...=-—, apositive term of a

n

convergent series, by the Limit Comparison Test and Exercise 27b

29. (1-x)" —1+Zx where [x[<1=

n=l1

a=1e2(L)e3(L) +a() wrn(L) T

0 x)z :%(l—x)fl =Y nx""! and when x =1 we have

30. (@ 2" =; :>Z("+l)x = 22 ); =Y e = = ol = 2
n=1 n=1 - =l -X

:in(m): 2 o> 1
X" (1_%)3 (x 1)3’
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Chapter 10 Additional and Advanced Exercises 799

o0 1/3 1/3
(b) xzzﬂjl):x— 2% 33 32 e 1—0:>x—l+(l ﬁ) +(l—ﬁ) ~2.769292, usinga
= (x-1y° 9

CAS or calculator

(a) s 1)2 :%(ﬁ):%(l+x+x2+x3+...):1+2x+3x2+4x3+...:an"71
—x

© 2
() from part (@) we have 3 (3)"” (%):(%)[13 J 6

n=l1

¢ _4_1
(1-py ¢ 4

(c) from part (a) we have »_ np" g =

n=l1

((i)) =1 and E(x)= ,;kpk —kZ‘ikz —k 11§k21 —k —(%)[1(2)}2 =2

(a) Zpk —22 =
k=1

by Exercise 31 (a)

i &, skl E rn\k (%) Okl &
TSRSV SIS 1 SR [ NSRS TP RSB it
= k= © k=1 =(3) k=1 k=1 P
S
()]
o0 o0 o0 o0 o0
(© kzpk :kzk(klﬂ) :kz(I k+1)_khn§o(l__)_l and E(x) = kzkpk kzk(k(klﬂ)) kz/%
S i o 1 =i ]
a divergent series so that E(x) does not exist
C —ktq (1_ —nkto lt
(@) R, =Cye ™04 Cpe Mo 1. 4 Cye ™0 :w — R= lim B, =" _ G
1—¢ 0 n—>o0 l—e Mo oo
e (l—e ") _1 e (1- _10)
() Ry == R =¢' ~ 036787944 and Ryg =——— = 0.58195028; R =L ~0.58197671;
—e —e
R~ Ry ~0.00002643 = X0 - 0001
© R, :%g :%(i) ~4.7541659; R, >%= % > (%)(6_1171) =1-e05 1
=0« 2: 10<1n(%):%>—1n( ):>n>6.93:>n:7

C
(a) R= :Rek’0=R+c0:cH:ekf0—C = =1 1(CH)

kt -1 CL

e
(b) ty= 0051ne—20hrs
(c) Give an initial dose that produces a concentration of 2 mg/ml followed every f, = ﬁl (OL) 69.31 hrs
by a dose that raises the concentration by 1.5 mg/ml

@ 1 :éln(%) - 51n(§) ~ 6 hrs
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