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CHAPTER 2
Polynomial and Rational Functions
Section 2.1 Quadratic Functions and Models

1. polynomial 6. f(x)=(x+ 1)2 — 2 opens upward and has vertex

2. nonnegative integer; real (-1, —2). Matches graph (a).
3. quadratic; parabola 7. f(x) = —(x - 4)2 opens downward and has vertex
4. negative; maximum (4, 0). Matches graph (c).

5. f(x) = x> — 2 opens upward and has vertex (0, —2).
Matches graph (b).

8. f(x) =4-(x-2)° =—(x-2)"+ 4 opens
downward and has vertex (2, 4). Matches graph (d).

b y=-1 © »=3x @ y=-32

¥ y y

%)
4

T b 2 N2 4 s
Vertical shrink Vertical shrink and a Vertical stretch Vertical stretch and a
reflection in the x-axis reflection in the x-axis

10. @) y = x> +1 b y=x*-1 () y=x*+3 d y=x*-3

y y ¥ ¥y

4+ 10

3+ 8

2+ 6

—t —t—>x
-3 -2 \/ 2 3

—t—t —t—t—>x —t—t f—t——>x

-3 -2 -1 12 3 -6 -4 -2 2 4
-1 -2+ -2

Vertical shift one unit Vertical shift one Vertical shift Vertical shift three
upward unit downward three units upward units downward

o
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1. (@ y=(x-1) () y=(3x)] +1

y y

14+

Horizontal shrink
and a vertical shift
one unit upward

Horizontal shift one unit
to the right

12. (@) y = -1(x-2) +1

y

o oo

-6 -4 -2 2 6 8 10

Horizontal shift two units to the right, vertical shrink

(each y-value is multiplied by 1), reflection in the

x-axis, and vertical shift one unit upward

) y=[Lx-1] -3

y

Horizontal shift one unit to the right, horizontal
stretch (each x-value is multiplied by 2), and vertical

shift three units downward
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© y=() -3 ) y=(x+3)

y y

x 2

et x

-8 -6 -4 -2 2 4
-2

Horizontal shift three
units to the left

Horizontal stretch and
a vertical shift three
units downward

() y= —%(x+2)2 -1

Horizontal shift two units to the left, vertical shrink
(each y-value is multiplied by 1), reflection in
x-axis, and vertical shift one unit downward
@ y=[2x+1)] +4
y

7

4
3
2
1

4 -3 - —1_4 12 3 4
Horizontal shift one unit to the left, horizontal shrink

(each x-value is multiplied by %), and vertical shift

four units upward
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120 Chapter 2 Polynomial and Rational Functions

13. f(x) = x> - 6x 17. f(x) = x> = 6x + 2
= (x*-6x+9)-9 = (x> = 6x+9) -9 +2
=(x-3"-9 = (x> —6x+9)-7
Vertex: (3,-9) - (x—3)2 _7

Axis of symmetry: x = 3 Vertex: (3,-7)

Find x-intercepts: 8 Axis of symmetry: x = 3
¥ —6x=0 Find x-intercepts:
x(x—6) =0 > ¥ —-6x+2=0
x=0 x* - 6x = =2
.x‘6:03x:6 P —6x+9=-2+9
x-intercepts: (0, 0), (6, 0) (=37 =7
14. g(x) = x> = 8x x=3++/7
= (x2 —8x + 16) - 16 x-intercepts: (3 £ 7, 0)

=(x-4’-16

Vertex: (4,-16)

Axis of symmetry: x = 4 !

Find x-intercepts:

x> -8 =0

x(x—8) =0
x=0
x—-8=0=>x=28 18. A(x) = x* + 16x + 61
x-intercepts: (0, 0), (8, 0) - - (x2 +16x + 64) — 64 + 61
2
15. h(x) = x> — 8x + 16 = (x — 4)’ =(x+8) -3
Vertex: (-8, -3)

Vertex: (4, 0)

Axis of symmetry: x = 4 Axis of symmetry: x = -8

Find x-intercepts: Find x-intercepts:

(x -4 =0 ¥ +16x+61=0
Y —4 =0 x* + 16x + 64 = —61 + 64
x=4 (x+8)° =3
x-intercept: (4, 0) - . ‘ x+8 =13
x=—8i\/§

16. g(x) = > + 2x + 1= (x +1)°
Vertex: (-1, 0) )
Axis of symmetry: x = —1
Find x-intercepts:
(x+1)7 =0
x+1=0

x =-1

x-intercept: (1, 0) 4 -3 2 -l ) ol
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19. f(x)

20.

x> —8x + 21

(x* - 8x +16) — 16 + 21
= (x - 4)2 +5
Vertex: (4, 5)

Axis of symmetry: x = 4
Find x-intercepts:

x> —8x+21=0

x? —8x = =21
x> —8x+16 = -21+16 !
(x 3 4)2 - _s 10

x—4:i«)—5 6+
4+ /50 4

X

Not a real number

No x-intercepts

X2 + 12x + 40

/(%)

(x* + 12x + 36) — 36 + 40
=(x+6) +4

Vertex: (-6, 4)

Axis of symmetry: x = —6

Find x-intercepts:

X2 +12x+40=0
X2 +12x = =40
x2 4+ 12x + 36 = —40 + 36
(x + 6)2 =4
x+ 6 =22
x =-61%2i
Not a real number
No x-intercepts
y
10 +
8+
6+
4+
24+
—12 —1§0 —; —:) -jx _; *
-2+

Section 2.1 Quadratic Functions and Models

21. f(x) x2—x+§
[2 1) 1 5
-xt+—|-=+=
4 4 4
2
=(x—lj+l
2
1
Vertex:(f,lj
2

Axis of symmetry: x = %

Find x-intercepts:

xz—x+§=0
4

1£1-5

2

X =

Not a real number

No x-intercepts

121
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122 Chapter 2 Polynomial and Rational Functions

22, f (x)

x2+3x+l
4

[
N\
=

)
+
(95)
=
+
IS
N—
[
IS
+
Fyp-

Vertex: (—é, - ZJ
2

Axis of symmetry: x = —
Find x-intercepts:

x2+3x+l=0
4

x-intercepts: [—% -2, 0], (—% ++2, 0)

23. f(x) = x> +2x+5
(e -2+ 1) = (-1) +5

= —(x - 1)2 +6
Vertex: (1, 6)
Axis of symmetry: x =1
Find x-intercepts:
X2 +2x+5=0
X -2x-5=0

L2420

2

=1+6
x-intercepts: (l - \/g, 0), (1 + \/g, 0)

v

24,

25.

f(x)z—x2—4x+1=—(x2+4x)+1
= —(x? +4x +4) - (4) +1

~(x+2)] +5

Vertex: (-2, 5)

Axis of symmetry: x = -2

Find x-intercepts: —x*> — 4x +1 =0
¥ +4x-1=0

—4 +/16 + 4

2

=2+./5

x-intercepts: (—2 - \/g s O), (—2 + \/g , 0)

y

h(x) = 4x* — 4x + 21

4[x2—x+lj—4[lj+21
4 4

%
4[x—f) + 20

2

Vertex: (1, 20]
2

Axis of symmetry: x = %
Find x-intercepts:
4x* — 4x + 21 =
. 4 £ /16 — 336
2(4)

Not a real number

No x-intercepts

v
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26.

27.

28.

29.

flx) =2x" —x+1

1] 1] 1]
) ) )
= = =
N
| | |
A= K=
NN Y
8] (8] }.{
N
+ | "
RN [\S) —
(-
=] -
N—
+
—_

Vertex: (l, zj
4 8

Axis of symmetry: x = i

Find x-intercepts:

22 —x+1=0

. +1-8
2(2)
Not a real number
No x-intercepts
f(x) = —(x2 + 2x—3) = —(x+ 1)2 +4
5
Vertex: (-1, 4)
Axis of symmetry: x = —1 -8 ril'l
x-intercepts: (=3, 0), (1, 0) / \
-5
f(x) = (xz + x - 30)
= (xz + x) + 30
= (x2 +x+ ) 530
= (x+4) +
Vertex: (—%, %1) /f—as

Axis of symmetry: x = _%

x-intercepts: (—6, 0), (5, 0)

g(x)=x2+8x+11:(x+4)2—

Vertex: (—4, —5)
Axis of symmetry: x = —4
x-intercepts: (—4 +/5, 0)

-18
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Section 2.1

30. f(x) = x* +10x + 14

= (x+5) - 11
Vertex: (-5, —-11)
Axis of symmetry: x = =5
x-intercepts: (—5 + /11 , 0)

(x2 +10x+25) —-25+14

Quadratic Functions and Models

123

-20

18 - 18

31. f(x) = —2x% +12x — 18
=-2(x* —6x+9-9) -
= —2(x* —6x +9) +
= —2(x* - 6x +9)
= —2(x - 3)’
Vertex: (3, 0)

Axis of symmetry: x = 3
x-intercept: (3, 0)

32. f(x) = —4x* + 24x — 41

0

0

= —4(x* - 6x) — 41
= —4(x* — 6x +9) + 36 — 41
= 4(x-37 -5

Vertex: (3, -5)

Axis of symmetry: x = 3
No x-intercepts

33. g(x) =
Vertex: (-2, —3)
Axis of symmetry: x = -2
x-intercepts: (—2 + /6, 0)

34. f(x) = Yx* + 6x - 5)
=%<x2+6x+9)—2
_3 2 _ 4
—g(x+3) —?

Vertex: (— ,—4—52)

Axis of symmetry: x = =3
x-intercepts: (—3 + V14, 0)

%(x2+4x—2)=7

-3
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124 Chapter 2 Polynomial and Rational Functions

35. (=2, — 1)is the vertex. 39. (1, —2) is the vertex.
f(x) = a(x +2)* =1 f(x) = a(x —1)° =2
Because the graph passes through (0, 3), Because the graph passes through (1, 14),
3=a(0+2)7° -1 14 = a(-1-1)° -2
3=4q -1 14 = 4a -2
4 = 4qa 16 = 4a
1 =a 4 =a.
2
So, y = (x+2) - 1L So, f(x) = 4(x - 1)" - 2.

36. (=2, 2) s the vertex. 40. (2,3) is the vertex.

y:a(x+2)2+2 f(x):a(x—2)2+3

Because the graph passes through (-1, 0), Because the graph passes through (0, 2),

2
0=a(-1+2) +2 2= a0 -2 +3
2=a 2=4a+3
So, y = 2(x +2)" + 2. _1 = 44
l_y,
37. (-2, 5) is the vertex. 4 ’

f(x) = a(x + 2)2 +5 So, f(x) = —%(x - 2)2 + 3.

Because the graph passes through (O, 9), 41. (5, 12) is the vertex.
=a(0+2)° +5 £(3) = alx - 5 + 12
‘I e Because the graph passes through (7,15),
= a.
2
So, f(x) =1(x +2)° +5=(x+2)7+5 15 =a(7 -5 +12
3=4a = a = %.

38. (-3, -10) s the vertex. ,
So, f(x) = 3(x - 5) +12.
f(x) = a(x + 3 = 10 !

Because the graph passes through (0, 8), 42. (-2, -2)is the vertex.
2
= a(0 +3)* =10 f(x)=a(x+2) -2
8 =9a -10 Because the graph passes through (1, 0),
18 = 94 ,
_ 0=a(-1+2) -2
—a-2
So, f(x) = 2(x +3)° =10 2 ¢
=a
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43.

44.

45.

46.

47.

(—%, %) is the vertex.
f(x) = a(x + %)2 +2
Because the graph passes through (-2, 0),

O:a(—2+%)2+i

2
_3_ 4 —_24
2 = 164 =~ ¢ 49
2

_ _24 1 3

So, f(x) = 49(x+ 4) + 3

(%, —%) is the vertex.

2
9 = ol -3 -3
Because the graph passes through (-2, 4),

2

— gf—> —5) _ 3
4‘“(2 2) 4

— 81, _ 3
4=7a-g
19 _ 81
3 = 34
19 _
Sl—a.

19 52 3

So. f(x) = ilx—3) -1

(—%, 0) is the vertex.

f(x) = a(x + %)2

16

Because the graph passes through (—l -0

273
2
_16 _ (_7 4 5
3 “( 2+2)

_16 _
3 = a

So, f(x) = —%(x + %)2

(6, 6) is the vertex.
f(x) = a(x - 6) + 6

Because the graph passes through (%, %),

2
3 _ (6l _
2 a(lo )+6
3 1
> = 10¢ T O
_9 - L
2 = 7004
—450 = a.

So, f(x) = —450(x — 6)° + 6.

y=x*-2x-3
0=x*-2x-3
0=(x=-3)(x+1)
x =3o0r x = -1

x-intercepts: (3, 0), (-1, 0)

)

Section 2.1 Quadratic Functions and Models 125

48.

49.

50.

51.

52.

y=x*-4x-5
0=x*—-4x-5
0=(x=-35)(x+1)
x=5 o x=-1
x-intercepts: (5, 0), (-1, 0)

y=2x>+5x -3
0=2x>+5x-3
0 (2x—1)(x+3)

2x—1=0:>x=%
x+3=0=>x=-3

x-intercepts: (%, 0), (-3,0)

y =-2x* +5x +3
0=-2x"+5x+3
0=2x*-5x-3
0=(2x+1)(x-3)

2x+1=0=x=-1

x—-3=0=>x=3

x-intercepts: (—%, 0), (3,0

f(x) = x? — 4x /
x-intercepts: (0, 0), (4, 0) 4

0 = x*— 4x \_/
0=x(x—4)

x=0 or x=4

The x-intercepts and the solutions of f(x) = 0 are the

same.

f(x) = -2x% + 10x

x-intercepts: (0, 0), (5, 0) /\
-1 6

0 = -2x2 +10x \\
-2x(x = 5)

2x=0=>x=0
x=-5=0=>x=5
The x-intercepts and the solutions of f(x) = 0 are the

same.
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126 Chapter 2 Polynomial and Rational Functions

53. f(x) = x* —9x +18 = 57. f(x) = [x - (—3)](): -3) opens upward

x-intercepts: (3, 0), (6, 0) \ / = (x +3)(x - 3)

-8 16 = y2 —

0=x-9x+18 v =Y

0= (x - 3)(x - 6) B g(x) =[x - (-39]x-3)

x=3 or x=6 = —(x +3)(x - 3)

The x-intercepts and the solutions of f(x) = 0 are the = —(x2 - 9)

same. =¥ +9 opens downward
54. f(x) = x* — 8x - 20 1 Note: f(x) = a(x + 3)(x — 3) has x-intercepts (=3, 0)

and (3, 0) for all real numbers a # 0.
Y / (3.0)

x-interzeptS: (-2.0). (10.0) \/ 58. /(x) = [x = (-5)]x - 9)
0= x2—8x—20 (x +5)(x - 5)

0 = (x+ 2)(x —10) 40
= x* — 25, opens upward
x+2=0=x=-2
v —10=0= x =10 g(x) = —f(x), opens downward
The x-intercepts and the solutions of f(x) = 0 are the g(x) = —x* +25
same. Note: f(x) = a(x2 - 25) has x-intercepts (-5, 0)
55. f(x) = 2x% — 7x — 30 : 10 7 and (5, 0) for all real numbers a # 0.
-5 10
x-intercepts: (—%, 0), (6,0) \_/ 59. f(x) = |:x - (—1)](x - 4) opens upward
0 = 2x? = 7x - 30 = (x +1)(x - 4)
-40
0 = (2x + 5)(x - 6) =x? - 3x -4
x=-3 orx=6 g(x) = =[x = (-1)](x —4)  opens downward
] ) =—-(x+1)(x -4
The x-intercepts and the solutions of f(x) = 0 are the
= —(x2 - 3x — 4)
same.
- 10 =—x+3x + 4
56. f(x) = E(x +12x - 45) 1| Ll Note: f(x) = a(x + 1)(x — 4) has x-intercepts (-1, 0)
x-intercepts: (—15, 0), (3, 0) and (4, 0) for all real numbers a # 0.
0 = L(x* +12x - 45)
-60 60. f(x) =[x - (-2)](x - 3) opens upward
0 = (x + 15)(x - 3)
=(x+ 2)(x -3)
x+15=0= x=-15 R
x-3=0=x=3 =X mx=6
=[x - (-2)|(x -3 d d
The x-intercepts and the solutions of f(x) = 0 are the g(x) [x ( )](x ) opens downwar
= —(x +2)(x - 3)
same.
= —(xz - X - 6)
=-x+x+6

Note: f(x) = a(x + 2)(x — 3) has x-intercepts (-2, 0)

and (3, 0) for all real numbers a # 0.
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61.

62.

63.

f(x) = [x - (—3)][x - (—%)J(Z) opens upward
= (x + 3)(x + %)(2)

=(x+3)2x +1)
=2x* +7x+3
g(x) = —(sz + 7x + 3) opens downward
=-2x? - Tx -3
Note: f(x) = a(x + 3)(2x + 1) has x-intercepts

(-3,0) and (—%, 0) for all real numbers a # 0.

S(x) = [x - (—S)J[x - (—%ﬂ(z) opens upward
= (x+35)(x +3)2)
= (x +5)(2x + 3)
=2x* +13x - 15

g(x) = —(2x2 + 13x + 15) opens downward

—2x2 —13x - 15
Note: f(x) = a(x + 5)(2x + 3) has x-intercepts

(—5,0) and (—%, 0) for all real numbers a # 0.

Letx = the first number and y = the second number.

Then the sum is

x+y=110=y =110 — x.
The product is P(x) = xy = x(110 — x) = 110x — x>
P(x) = —x* + 110x

= —(x? = 110x + 3025 — 3025)

= —{(x - 59" - 3025

= —(x - 55)" + 3025

The maximum value of the product occurs at the vertex
of P(x) and is 3025. This happens when x = y = 55.

Section 2.1

64.

65.

66.

Quadratic Functions and Models 127

Letx = the first number and y = the second number.
Then the sum is

x+y=S=2>y=8-x
The productis P(x) = xy = x(S - x) = Sx — x%.
P(x) = Sx — x?

= —x? + Sx

I
|
(353
|
4
+
|2
|
|4
N~

I

|

=

|
SRR
%

+
-Jk‘(’,]\,

The maximum value of the product occurs at the vertex
of P(x) andis S?/4. This happens when

x=y=358/2

Let x = the first number and y = the second number.

Then the sum is

x+2y=24:y=242_x.

The product is P(x) = xy = x[242_ x}

P(x) = %(—x2 + 24x)
= —%(x2 - 24x + 144 — 144)
1 1
_ —5|:(x —12) - 144} =l - 12)° + 72

The maximum value of the product occurs at the vertex
of P(x) and is 72. This happens when x = 12 and

y=(24 - 12)/2 = 6. So, the numbers are 12 and 6.

Letx = the first number and y = the second number.

Thenthe sumis x + 3y =42 = y = 423_ ay

The product is P(x) = xy = x[423_ x).

P(x) = %(—xz + 42x)
= —%(x2 - 42x + 441 - 441)

- —1[(x —21)? - 441} = Lo 11
3 3
The maximum value of the product occurs at the vertex

of P(x) and is 147. This happens when x = 21 and

)= 42 - 21 = 7. So, the numbers are 21 and 7.

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



128 Chapter 2 Polynomial and Rational Functions

67. y = —ix2 + %x +12
9 9
The vertex occurs at L —24/9 = 3. The maximum height is y(3) = —i(3)2 + §(3) + 12 = 16 feet.
2a  2(-4)9) 9 9
68. y = — 16 x2+2x+1.5
2025 5
(a) The ball height when it is punted is the y-intercept.
v = -2 o)+ 20) + 1.5 = 1.5 feet

2025 5

(b) The vertex occurs at x = _b = - o/5 = 3645.
2¢  2(-16/2025) 32

The maximum height is f [3§35J =

16 (3645]2 9(
+ —

2025\ 32 5
= _@ + @ +15 =
64 32
(c) The length of the punt is the positive x-intercept.
0=-0 2 9% 115
2025 5
DL \/(9/5)2 — (4)(1.5)(-16/2025) 1.8 + 1.81312

-32/2025
x = —0.83031 orx = 228.64
The punt is about 228.64 feet.

69. C =800 — 10x + 0.25x% = 0.25x> — 10x + 800

b -10
The vertex occurs atx = — = — =
2a  2(0.25)

The cost is minimum when x = 20 fixtures.

70. P = 230 + 20x — 0.5x°

b 20
The vertex occursat x = — = — =
2a 2(—0.5)

Because x is in hundreds of dollars,
20 x 100 = 2000 dollars is the amount spent
on advertising that gives maximum profit.

71. R(p) = -25p> + 1200p

(@) R(20) = $14,000 thousand = $14,000,000
R(25) = $14,375 thousand = $14,375,000
R(30) = $13,500 thousand = $13,500,000

(b) The revenue is a maximum at the vertex.
_b _ 1200 _

2a 2(-25)
R(24) = 14,400

The unit price that will yield a maximum revenue of
$14,400,000 is $24.

—-0.01580247

)+1.5

_ 6561 + 13,122 96 _ 6657

+ — = — feet = 104.02 feet.
64

64 64 64

72. R(p) = -12p* + 150p

2

(@) R(4) = —12(4)
R(6) = —12(6)° + 150(6) = $468
R(8) = —12(8)” + 150(8) = $432

+150(4) = $408

(b) The vertex occurs at
b 150

20 2(-12)

p = = $6.25.

Revenue is maximum when price = $6.25 per pet.

The maximum revenue is

R(6.25) = —12(6.25) + 150(6.25) = $468.75.
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73. (a)

[— X —> | — X —>

4x +3y =200 = y = %(200—4)() = ?(50—)()

8x(50 —
3 3 3
(b) To find the dimensions that produce a maximum enclosed area, you can find the vertex.

To do this, either write the quadratic function in standard form or use x = —2—, so the coordinates of the vertex are
a

LN
I
|
=
—~
W
=)
|
=
Nak

- —%(xz - 50x + 625 — 625)

—8[()( - 25)° - 625]

3
8 5000
3

X - 25)2 +

4% 4
So the vertex is | 25, 5000 from the standard form, oris x = b5 400 25and A(25) =
3 2a 2(-%) 16

5000
=

200 — 4(25
When x = 25feetand y = w = % feet.

=~ 1666.67 square feet.

The dimensions are 2x = 50 feet by 33% feet, and the maximum enclosed area is 5000
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2
74. (a) Area of window = Area of rectangle + Area of semicircle = xy + %lz(radius)2 = xy + %ﬂ'(gj =xy + %

To eliminate the y in the equation for area, introduce a secondary equation.

Perimeter = perimeter of rectangle + perimeter of semicircle

16 =2y +x + % (circumference)

16 =2y + x + % (27 - radius)

16=2y+x+n(fj
2
1 X
:8—— - —
7 27 4

Substitute the secondary equation into the area equation.

2 1 2 1 2
Area:xy+%=x[8—fx—ﬂ LT P g

2 4 8 2 4

(b) The area is maximum at the vertex.

2
Area = 8x — %xz _ (—l - %sz + 8x

8 2
=t 1_78 ~ 4.48
S
28
44
y=8- %(4.48) _mAS) o

X
8 2 8

The area will be at a maximum when the width is about 4.48 feet and the length is about 2.24 feet.

7x* 1, #zx* 1

8

2

(64x — 452

75. True. The equation —12x*> — 1 = 0 has no real solution, 78. f(x) = x* + bx — 25, minimum value: —50

so the graph has no x-intercepts.

76. True. The vertex of f(x) is (—%, 57) and the vertex of

77. f(x) = =x* + bx — 75, maximum value: 25

The maximum value, 25, is the y-coordinate of the

vertex. f[
Find the x-coordinate of the vertex:
b b b

X=—-—— = —-—— = —
2a 2(—1) 2
S(x) = =x>+bx-175

2
-4 )
2 2 2
2 2
25 = —b— + b— - 75
4 2
2
100 = Ls
4
400 = b?
20 =5

X =

Find the x-coordinate:

b b b

2a 2(1) 2

|
N |
N
Il
|
N |
~—
L8]
+
S
|
| o
~—
|
[\
(9N

2 2
s0=2 s
4 2
72
_25:i
4
100 = b2
10 = b

- ﬁxz)

The minimum value, —50, is the y-coordinate of the
vertex.
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79. f(x) = a + bx + ¢ 80. (a) Since the graph of P opens upward, the value of
5 a is positive.
= a(xz + *xj +c (b) Since the graph of P opens upward, the vertex of the
a
) ) parabola is a relative minimum at 1 = —.
N b b 2a
=axt+—x+—-—; c
a 4a 4 (c) Because of the symmetrical property of the graph of
»YV B2 a parabola, and since the company made the same
= a(x + E] T4 +c yearly profit in 2008 and 2016, the midpoint of the

, interval 8 < ¢ < 16 or ¢t = 12 corresponds to the
_ a(x n b ] n 4ac - b* year 2012, when the company made the least profit.

2a 4a
b b? b
-—|=a—|+b—|+c¢
f( ZaJ [4(12] [ ZaJ

b? b?

=—-—+c
4da 2a

_ b? — 2b% + 4ac _ 4ac — b*

4a 4a

So, the vertex occurs at
b dac—t?) (b (b
2¢°  4a 2a’ 2a))
81. If f (x) = ax’ + bx + ¢ has two real zeros, then by the Quadratic Formula they are

-b + /b? - dac

2a

X =

The average of the zeros of f'is

—b—\/b2—4ac+—b+\/b2—4ac =2b

2a 2a _ 2a __i

2 2 2a’

This is the x-coordinate of the vertex of the graph.

Section 2.2 Polynomial Functions of Higher Degree

1. continuous 10. f(x) = 2x> = 3x + 1 has intercepts
2. Leading Coefficient Test (0,1),(1,0), (—% - %\/3, O) and (—% + %\/E, O).
3o - 1 Matches graph (f).

' (x - a); ' 11. f(x) = —ix“ + 3x? has intercepts (0, 0) and
4. (a) solution; (b) (c) x-intercept

+
5. touches; crosses (_2\/3 s O). Matches graph (a).

6. repeated zero; multiplicity 12. f(x) _ % o+t - % has y-intercept (0’ _%).
7. standard Matches graph (e).
8. Intermediate Value 13. f(x) = x* + 2x° has intercepts (0, 0) and (-2, 0).
9. f(x) = —2x* — 5x is a parabola with x-intercepts Matches graph (d).
(0,0) and (—%, O) and opens downward. Matches 14. f(x) = %xs —2x3 + %x has intercepts
graph (c). (0,0), (1, 0), (-1, 0), (3, 0), (-3, 0). Matches graph (b).
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15 y = x° 16. y = x°
@ f(x)=(x—4) @ (%)

y

(x + 1)5

—— X
-2 1 12 4 5 6
-2+
34
4]
Horizontal shift four units to the right Horizontal shift one unit to the left
(b) f(x)=x -4 b) f(x)=x5+1
Pui
34
1+ 2+
—4 -3 -2

Vertical shift four units downward Vertical shift one unit upward

© 9=k © 1= 1- 4

-4 -3 -2

o ) . . Reflection in the x-axis, vertical shrink
Reflection in the x-axis and a vertical shrink . o 1
i L | (each y-value is multiplied by 7), and
(each y-value is multiplied by Z) . . . 2
vertical shift one unit upward

A f(x)=(x-4) -4 A f(x) = ~Lx+1)

v

-2 12 3 4 5/6

Horizontal shift four units to the right and vertical

. ) Reflection in the x-axis, vertical shrink
shift four units downward

(each y-value is multiplied by %), and
horizontal shift one unit to the left
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17. y = x*

@ f(x)=(x+3)

[ R T =N
P S T '
+—t—t+—+—+—+

-5-4-3-2-1 | 1 23

2+

Horizontal shift three
units to the left

@ f(x) = 3x-1)’

y

Horizontal shift one unit to
the right and a vertical shrink

(each y-value is multiplied by %)

(e)

Section 2.2 Polynomial Functions of Higher Degree

Vertical shift three units
downward

f(x) = (2% +1

Vertical shift one unit upward
and a horizontal shrink (each
y-value is multiplied by 16)

Reflection in the x-axis and then
a vertical shift four units upward

) f(x) = (%x)4 -2

v

Vertical shift two units downward

133

and a horizontal stretch (each y-value

is multipied by 1)
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18. y = x°
X 6
@ f(x)=(x-5" ) f(x) = 11 © f(x)=(x+3) -
6]
o]
2]
4—+—F ] X T V
-2 2 4 6
24
Horizontal shift to the Vertical shrink (each y-value Horizontal shift three units
right five units. is multiplied by g). to the left and a vertical
shift four units downward.
6
@ f(x)= -5 +1 (e) O flx)=(2x) -1

v

—+—t+—+—+ X
—4—3—2—1_] 1 2 3 4
-2
Reflection in the x-axis, Horizontal stretch (each x-value Horizontal shrink (each x-value
vertical shrink (each y-value is multiplied by 4), and vertical is multiplied by 1 )’ and vertical
is multiplied by %), and shift two units downward

. . . shift one unit downward
vertical shift one unit upward

19. f(x) = 12%° + 4x 22. h(x) =1-x°

Degree: 3 Degree: 6

Leading coefficient: 12 Leading coefficient: —1

The degree is odd and the leading coefficient is positive. The degree is even and the leading coefficient is

The graph falls to the left and rises to the right. negative. The graph falls to the left and falls to the right.
20. f(x) =2x* =3x+1 23. g(x) = 6x - x* +x*

Degree: 2 Degree: 3

Leading coefficient: 2 Leading coefficient: —1

The degree is even and the leading coefficient is positive. The degree is odd and the leading coefficient is negative.

The graph rises to the left and rises to the right. The graph rises to the left and falls to the right.
21. g(x) =5 - Ix - 3% 24. g(x) =8 +4x° - x*

Degree: 2 Degree: 5

Leading coefficient: —3 Leading coefficient: %

The ‘{egfee is even and the leading coefficient is ) The degree is odd and the leading coefficient is positive.
negative. The graph falls to the left and falls to the right. The graph falls to the left and rises to the right.
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25.

26.

27.

28.

29.

30.

31.

Section 2.2 Polynomial Functions of Higher Degree 135

f(x) = 9.8x% —1.2%°

Degree: 6
Leading coefficient: 9.8

The degree is even and the leading coefficient is positive.

The graph rises to the left and rises to the right.

Slx)=1- 0.5x% — 2.7x°
Degree: 5
Leading coefficient: —0.5

The degree is odd and the leading coefficient is negative.
The graph rises to the left and falls to the right.

f(s) = —%(s3 + 552 —7s + 1)
Degree: 3
Leading coefficient: —%

The degree is odd and the leading coefficient is negative.
The graph rises to the left and falls to the right.

h(t) = =3(c = 6° + 2* +9)

Degree: 4

8

Leading coefficient: — 3

The degree is even and the leading coefficient is
negative.

The graph falls to the left and falls to the right.
f(x) =3 -9 + [ g(x) =3x3

8

v
"

f(x) = —%(x3 -3x +2),g(x) = -1x

6

-6

12

e

-20

32. f(x) = 3x* — 67, g(x) = 3x*

33.

34.

35.

x+6=0

Zeros: 16

=
|

[o)}
Il

=
Il

(b) Each zero has a multiplicity of one (odd
multiplicity).

(¢) Turning points: 1 (the vertex of the parabola)

(d)

-12

6

\

|

12

\/

—42

f(x) = 81—

(@)

0
0

81 — x?

(9-x)(9 +x)

9-x=0

9 =x

Zeros: £9

I
(=]

9+ x

x=-9

(b) Each zero has a multiplicity of one (odd
multiplicity).

(c) Turning points: 1 (the vertex of the parabola)

(d)

h(t) = t* — 6t +9

90

-9

(@ 0=r-6:+9=(t-3)

Zero: t = 3

(b) ¢t = 3 has a multiplicity of 2 (even multiplicity).

(c) Turning points: 1 (the vertex of the parabola)

(d)

10
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36. f(x) = x* +10x + 25 39. g(x) = 5x(x* - 2x - 1)
(@ 0=x>+10x +25 = (x + 5 (a) 0=5x(x*—2x 1)
Zero: x = =5 0= x(x2 - 2x — l)

(b) x = —5 has a multiplicity of 2 (even multiplicity). For x> —2x 1= 0,a = 1b = 2. ¢ = —1.

(c) Turning points: 1 (the vertex of the parabola)

(d) = ~(-2) £ (=2)" - 4()(-)
X =
2(1)
2.8
-25 15 2
-5
=12
37. f(x):%x2+%x—% Zeros: x = 0,x = 1 +~/2
(a 0= %xz + %x - % (b) Each zero has a multiplicity of 1 (odd multiplicity).
_ %(xz o 2) (c) Turning po11;1ts: 2
(d)
= lx+2)(x - 1) {
Zeros: x = —2,x =1 - / °

(b) Each zero has a multiplicity of 1 (odd multiplicity).

-16
(¢) Turning points: 1 (the vertex of the parabola)

(d) 4 40. f(r) = £(3 - 10¢ + 7)

6 \ / 6 (@ 0

0=17r3-7)(t-1)

t2(3t2 - 101 + 7)

?2=0=1t=0
¥-T7=0=>¢t=1
38. f(x) —lx2+§x 3 3
2 2 t-1=0=>1r=1
(a) For—xz-‘,-—x—é:()’a:l’b:é,cz—é. Zeros:t:O,t:%,t:l
2 2 2 2

(b) t = 0has a multiplicity of 2 (even multiplicity).

2
2 t

%and t = 1each have a multiplicity of 1 (odd

1 multiplicity).
_ 5 4 37 (¢) Turning points: 3
T 2" N4 () 3
Zeros: x = ﬂ - A\j{ é

(b) Each zero has a multiplicity of 1 (odd multiplicity).
(c) Turning points: 1 (the vertex of the parabola)

(d :
A

\
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41.

42.

43.

Section 2.2 Polynomial Functions of Higher Degree 137

f(x) = 3x* —12x* + 3x
(@ 0 =3x" —12x? + 3x = 3x(x* — 4x + 1)

Zeros: x = 0,x = 2 % 3 (by the Quadratic
Formula)
(b) Each zero has a multiplicity of 1 (odd multiplicity).
(c) Turning points: 2
(d) T ]
-6 \—/ 6

—24

f(x) = xt — X - 30x%
(@ 0 =x*—x-30x2

0= xz(x2 —x—30)

Ozxz(x—6)(x+5)

=0 x—-6=0 x+5=0
x=0 x =6 x = -5
Zeros: x = 0,x = 6,x = =5

(b) The multiplicity of x = 0 is 2 (even multiplicity).
The multiplicity of x = 6 is 1 (odd multiplicity).
The multiplicity of x = =5 is 1 (odd multiplicity).

(c) Turning points: 3

@ 7

N T,

-300

gty=1 -6 +9

@ 0=1r —67+9 = =6 +9) =(t* - 3)2

e + \/g)z(t - \/5)2
Zeros: t = 0,¢t = i\/§
(b) ¢ = 0 has a multiplicity of 1 (odd multiplicity).

t = £~/3 each have a multiplicity of 2 (even
multiplicity).
(¢) Turning points: 4

(d) 6 pd

44,

45.

46.

(@) f(x)=x"+x —6x
0

x(x4 + x* - 6)

0 x(x2 + 3)(x2 - 2)

Zeros: x = 0, NG
(b) Each zero has a multiplicity of 1 (odd multiplicity).
(c) Turning points: 2
(d) : J
. ’ﬂ !

-6

S(x) =3x" +9x* + 6

(@ 0=3x*+9x*+6
0 = 3(x* +3x* +2)
0 = 3(x* + 1)(x* + 2)
No real zeros

(b) No multiplicity

(¢) Turning points: 1
(d) 21

-3
f(e) =2t =22 - 40
(@ 0 =2t — 212 - 40
0 =2(* - - 20)
0 =2( +4)(* - 5)
Zeros: t = /5
(b) Each zero has a multiplicity of 1 (odd multiplicity).

(c) Turning points: 3
(d) 20

I O S I

W

-60
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47.

48.

49.

g(x) = x> +3x* —4x - 12

(@ 0=2x"+3x —4x —12 = x*(x + 3) — 4(x + 3)

(xz - 4)(x +3) = (x = 2)(x + 2)(x + 3)

Zeros: x = 2, x = -3

(b) Each zero has a multiplicity of 1 (odd multiplicity).

(¢) Turning points: 2
d 4
(d) i

i

f(x) = x* = 4x* — 25x + 100

(@) 0= x*(x—4)-25x-4)
(x* = 25)(x - 4)
(x + 5)(x — 5)(x - 4)

Zeros: x = 5,4

0

(b) Each zero has a multiplicity of 1 (odd multiplicity).

(c) Turning points: 2
(d) 140

-9 H 9

-20

y = 4x> = 20x% + 25x
(a) 12

AV

-4

(b) x-intercepts: (0, 0), (%, 0)

(c) 0 = 4x> —20x* + 25x

0 = x(4x* - 20x + 25)
0= x(2x - 5)°
X = 0,%

(d) The solutions are the same as the x-coordinates of
the x-intercepts.

. y=4x3+4x2—8x—8

@ -

-3

-1

(b) (=1,0),(~1.41,0), (1.41,0)
(©) 0=4x +4x> —8x -8
0 =4x*(x+1)—8(x +1)
0 = (4x = 8)(x + 1)
0 = 4(x* = 2)(x + 1)
x = +/2, -1

(d) The solutions are the same as the x-coordinates of
the x-intercepts.

51, y = x° — 5x° + 4x

4

RERIN)
Kl

(b) x-intercepts: (0, 0), (£1, 0), (£2, 0)

(@

-4

() 0=ux%—5x>+ 4x

0= x(x* ~1)x* -4)
0= x(x+ )(x Dx +2)(x - 2)

x =0,%l,

I+

(d) The solutions are the same as the x-coordinates of
the x-intercepts.

52. y=1x - %¥°

@

(b) x-intercepts: (0, 0), (3, 0), (-3, 0)
() 0=1x -2

0= %x3(x2 - 9)

1.3

5 =0,=>x=0

2-9=0,=2x=13

(d) The solutions are the same as the x-coordinates of
the x-intercepts.
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53.

54.

SS.

56.

57.

58.

Section 2.2 Polynomial Functions of Higher Degree 139

f(x) = (x - 0)(x = 7)
=x? - 7x
Note: f(x) = ax(x — 7) has zeros 0 and 7 for all real

numbers a # 0.

S(x) = (x = (-2))(x - 5)

(x + 2)(x = 5)

x? = 3x - 10

Note: f(x) = a(x + 2)(x — 5) has zeros —2 and 5 for

all real numbers a # 0.

F(x) = (x = 0)(x + 2)(x + 4)

x(x2 + 6x + 8)

X+ 6x% + 8x

Note: f(x) = ax(x + 2)(x + 4) has zeros 0, -2, and

—4 for all real numbers a # 0.

(x - O)x — 1)(x - 6)

x(x2 - 7x + 6)

/(%)

=x3 —7x* + 6x
Note: f(x) = ax(x — 1)(x — 6) has zeros 0, 1, and 6 for

all real numbers a # 0.

f(x) = (x = 4)(x + 3)(x = 3)(x - 0)
(x - 4)()52 - 9)x

= x* — 4x® — 9x? + 36x

Note: f(x) = a(x* — 4x* — 9x + 36x) has zeros

4, -3, 3, and 0 for all real numbers a # 0.

~

—
~

SN—
1]

(¥ = (2))(x = (D)x = 0)(x = N(x = 2)
(x + 2)(x + (x - x - 2)

x(x? - 4)(x — 1)
(

= x(x* - 5x2 +4)

1l
=

=x° - 5x° + 4x
Note: f(x) = ax(x + 2)(x + 1)(x — 1I)(x — 2) has

zeros —2,—1,0, 1, and 2 for all real numbers a # 0.

x2 = 2x -1

Note: f(x) = a(x2 - 2x — 1) has zeros 1 + ~/2 and

1- \/E for all real numbers a # 0.
60. f(x) = [x - (4 + \/gﬂ[x - (4 - \/gﬂ
= [(x -4) - \/ﬂ[(x -4+ \/EJ
(=4 = (V3)

=x>-8x+16-3

=x2-8x+13
Note: f(x) = a(x2 - 8x + 13) has zeros 4 + ~/3 and
4 — \/3 for all real numbers a # 0.
X — 2[x—(2+\/_)}[ ( \/g)}
[(x=2) = /5](x - 2) + V5]

61. f(x) = (x - 2)

=(x-2)

= (r=2)(x -2 - 5]
=(x-2)

(

x =2

x — 2[x2—4x+4—5]

x—2)(x —4x—1)

=x—6x* +Tx+2
Note: f(x) = a(x3 - 6x% + 7x + 2) has zeros 2,
2+ \/g, and 2 — ~/5 for all real numbers a # 0.

62 f(x) = (x =3 - 2+ V7)]x - (2 - V7)]
= (== - VT [(r - 2) + 7]
= (x - 3)[ (x - 2) }
= (x = 3)x® —4x +4 - 7]

= (x = 3)(x* —4x - 3)

=x>-7x* +9x+9
Note: f(x) = a(x’ = 7x* + 9x + 9) has zeros 3,
2+ \/7 and 2 — ﬁfor all real numbers a # 0.

63. f(x) =(x+3)(x+3)=x>+6x+9

Note: f(x) = a(x2 + 6x + 9), a # 0, has degree 2 and

zero x = —3.
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64. f(x) =(x—\/5)(x+\/§)=x2—2

Note: f(x) = a(x* - 2), a # 0, has a degree 2 and zeros x = +~/2.

65. f(x) = (x = 0)(x + 5)(x - 1)

x(x2 + 4x — 5)

= x> + 4x? — 5x

Note: f(x) = 0zx(x2 + 4x — 5), a # 0, has degree 3 and zeros x = 0, -5, and 1.
66. f(x) = (x +2)(x + 2)(x — 6)
= (x +2)°(x - 6)

=x —2x> —20x — 24
Note: f(x) = a(x3 - 2x = 20x — 24), a # 0, has degree 3 and zeros x = —2 and 6.

67. f(x) = (x = (-9))'(x = I)(x = 2) = x* + 7x* = 32 = 55x + 50
or f(x) = (x - (—5))(x - l)z(x -2)=x" +x —15x + 23x - 10
or f(x) = (x = (=5))(x = I)(x — 2)2 = x* —17x* + 36x — 20

Note: Any nonzero scalar multiple of these functions would also have degree 4 and zeros x = 5,1, and 2.

68. f(x) = (x +)(x + 1)(x + 4)(x + 4)

(x + 1)’ (x + 4)°
= x* +10x° + 33x% + 40x + 16

f(x) = a(x* +10x* +33x” + 40x + 16),a # 0,

Note: has degree 4 and zeros x = —land —4.
1) = (= 0)x = 0)(x = 0)x = /3)x = (-/3))
- e V8o )
= )«:3(952 - 3)
69. =’ -3¢

Note: f(x) = a(x5 — 3x3), a # 0,has degree 5 and zeros x = 0, 3, and —/3.

70. f(x) = (x + 1)°(x = 4)(x = 7)(x — 8) = x* —17x* + 79x° — 11x*> — 332x — 224
or f(x) = (x + )(x = 4)’(x = 7)(x = 8) = x° — 22x* + 169x> — 496x> + 208x + 896
or f(x) = (x + 1)(x — 4)(x — 7)*(x - 8)
or f(x) = (x + 1)(x — 4)(x = 7)(x — 8)° = x° — 26x* + 241x° — 884x> + 640x + 1792

x> — 25x* + 223x% — 787x% + 532x + 1568

Note: Any nonzero scalar multiple of these functions would also have degree 5 and zeros x = —1,4, 7, and 8.
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Tof() = H2 -2+ 15) = Lo —1)? + ] 74. g(x) = x* = 9x% = x*(x + 3)(x - 3)

(a) Rises to the left; rises to the right
(b) Zeros: -3,0,3

(a) Rises to the left; rises to the right

(b) No real zeros (no x-intercepts)

© T, 1o |1 |2 |3 ©1, 2 [-1]o]|1 |2
1) 45 375|135 |375 |45 I 24 | -8 | 0| -8 | 24
(d) The graph is a parabola with vertex (1, %) (d) \

— e 75. f(x) = -8 + 1x* = L(x* —16)
= %(xz + 4)(x -2)(x+2)

72. g(x) = =x* + 10x — 16 = —(x — 2)(x — 8)
(a) Rises to the left; rises to the right

(b) Zeros x = $2:
©
© I, 1 (35|79 x 2

S (x) 0 _

(a) Falls to the left; falls to the right
(b) Zeros: 2,8

_
W
|
3
|
©|5
o

N

g [ g lslols] =

(d)
(d)

73. f(x) = x* = 25x = x(x + 5)(x — 5 76. f(x) = 8 - x* = (2 = x)(4 + 2x + ¥?)

(a) Falls to the left; rises to the right

(b) Zeros: 0,-5,5 (a) Rises to the left; falls to the right

(b) Zero: 2
© I, 20101 |2 (©) 2l <1]ol1]2
. N
NORTEPY 0| -24 | —42 /() 619 [8]7]0
@ (@) )
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77. f(x) = 3x* = 15x% + 18x = 3x(x — 2)(x - 3)

(a) Falls to the left; rises to the right
(b) Zeros: 0,2,3

© I, 0l1]2]25 3 |35

T&) Volelol-1s75]0 | 7875

—4x3 + 4x? + 15x

78. f(x)

—x(4x2 — 4x - 15)

—x(2x - 5)(2x + 3)

(a) Rises to the left; falls to the right
._3¢05

(b) Zeros: - 0, 3

(©)

X -3 |2 |-1 |0 1 2 3

T& Too (18 [=7 o |15 |14 =27

79. f(x) = 5x* = x = =x*(5+ x)

(a) Rises to the left; falls to the right
(b) Zeros: 0, -5

© T 5|4 |3 |2 |-1]0 |1
T& To |16 18| =12 =4 [0 |=6
80. f(x) = —48x% + 3x*
=3x2(x2—16)

(a) Rises to the left; rises to the right
(b) Zeros; 0, 4

(d)

(d)

(d)

© |x 5 |43 |2 |-1 |o]1

F(x) | 675 [0 |-189 | —144 | —45 | 0 | —45

—144

675

81. f(x) = 9x*(x + 2)°
(a) Falls to the left, rises to the right
(b) Zeros: x =0, -2

(©)

X -3 -2 | -1 0]1

&) e o 9 0| 81

d 40
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82. h(x) = Lx3(x — 4) f(x) = & = 16x = x(x — 4)(x + 4)

3 85.
(a) Falls to the left; rises to the right %
(b) Zeros: 0, 4 /
-6 /\ 6
© 1y -1 |o|1|2 |3]4]5 /
h(x) —2—35 013 % 910 % a2
(d " Zeros: 0 of multiplicity 1; 4 of multiplicity 1; and —4 of

multiplicity 1

86.

-6
83. g(r) = —1(c - 2)°(t + 2’
Zeros: —2+/2 and 2+/2 of multiplicity 1; 0 of

(a) Falls to the left; falls to the right multiplicity 2

(b) Zeros: 2,-2
(c)

g(x) = Hx +1)°(x - 3)(2x - 9)

14

i

-6

t -3 2| -1 0 |1 213 87.
_25

0Q
—_
~
~
=3
S
|
ENJIN=)
|
N
|
ENJIN=)
S
£

Zeros: —1 of multiplicity 2; 3 of multiplicity 1; % of

multiplicity 1

h(x) = L(x + 2)°(3x - 5)°

88. 3
21
2 3
84. g(x) = %(x +1)7(x - 3)
(a) Falls to the left; rises to the right b »
(b) Zeros: —1,3 -3
(c) _ _
x 2 o ! 2 4 Zeros: 2,2, both with multiplicity 2

(d)
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89. f(x)=x>-3x"+3

10

LAl

-10

The function has three zeros.
They are in the intervals
[-1,0],[L 2], and [2,3]. They
are x = —0.879,1.347, 2.532.

x |y
-3 | -51
2 | -17
R
0] 3
1 1
2 | -1
2 | 21
3] 3
4 19

90. f(x) = 0.11x* — 2.07x* + 9.81x — 6.88

The function has three zeros. They are in the intervals
[0,1],[6, 7], and [11,12]. They are approximately 0.845,

6.385, and 11.588.

10

— 7,4 3 _
o1. g(x) =3x"+4x -3

The function has two zeros.
They are in the intervals
[-2,-1] and [0, 1]. They
are x = —1.585,0.779.

X y X y
0 —-6.88 7 -191
1 0.97 8 -4.56
2 5.34 9 —-6.07
3 6.89 10 -5.78
4 6.28 11 3.03
5 4.17 12 2.84
6 1.12

509

132

77

348

92. h(x) = x* —10x* +3 x |y
-4 1 99
The function has four zeros. 3 =
They are in the intervals
[-4,-3],[-1 0], [0, 1], and [3,4] | =2 | 21
They are approximately +3.113 -1 -6
and +0.556. 0 3
10 1 _6
i L.
2 21
VAV, B
4 99
-30
93. (a) Volume =17 -w-h
height = x
length = width = 36 — 2x
So, V(x) = (36 — 2x)(36 — 2x)(x) = x(36 — 2x)’.

(b) Domain: 0 < x < 18

The length and width must be positive.

© Box Box
Height Width

Box
Volume, V'

1 36 - 2(1)

136 - 2(1)] = 1156

2 36 —2(2

2[36 - 2(2)]" = 2048

3[36 - 2(3)]" = 2700

)
3| 36-203)
)

5 36 — 2(5

3380

5[36 - 2(5)]

3456

:|2

6[36 — 2(6

(
(
(
4 | 36-24
(5)
6 | 36-2(6)
(7)

7 36 — 2(7

(
(
4[36 - 2(4)] = 3136
(
(
(

)
7[36 - 2(7)]" = 3388

The volume is a maximum of 3456 cubic inches

when the height is 6 inches and the length and width

are each 24 inches. So the dimensions are

6 X 24 x 24 inches.
(d) 3600

0

The maximum point on the graph occurs at x = 6.

This agrees with the maximum found in part (c).
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94. (a) Volume = /- w-h = (24 — 2x)(24 — 4x)x
2(12 = x) - 4(6 — x)x
8x(12 - x)(6 - x)

b)) x>0, 12—-x>0,

x <12

6—-—x>0

x <6

Domain: 0 < x < 6

©

4
t
1 2 3 4 5 6

x = 2.5 corresponds to a maximum of 665 cubic
inches.

95. (a) "

3 16
0

Using trace and zoom features, the relative

(444,151260)

(11.97, 189.37).

maximum is approximately

relative minimum is approximately
3,4.44
G, )and

4.44, 11.
and decreasing on (444, 11.97) .

(b) The revenue is increasing on
(11.97, 16)

(c) Answers will vary. Sample answer: The revenue for
the software company was increasing from 2003 to
midway through 2004 when it reached a maximum
of approximately $1.5 trillion. Then from 2004 to
2012 the revenue was decreasing. It decreased to
$189 million. From 2012 to 2016 the revenue has
been increasing.

9. (a) '

b . . . . . . .16
120

Using trace and zoom features, the relative
maximum is approximately (11.85, 136.84) and the

relative minimum is approximately (8.60, 125.93)

and (14.55, 130.16).

(b) The revenue is increasing on (8.60, 11.85) and
(14.55, 16) and decreasing on (7, 8.60) and
(11.85, 14.55).

97. R

98.

99.

100.

101.

102.

(c) Answers will vary. Sample answer: The revenue for
the construction company was decreasing from 2007
to midway through 2008 when it reached a
minimum of approximately $125 million. Then from
2008 to late 2011 the revenue was increasing to a
maximum of $137 million. The revenue once again
was decreasing from 2012 to 2015. The lower
revenue was about $130 million. Since 2015 to
2016, revenue has been increasing.

B (—x3 +600x2)
100,000

The point of diminishing returns (where the graph
changes from curving upward to curving downward)
occurs when x = 200. The point is (200, 160) which

corresponds to spending $2,000,000 on advertising to
obtain a revenue of $160 million.

G = -0.003£* + 0.137¢* + 0.458t — 0.839,2 < ¢ < 34
(a) 60

-10 \\' 45

-5

(b) The tree is growing most rapidly at ¢ = 15.

(¢) y = —0.009¢2 + 0.274¢ + 0.458

_i - M ~ 15.222
2a 2(—0.009)
y(15.222) = 2.543

Vertex = (15.22, 2.54)

(d) The x-value of the vertex in part (c) is approximately
equal to the value found in part (b).

True. A polynomial function only falls to the right when
the leading coefficient is negative.

False. A fifth-degree polynomial can have at most four
turning points.

False. The range of an even function cannot be (—oo, o).

An even function’s graph will fall to the left and right or
rise to the left and right.
=2

False. ! has at least one real zero between * and

x = 6.
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103. Answers will vary. Sample answers:

a, <0

a, >0

¥ y

104. Answers will vary. Sample answers:
as <0 as >0
10
-6 -4 T 7
105. f(x) = x*; f(x) is even. ]
@ g(x) = f(x) +2 |
Vertical shift two units upward
g(=x) = f(=x) + 2
=f (x) + 2
= g(x)
Even
) g(x) = f(x+2) ©
Horizontal shift two units to the left
Neither odd nor even
@ g(x) =—f(x) = =* (e)
Reflection in the x-axis
Even
6 gx) = %f(x) = %x“ (g
Vertical shrink
Even
4
) g(x) = (f ° )x) = F(f() = f() = (') = x*
Even
106. (a) Degree: 3

Leading coefficient: Positive
(b) Degree: 2

Leading coefficient: Positive

g(x) = f(=x) = (=)' = &'

Reflection in the y-axis. The graph looks the same.
Even

o) = /(3) = o

Horizontal stretch
Even

g(x) — f(x3/4) — (x3/4)

Neither odd nor even

4 3
=x,x20

(c) Degree: 4
Leading coefficient: Positive
(d) Degree: 5

Leading coefficient: Positive
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107. - (b) Ttis possible for g(x) = a(x - h)5 + k to be
© » l\i © strictly increasing if a > 0 and strictly decreasing if
{_/ \ a < 0.
(c) fcannot be written in the form

-10
5
ylz—%(x—2)+1.d ) q
(@) 1S decreasing an increasing or strictly decreasing.
yzzg(x+2)5—3 5

is increasing. J

f(x) = a(x - h)5 + k because fis not strictly

Section 2.3 Polynomial and Synthetic Division

1. f(x) is the dividend; d(x) is the divisor; ¢(x) is the 7.y = X oad b= x—2+ 4
quotient; #(x) is the remainder x+2 x+2
x =2
2. proper x+2)x> +0x +0
2
3. improper x” + 2x
prop —2x+0
4. synthetic division L—i
5. Factor 2
So, T o x-2+4 4 and y; = y,.
6. Remainder x+2 x+2
¥ = 3x% + 4x -1 ) 67
8. yy =22 T andy, = x? — 6x + 22 —
x+3 x+3
x> —6x + 22
x+3> X = 3x2 +4x -1
- (x3 + 3x2)
—6x2 + 4x -1
—6x> —18x
22x — 1
22x + 66
- 67
3 a2 _
So,w=x2—6x+22— and y; = y,.

x+3 x+3
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X2 +2x -1 2 x> — 3x+1
9. = ——m=x-1+
x+3 x+3 13. 4x + 5)4x> = 7x* = 1lx + 5
3 4x3 + 5x2
() and (b) |I —122% — 1x
-9 9
- —12x% — 15x
4x + 5
A 4x + 5
oy 0
3 4.2
v -1 4x” - Tx 11x+5=x2—3x+1,x¢—§
C) x + xX° + 2x —
x2 + 3x 5
—x -1 2x° — 4x + 3
-x -3 14. 3x—2)6x3—16x2+17x—6
2
6x° — 4x°
S x2+2x—1_x_1+ 2 and = 2
T x+3 Y +3 = —12x* + 17x
—12x* + 8x
e -1 1
0. yy=—F—— 3 =x" - 5— 9x — 6
N X2 +1 2 X2 +1 *
I9x — 6
(a) and (b) o 0
3 2 _
6x” —16x° + 17x 6=2x2—4x+3,x¢2
6 6 3x -2 3
2 x4 3x2 -1
x? 15.x+2>x4+5x3+6x2—x—2
() x2+0x+l>x4+0x3+x2+0x—1 ¥t 4+ 2%
x4 02 + X° 3x% + 6x?
-1 3x° + 6x°
-x -2
e xt -1 x
So, —— =~ =42 - and ¥, = y,. —x =2
x* +1 X +1 = 0
4 3 2
et 4 X"+ 5x° + 6x b 2=x3+3x2—1,x¢—2

1. x +3)2x% + 10x + 12 x+2

22 + 6x x2+ 7Tx +18
4x + 12 _ 3 2 _
s 16. x 3)x +4x2 — 3x-12
0 X — 3x?
7x? - 3x
2
2x +10x+12:2x+4,x¢3 7x% — 21x
x+3 18x — 12
18x — 54
S5x+ 3 42
12. x — 4)5x% — 17x — 12 Borad-3x-12
5x2 — 20x 3 =x"+T7x+18 + 3
3x - 12 T T
3x =12
— 6
17. x +1)6x + 5
5x2 — 17x — 12
= 5x+3,x %4 6x + 6
x -4 -1

6x+5_6 1

x +1 x+1
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20.

21.

22.

23.

24.

Section 2.3 Polynomial and Synthetic Division 149

3x+2v—f
9x + 6
-10
0x =4 _, 10
3x + 2 3x + 2

X

x4+0x3+0x2+0x—1>x5+0x4+0x3+0x2+0x+7

x4+ 0x* + 0x® + 0x> — x

x+7
S+ 7 x+7
4_1_x+ 4_1
2x — 8
X2+ 0x +1)2x° —8x* +3x -9
2x + 0x? + 2x
x>+ x -9
—8x*> — O0x — 8
x =1
3 g2 _ _
2x 8x° + 3x 9=2x_8+x 1
X2 +1 X2 +1
x>+ 6x+ 9
xz—x—3>x4+5x3+0x2—20x—16
xt— X3 =342
6x° + 3x* — 20x
6x° — 6x% — 18x
9x? — 2x - 16
9x? — 9x — 27
Tx + 11
4 3 _
X +52x 20x 16=x2+6x+9+ 27x+11
x*—x-=3 xt—=—x-3
x+3
¥ =3x2 +3x —1)x* +0x> + 0x> + Ox + O

xt =33 +3x% - «x
33 =32 + x40
3x* —9x> + 9x - 3
6x> —8x + 3

x* 6x? —8x +3
=x+3+ ——

(x =1y (x =1y

2x

X2 = 2x +1)2x° —4x* —15x + 5
2x% — 4x* + 2x

-17x + 5

17x = 5

2)63—4)62—15)c+5_2
¥ - 2x +1

(-1’

X

19. X2 +0x +1)x> + 0x2 +0x -9
X +0x*+ x

-x -9
x3—9_ x+9
x2+1_x_x2+1

25. 412 -10 14 24

2x3 — 10x% + 14x — 24 _

x—4
26. 3|5 18 7 -6
-15 -9
5 3 =2

56> + 18x2 + Tx — 6
x+3

27. 316 7 -1 26

18 75 222
6 25 74 248

6x° + 7x* — x + 26
x -3

28. 402 12 14 -3

-8 -16 8

2x% +12x% + 14x - 3
x+4

9. _,

4x3+8x2—9x—18_
x+ 2

= 6x* + 25x + 74 +

=2x* +4x -2+

4x* —9,x # =2

232 = 2x + 6,x = 4

=5x2 +3x-2,x # -3

248

x -3

5

x+4
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30 219 —-18 -16 32 32. 6|3 -16 0 -72
18 0 =32 18 12 72
9 0 -16 0 3 2 12 0
3 _ 2 _
9x” — 18x l6x + 32 —0x® — 16, x £ 2 3P - 1622 — 7
x =2 T T =3 4+ 2x+12,x %6
x—6
31.
-10]-1 o0 75 =250
B4 1 -3 5
10 -100 250
4 16
-1 10 =25 0
. 1 21
X AT =250 2y j0x - 25.x # —10
x + 10 ¥ -3x2+5 2 21
—— =Xx"+x+ 4+
x—4 x—4
4. 2| s 0 6 8
-10 20 =52
5 —10 26 —44
3
w=5x2_10x+26_ 44
x+ 2 x+ 2
35. 6]10 =50 0 0 —800
60 60 360 2160
10 10 60 360 1360
4 _ 3 _
10x7 = 50x” =800 _ 15,5 4 10x2 + 60x + 360 + =00
x =6 x—=06
36. 3| 1 -13 0 0 -120 80
-3 48 —144 432 936
1 -16 48 -—144 312 -856
5 _ 4 _
oD 2100 4 80 _ w6 4 g8 — 14dx + 312 - 20
x+3 x+3
37. -8 |1 0 0 512 39. 2|3 o0 0 0 0
-8 64 -512 -6 =12 =24 —48
1 -8 64 0 -3 -6 -12 24 —48
_ 4
X+ 512 3 3¢ —6x? —12x - 24— 8
=x> —8x + 64, x # -8 x -2 x =2
x + 8
38 40. 2| -2 o 0 0 0 0
gyt 0 4 -8 16 -32 64
81 729 2 4 -8 16 -32 64
1 9 81 0 X
x> =729 2 2x* +4x3 — 8x% + 16x — 32 + 64
79=x2+9x+81,x¢9 x+2 X+ 2
Y
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Section 2.3 Polynomial and Synthetic Division

3¢ -4 +5 ., 1 3. 49

=30+ x4+ 48. =10x° - 22x* = 3x + 4,k =+
L3 27 4 8x-12 8. f(x) = 10x mox Ak =g
2
T 10 2 3 4
,
2 4 -3
0o —20 -7 2

f(x) = (x - 3)(10x* - 20x - 7) + 2

7(8) = 100 - 28)" -3 + 4 = 4

9w

f(x) = -4 +6x> + 12x + 4,k = 1-/3

1-/3

-4 6 12 4
“4+43  -10+23 4
-4 2443 2+ 23 0

f)=(r-1+ \/5)[—4;8 2+ 4B+ (24 2\/5)}
f(l—\/E)=—4(1—\/§)3+6(1—\/§)2+12(1—\/§)+4=0

151

6|-1 0o o0 180 0 4s, S =2 =2 =10+ Tk =3
-6 -36 -216 -216 "3l 41 —10 7
-1 -6 =36 -36 =216 3 6 —12
. 1 2 -4 -5
180)‘76)‘ = —x3 — 6x? — 36x — 36 — 2166
* * f(x) =(x - 3)()62 + 2x — 4) -5
-1y-1 2z 3 5 f(3) =3 -3-103)+7 = -5
1 -3 6
-1 3 -6 11 46. f(x) = x —4x* —10x + 8,k = -2
— 2 _ 3 — _ _
5 —3x + 2x X 23— 64 11 2 |1 4 10 8
x +1 x+1 -2 12 -4
1 -6 2 4
—% 4 16 -23 -I5
2 7 15 f(x) = (x+2)()c2 —6x+2)+4
4 14 30 0 f(=2) = (<2)° = 4(-2)* —10(-2) + 8 = 4
2
4x +16x ‘123" =1 4 b 14x - 30, % b 47, f(x) = 155" +102° — 6x> + 14,k = -2
X+ = 2
2 2015 10 -6 0 14
3 10 0 4 _s
13 -4 0 5 >
2 5 0 -6 4 ¥
2 3 9
12 : 4§ f(x) = (x %)(ISx - 6x + ) ?4
3 — — -
2 4 8 f(-2) = 15(—%) + 10(—7) (- %) +14 = 2
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50. f(x) = —3x° + 8x> + 10x — 8,k =2 + /2

2++2 | =3 8 10 -8
6-3/2 -2-4J2 8
3 2-3U2 8-4J2 0

F(@) = (v =2 =N2)[ 3¢ + (2= 3V2)x + 8 - 4/2]
f(2+\/5)=—3(2+\/5)3+8(2+\/§)2+10(2+\/5)—8=o

51. f(x) = 2% —Tx +3

(a) Using the Remainder Theorem: (b) Using the Remainder Theorem:
F) = 201) = 7(1) + 3 = =2 f(=2) =2(=2) = 7(=2)+3 =1
Using synthetic division: Using synthetic division:

{2 0 -7 3 212 0o -7 3
2 2 -5 -4 8 2
2 2 -5 2 2 -4 1 1
Verify using long division: Verify using long division:
2x* +2x =5 2% —4x +1
x —1)2x7 + 0x? = 7x + 3 x+2)2x° +0x —7x+3
2x% — 2x? 2x3 + 4x?
2x% — Tx —4x? - Tx
2x% — 2x —4x? — 8x
-5x+3 X +3
—5x+5 X+ 2
-2 1
(c) Using the Remainder Theorem: (d) Using the Remainder Theorem:
7(3) =23 - 7(3) +3 = 36 ) =202y -72) +3=5
Using synthetic division:
Using synthetic division: 212 o =7 3
312 0 -7 3 4 8 2
6 18 33 2 4 1 5

2 6 11 36
Verify using long division:

Verify using long division: 2x% + 4x + 1
2 4 6 411 x = 2)20¢ + 0 = 7x +3
3442
x—3>2x3+ 0x* — 7x+ 3 2)674)2
23— 6y 4x° = Tx
4x* — 8x
6x> — Tx+ 3 x+3
6x* — 18x x=2
llx + 3 5
11x — 33
36
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52. g(x) =2x" +3x* = x* +3
(a) Using the Remainder Theorem:
2(2) = 2(2)° +3(2)" - (2 +3 =175

Using synthetic division:

212 0 3 0 -1 0 3
4 8 22 44 86 172
2 4 11 22 43 86 175

Verify using long division:

2x° + 4x* + 11x° + 22x% + 43x + 86
x=212x° +0xX° +3x* + 0= X2+ Ox+ 3

2x8 — 4x°
4x° + 3x*
4x° — 8x*
1x* + 0x°
11x* — 224°
225 = x?
22x3 — 44x2
43x2 + Ox
43x% — 86x
86x + 3
86x — 172

175

(c) Using the Remainder Theorem:
2(3) = 2(3)° +3(3)" - (3)" +3 = 1695

Using synthetic division:

153

(b) Using the Remainder Theorem:
g(l) =201)° +30)" = (1)’ +3 =7
Using synthetic division:
12 0 3 0

2 2 5 5
2 2 5 5 4

-1

N | bW

0
4
4

Verify using long division:

20° +2x* 5% + 52 +4x + 4

x—=1)2x% +0x° +3x* + 0x> — X2 4+ 0x + 3
2x% — 2x°
2x° + 3x*
2% — 2x*
5x* + 0x3
5x* — 5%°
563 — X2
5x° — 5x2
4x + Ox
4x? — 4x
4x + 3
4x — 4
T

(d) Using the Remainder Theorem:
g(-1) = 2(=1)° + 3(-1)* = (1)’ +3 =7

Using synthetic division:

312 0 3 0 -1 0 3 -11]2 0 3 0 -1 0 3
6 18 63 189 564 1692 -2 2 =5 5 -4 4
2 6 21 63 188 564 1695 2 -2 5 -5 4 -4 7
Verify using long division: Verify using long division:
2x° + 6x* + 21x° + 63x2 +188x + 564 255 — 2%% + 5% —5x2 + 4x — 4
x=3)2x +0x° + 3x*+ 0X* - X+ Ox+ 3 x4+ 1)2x% + 0x® +3x* + 0x* — x* + 0x + 3
2x% — 6x° 2x8 + 2%°
6x° + 3x* -2x° + 3x*
6x* — 18x* —2x° — 2x*
21x* + 0x° 5x% + 0x3
21x* — 63x° 5x + 5x°
63x3 — x2 —5x° - x?
63x° — 189x° =5x° — 5x?
188x% + Ox 4x* + Ox
188x> — 564x 4x* + 4x
564x + 3 —4x + 3
564x — 1692 —4x — 4
1695 7
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53. h(x) =x—5x2-7x+4

(a) Using the Remainder Theorem: (b) Using the Remainder Theorem:

h(3) = (3’ - 5(3)° - 7(3) + 4 = 35 ML) = () = 502) - 7(2) + 4 = —g
Using synthetic division: Using synthetic division:
311 -5 -7 4 R I 7 4
3 -6 -39 . T 3
1 -2 -13 =35 2 4 8
9 37 S
L= =5 =%
Verify using long division: Verify using long division:
2
¥ —2x - 13 s
x—3>x3—5x2—7x+4 x—%)x3—5x2—7x+4
3 q,2 3 _ 1,2
x’ —3x X = ox
—2x% = Tx —%xz -T7x+ 4
-2x% + 6x 92 4 9y
-13x + 4 2 4
—13x + 39 —lx+ 4
=35 Sy 3
-3
8
(c) Using the Remainder Theorem: (d) Using the Remainder Theorem:

h(=2) = (-2)" = 5(-2)* = 7(-2) + 4 = 10 h(=5) = (-5)" = 5(=5)" = 7(-5) + 4 = 211

Using synthetic division:

211 =5 -7

N

Verify using long division:

Using synthetic division:
5|1 -5 -7 4
-5 50 =215
1 -10 43 -211

Verify using long division:

x = Tx+ 7 x2 —10x + 43
x+2)x*—5x2 - Ix+ 4 x+5)x=5x> - Ix+ 4
x>+ 2x? X3+ 5x2
~7x* — Tx —-10x* — 7x
—7x* — 14x —-10x* — 50x
Tx + 4 43x + 4
Tx + 14 43x + 215
-10 211
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54. f(x) = 4x* —16x° + 7x* + 20
(a) Using the Remainder Theorem:
() = 4()" —161)° + 7(1) + 20 = 15
Using synthetic division:
114 -16 7 0 20
4 -12 -5 -5
4 =12 -5 -5 15

Verify using long division:
4x3 —12x> = 5x - 5
X - 1)4x4 —16x* + 7x% + Ox + 20
4x* — 453
—12x° + 7x?
—12x° + 1242
—5x% + Ox
—5x% + 5x
—S5x + 20
—Sx+ 5
15

(c) Using the Remainder Theorem:
£(5) = 45" —16(5)" + 7(5)* + 20 = 695
Using synthetic division:
514 -16 7 0 20
20 20 135 675
4 4 27 135 695

Verify using long division:
4x* + 4x* + 27x + 135
x —5)dx* —16x* + Tx*+ Ox+ 20

4x* — 20x°
453 + Tx?
4x3 — 20x?
27x* + Ox
27x> — 135x
135x + 20
135x — 675

695

5. -3 |1 6 11 6

x3+6x2+11x+6=(x+3)(x2+3x+2)
= (x + 3)(x + 2)(x + 1)
Zeros: —3,-2, -1
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(b) Using the Remainder Theorem:
f(-2) = 4(-2)" —16(=2)" + 7(-2)* + 20 = 240
Using synthetic division:
214 -16 7 0 20
-8 48 -—-110 220
4 -24 55 -—110 240

Verify using long division:
4x® — 24x*> + 55x - 110
x+2)4x* —16x° + Tx2+ Ox + 20

45 + 8x°
—24x3 + 7x?
—24x% — 48x?
55x% +  Ox
55x% + 110x
—110x + 20
—110x — 220

240

(d) Using the Remainder Theorem:

£(=10) = 4(=10)" = 16(~10)" + 7(~10)* + 20 = 56,720

Using synthetic division:
-10 | 4 -16 7 0 20
—-40 560 5670 56,700
4 =56 567 -5670 56,720

Verify using long division:
4x> — 56x2 + 567x — 5670
x +10)4x* —16x° +  Tx* + Ox + 20

4x* + 40x°
—56x° +  7x?
—56x> — 560x2
567x% + 0x
567x% + 5670x
—-5670x + 20
-5670x — 56,700

56,720

56. -6 |1 0 =52 -96
-6 36 96
1 -6 -l16 0

x* = 52x — 96 = (x + 6)(x* — 6x — 16)
= (x + 6)(x - 8)(x + 2)
Zeros: —6,8, -2
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57. 2 s o271 -0 61. 14+./3 |1 -3 0 2
1 -7 10 1+ \/5 1- \/5 -2
2 14 20 0 1 2+3 1-3 0
3 2 _ 1)(5,2
2x° —15x% +27x — 10 = (x — 3)(2¢% - 14x + 20) -1 2+0 -3
= (2x = 1)(x = 2)(x - 5) 1-3 -1+/3
Zeros: %, 2,5 1 -1 0
¥ -3xr+2 = [x—(l-k\/gﬂ[x—(l—\/gﬂ(x—l)
B 24 80 41 -6
3 3 6 =(x—1)(x—l—\/§)(x—l+\/§)
48 48 9 0 Zeros: 1,1 — \/5,1 +/3
48x% — 80x” + 41x — 6 = (x — 2)(48x? — 48x + 9
(v =3 ) 62. 2_./5 |1 -1 -13 -3
- 2
= (¥ = 3)(4x - 3)(12x - 3) 2-5  7-3/5 3
= (3x — 2)(4x - 3)(4x - 1) 1 1-5 —6-3J/5 0
Zeros: %,%,% 2++/5 |1 1-/5 -6-3J5
2++5  6+31/5
59. /3|1 2 -3 -6
1 3 0
V33423 6
1 2+-/3 23 0 x3—xz—l3x—3=(x—2+\/§)(x—2—\/§)(x+3)
1 243 23 Zeros: 2 — /5,2 + /5,3
-3 -24/3
) 5 \/—O 63. f(x) = 2x’ + x> = 5x + 2; Factors: (x + 2), (x — 1)
x3+2x2—3x—6=(x—\/§)(x+\/§)(x+2) @ 2|2 b3 2
4 6 -2
Zeros: —~/3,~/3, -2 2 3 1 0
60. /72 |1 2 2 4 112 3 1
V22242 4 2 -1
1 2++/2 220 2 -1 0
Both are factors of f(x) because the remainders
-~/ 2 1 2+2 22
V2 £ 2://_; are zero.
" — 5 - 5 (b) The remaining factor of f(x) is (2x — 1).
= (2x - D)(x + 2)(x — 1
¥ +2x2 - 2x -4 = (x - \/E)(x + 2)(x + \/5) © Sx) = 2x = Dx+2x - 1)
(d) Zeros: %,—2,1
Zeros: —2, —\/5, J2 ,
(e
-6 l-[\u 6
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64. f(x) =3x —x? —8x - 4
Factors: (x + 1), (x — 2)
@ -1

Both are factors of f(x) because the remainders are

ZEro.

(b) The remaining factor is (3x + 2).
© f(x) =3 x> —8x -4

= (Bx + 2)(x + )(x - 2)
(d) Zeros: —2,-1,2
@) :
N

-12

65. f(x) = x* — 8x* + 9x% + 38x — 40;
Factors: (x — 5), (x + 2)
(@) 5

1 -8 9 38 —40
5 -15 -30 40
1 -3 -6 8 0
-2 |11 =3 -6 8

Both are factors of f(x) because the remainders are

zero.
(b) x> =5x+4=(x-1)(x—4)
The remaining factors are (x — 1) and (x — 2).
(© f(x)=(x=5)(x+2)(x=-1)(x-4)
(d) Zeros: -2,1,4,5

© A

L

|

-60

Section 2.3 Polynomial and Synthetic Division

66. f(x) = 8x* — 14x* — 71x* — 10x + 24;
Factors: (x + 2), (x — 4)

@ 5|8 —14 —71 -10 24
16 60 22 24
8§ -30 -11 12 0
418 30 -11 12
28 -12

157

Both are factors of f(x) because the remainders

are zZero.

(b) 8x* +2x —3 = (4x + 3)(2x - 1)

The remaining factors are (4x + 3) and (2x — 1).

(© f(x)=(@4x+3)2x - (x + 2)(x — 4)

(d) Zeros: —%, %, -2, 4
40
O — —

-380
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67. f(x) = 6x® + 41x* — 9x — 14
Factors: (2x + 1), (3x — 2)

@ 116 a1 o 14
-3 -19 14
6 38 28 0

216 38 -28

4 28

6 42 0

Both are factors of f(x) because the remainders

are zZero.

68. f(x) =10x* — 11x* — 72x + 45;

Factors: (2x + 5), (5x — 3)

@ 31w -n -2 45
25 90 —45
10 -3 18 0

210 36 18

6 -I18

10 =30 0

Both are factors of f(x) because the

remainders are zero.

(© f(x)=(x-3)2x+5)(5x - 3)

© /\ / |

N

-80
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(b) 6x + 42 = 6(x + 7)

This shows that L}c)
e 2fe-3)
X + X
2 3
Ui =x+7

°x+)Bx-2)
The remaining factor is (x + 7).
(© f(x)=(x+7)(2x+1)(3x-2)

12
d) Zeros: -7, ——, —
(d) )

320

©

~40

(b) 10x — 30 = 10(x - 3)

This shows that ——<——
is shows a[ Sj[x 3)

0 —f(x) =x-3
(2x + 5)(5x - 3) '

The remaining factor is (x — 3).

(d) Zeros: 3, —

>

|\
W | W

=6(x +7),



69. f(x) = 2x* — x* —10x + 5;
Factors: (2x — 1), (x + \/g)

@ 11y 4 0 s
1 0 -5
2 0 -10 0
5 |2 0 -10
25 10
2 /5 0
Both are factors of f(x) because the remainders
are zero.
(b) 2x — 24/5 = 2(x -/5)
This shows that Lx) = Z(x - \/g),
(x —l](x + \/g)
2
s0 G =x-/5.

(2x - 1)(x + \/g)
The remaining factor is (x -5 ) .
(© f(x)= (x + \/g)(x - \/g)(Zx -1)
(d) Zeros: -5, \/_,%

14

N

TN

-6

(e)

70. f(x) = x* + 3x? — 48x — 144;
Factors: (x + 4\/5), (x +3)

(@ 3|1 3 -48 -144
-3 0 144

1 0 —48 0

-4J3 |1 0 48
43 48

1 —4/3 0

Both are factors of f(x) because the remainders
are zero.

(b) The remaining factor is (x - 43 ) .

(© f(x)= (x - 4\/5)(x + 4\/5)()5 +3)

Section 2.3 Polynomial and Synthetic Division

71.

72.

73.

159

(d) Zeros: i4\/§, -3

© = J

-8 f{ 8

—-240

f(x)=x=2x* =5x+ 10
(a) The zeros of fare x = 2 and x = 12.236.
(b) Anexactzerois x = 2.

© 211 =2 -5 10

= (x - 2)(x - \/g)(x + \/E)

g()c)=x3+3x2 -2x -6
(a) The zerosofgare x = =3,x = —1.414, x = 1.414.
(b) x = -3 is an exact zero.

© -3 1|1 3 2 -6

-3 0 6
1 0o -2
g(x) = (x +3)(x* - 2)
= (x + 3)(x - ﬁ)(x + 2)

h(t) =1 =262 =7t + 2
(a) The zerosof hare t = —2,¢t = 3.732,t = 0.268.

(b) An exact zeroist = —2.
© 2|1 -2 -7 2
-2 8 2

1 -4 1 0
h(t) = (¢t +2)(£* — 4 + 1)

By the Quadratic Formula, the zeros of 1* — 4t + 1
are 2 + \/3 Thus,

h(t) = (t + 2)[r - (2+ ﬁ)}[z -(2- \/5)}
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74. f(s) = s* — 1257 + 40s — 24 gq. X F X7 - 64x - 64
) +8
(a) The zeros of fare s = 6,5 = 0.764, s = 5.236 *
. -8 |1 1 -64 —64
(b) s = 6 is an exact zero.
-8 56 64
() — _
6|1 12 40 24 T < 0
6 -36 24 , ,
1 =6 4 0 A Sl 02 Sl R R
x + 8
f(s) = (s - 6)(52 - 6s + 4)
78 4 — 8x* + x + 3
3
75. h(x) = x° = 7x* +10x° + 14x> — 24x 5 4 -8 1 3
(a) The zeros of hare x = 0,x = 3,x = 4, 6 -3 3
x = 1.414,x = —1.414. 4 2 =2 0

(b) Anexactzerois x = 4. 4x3 — 8y?
- +x+3
A T o4 -2 -2 =202 —x - )

© 41 -7 10 14 -24 L3
4 -12 -8 24 2
3 Q.2
-3 -2 6 0 So,4x 8x +x+3=2x2—x—1,x¢§.
2x -3 2
h(x) = (x - 4)(x4 -3 —2x* + 6x)
4 3 2 4 3 2
=x(x—4)(x—3)(x+\/§)(x—\/§) 79, X +62x + 11x +6x=x + 6x° + 11x* + 6x
x* +3x+2 (x + )(x + 2)
76. g(x) = 6x* — 11x* = 51x* + 99x — 27 -1 1 6 11 6 0
(a) The zerosofaare x = 3, x = -3, x = 1.5, -1 -5 -6
x = 0.333. 5 6 0

(b) Anexact zerois x = —3. 211 5 6 0
© 3|6 -11 -51 99 27

-18 87 -108 27
6 -29 36 -9 0

xt+6x° + 11x% + 6x )
a(x) = (x + 3)(6x3 —29x% + 36x — 9) = x> +3x,x # 2,1

(x + )(x + 2)
= (x + 3)(x = 3)(2x - 3)(3x - 1)

80 x4+9x3—5x2—36x+4_x4+9x3—5x2—36x+4

x> —4 (x+2)(x—2)
211 -5 =36 4
2 22 34 4
1 11 17 -2 0
=211 11 17 =2
-2 -18
1 9 -1
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81. (a) 3,200,000

(b) Using the trace and zoom features, when x = 25, an

advertising expense of about $250,000 would produce
the same profit of $2,174,375.

0 45

—400,000
(c) x =25
25 -152 7545 0 -169,625
~3800 93,625 2,340,625
-152 3745 93,625 2,171,000
So, an advertising expense of $250,000 yields a profit of $2,171,000, which is close to $2,174,375.

82. (a) and (b)

3000

ek . . . v ® |14
750

N = 2.6439¢* — 119.788¢> + 2044.33t> — 15,679.5¢ + 46,391
The data fits the model well.

©
t 7 8 9 10 11 12 13 | 14

Nuodar | 2567 | 1790 | 1387 | 1180 | 1052 | 951 887 | 926

Naewa | 2576 | 1746 | 1466 | 1163 | 938 1113 | 801 | 957

The estimated values are close to the original data values.

(d 14 | 2.6439 -119.788 2044.33 -15,679.5 46,891
37.0146 —1158.8276  12,397.0336 —45,954.5296
2.6439  —82.7734 885.5024  —3282.4664 936.4704

Because the remainder is 7 = 936, you can conclude that N(14) = 936. This confirms the estimated value.

. 4. 3 _q.2
83. False. If (7x + 4) is a factor of f, then —= isa zero 86. False. The equation > 344 24 yais
of f x+1
not true for x = —1 since this value would result in
84. True. division by zero in the original equation. So, the equation
1 . x* - 3x? + 4 2
516 1 —92 45 184 4 48 should be written as B — =x" —4x+ 4
3 2 45 0 92 48 M
6 4 -9 0 184 96 0

f(x) = (2x - 1)(x + 1)(x - 2)(x - 3)(3x + 2)(x + 4)

85. True. The degree of the numerator is greater than the
degree of the denominator.
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X"+ 6x"+ 9

87.

X"+ 3)x + 9x2" + 27x"

+ 27

X"+ 3x*"
6x2n
6x2n

+ 27x"

+ 18x"

X 4+ 9x? 4 27x"

9x" + 27
9x" + 27
0

+27

X"+ 6x" + 9, x" = -3

x" +3
X" — X" +3
88. x" — 2)x"" — 3x%" + 5x" — 6
x3n _ 2x2n
_x2n + an
_x2n + zxn
3x" -6
3x" -6
0
3n 2n n
x> =3x" +5x" -6
r— = xM - x" +3,x" #2
X" =

89. To divide x> + 3x — 5by x + 1 using synthetic

division, the value of kis £ = —1not k = 1as shown.
-1 11 3 =5
-1 -2
1 2 (<7; ¢« Remainder: -7

Section 2.4 Complex Numbers

6. complex conjugates
7. a+bi =9 +8i
a=9
b=38
8. a+bi =10-5i
a =10
b =-5

. real
. imaginary

. pure imaginary

. \/—71;—1

. principal square

90. (a) An advertising expense of $200,000 when x = 20,
also appears to yield a profit of about $936,660.

92.

93.

10.

11.

12.

13.

14.

15

(b) Evaluate / at x = 20.

20 | -140.75 53483 0  -76,560
~28.15 50,666 1,013,320
~140.75 25333 50,666 936,760

P(20) = 936,760

So, an advertising expense of $20,000 will yield a

profit of $936,760.
511 4 3 c
5 45 210
1 9 42 ¢+ 210
To divide evenly, ¢ + 210 must equal zero. So, ¢ must
equal -210.
2|1 o 0 -2 1 c
-2 4 -8 20 —42
1 -2 4 -10 21 c¢-42

To divide evenly, ¢ — 42 must equal zero. So, ¢ must

equal 42.

then f(4) = 0.

f(4) = (4 - k(4)* + 2k(4) - 8

0=64—-16k + 8k — 8
-56 = -8k
7=k

(@a-2)+(b+1)i=6+5
a-2=6=a=38
b+1=5=b=4

(@a+2)+(b-3)i=4+T7i
a+2=4=>a=2
b-3=7T=5b=10

2+ J-25 =2+5i
4+ /-49 =4+ 7i
1-J-12 =1-23i
2-/-18 =2-3J2i
J-40 = 23/1010

If x — 4 isafactorof f(x) = x* — kx* + 2kx — 8,
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16.

17.

18.

19.

20.

27.

28.

29.

30.

31.

32.

33.

34.

35s.

36.

37.

J-27 =33
23

50

—6i +i* = —6i + (-1)
-1-6i

—2i% + 4

=2(-1) + 4i
=2+4i

21.

22

23.

24

25

26

Section 2.4 Complex Numbers 163

—0.04 =~/0.04 i
= 0.2i
. /-0.0025 = /0.0025 i
= 0.05i
5+i)+(2+3)=5+i+2+3i
=7+ 4i

(13 -2+ (-5 +6i) =8+ 4i
LO-i)-8-i)=1
. (342 = (6+13) =3+2i—6-13i

-3 -1l

(-2 +/-8) + (5 = \/=50) = =2+ 2/2i + 5 - 5/2i = 3-3J/2

(8 + </=18) — (4 + 33/2i) = 8 + 3321 — 4 - 3/2i = 4

13i — 14 + 7i
—14 + 20i

13i — (14 - 7i)

25 + (=10 + 11i) + 15i = 15 + 26i

(1+i)(3-2i)=3-2i+3i-2"

=3+4+i+2=5+1i

(7 = 2i)(3 = 5i) = 21 — 35i — 6i + 10/
=21-41i - 10
=11-4li

12i(1 — 9i) = 12i — 1082
12i + 108
108 + 12i

—72i — 324?
32 — 72i

-8i(9 + 4i)

(V2 +3i)(V2 - 3i) = 2 - 9

=2+9=11
(4 + V7i)(4 - \7i) = 16 - 71
=16+ 7 = 23

(6 + 7i)’ = 36 + 84i + 49>
36 + 84i — 49
~13 + 84i

38.

39.

40.

41.

42.

43.

(5 — 4i)> = 25 — 40i + 162
=25 - 40i - 16
=9 — 40i
The complex conjugate of 9 + 2i is 9 — 2i.

(9 + 2i)(9 — 2i) = 81 — 4/

=8l+4
=85
The complex conjugate of 8 — 107 is 8 + 10i.
(8 = 10i)(8 + 10i) = 64 — 100
= 64 + 100
= 164
The complex conjugate of —1 — i is =1 + </5i.
(<1 = ~/5i)(-1 + ~/5i) = 1 - 52
=1+5=6

The complex conjugate of —3 + V2iis =3 = </2i.
(-3 + V2i)-3-V2i) =9 -2

=9+2

=11
The complex conjugate of \/—20 = 2350 is —2+/5i .

(2\/31')(—2\/31') = —20i2 = 20
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44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

Chapter 2 Polynomial and Rational Functions

The complex conjugate of /—15 = ~/15i is —~/15i.
(V1si)(-/151) = -15% =15

The complex conjugate of J6 is /6.

(Ve)ve) = 6

The complex conjugate of 1 + V8 s 1+ /8.
(1+B)1+8) =1+2/8+8
9+ 42

2 2 4+
4-5 4-5 4+5i
_2(4+5) 84100 _ 8 10,

16+25 41 41 a1

13 _(1+i)_13+13i_13+13i_13+13.

- = —1
=i (1+4)  1-7 2 2 2
S5+ (5+10) 254100+ 77
5-i (5+1i) 25 - 47
_ 244100 125,
26 13 13
6-T7i 1+2i 6+12i—7i 14
1-2i 1+2i 1 — 4
_ 20450,
5
— 47 7 _0; %)
oM DA g
1 —1 —i
T,
8”6’.ﬁ:16172321:8_4i
2 -2 _4
¥ 3 _ 3 -9+40i
(4-5i) 16— 40i + 25 -9 —40i -9 + 40i
=27+ 1202 —120 - 27
81 + 1600 1681
120 27
1681 1681
Si _ 5i
(2 +3i)  4+12i + 97
_ 5 -5-12i
-5+ 120 —5-12i
_ —25i = 60"
25 — 144i°
_60-25i _ 60 25
169 169 169
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20-1) = 3(1 +19)
(1+4)1-19)
2-2i-3-3i
1+1
-1-5i
2

1+i 1-1i

s

i

1
2

s6. 2L 4 O
240 2-1i

2i(2 — i)+ 5(2 +§)
(2+i)(2-1)
4 — 2i* +10 + 5i
4 -

I
|

+
|

i 2i

N (3 + 8i) + 2i(3 - 2i)
3-2i 3+8

(3 - 2i)(3 + &)
3i + 8% + 6i — 44
9 + 24i — 6i — 16i*
4i + 9
9 + 18 + 16
-4 +9 25-18i
25+ 18i 25 — 18
—100 + 72i + 225 — 162>
625 + 324
62 +297i _ 62 297

= —+ —i
949 949 949

57.

(1+i)(4—-1i)—3i
i(4 - i)

4 — i+ 4i—i*-3i
4i — 2

5 1—4i

1+ 4i 1- 4

5 — 20i

1 —16i2

5 20,

i
17 17

59. \J-6 - -2 = (V6i)(V2i) = V127 = (24/3)(-1)

=23

60. /=5 - /=10 = (V/5i)(/10:)
= /502 = 5\/2(-1) = -5v/2



61.

62.

65.

66.

67.

68.

(V715) = (VIsi) =152 = -1
(\/__75)2 = (\/7_5[)2 = 752 = -75

[+ ) - T0) = 5+ VY7 - Vi)

= 21 - 3J10i + 7~/5i — /504>
= (21+/50) + (7+/5 - 3V10)
= (214 5v2) + (/5 - 3V10)

A
[\ )
I
ﬁ
N
N
]
Il

(2 Va2 - V&)
4 - 23J6i — 2/6i + 6

4 — 23/6i — 23/6i + 6(-1)
4-6—46i

-2 — 4J6i

X =2x+2=0a=1,b=-2,¢c=2

o9 E (-2)° - 4(1)(2)
2(1)
_2+./-4
B 2
242
)
=1+

X +6x+10=0a=1b=6c=10

—6 £ /67 — 4(1)(10)

Section 2.4 Complex Numbers

63. \/?8+\/—_ﬂ)=ﬁi+mi
= 2J2i + 5\/2i
= 7/2i

64. /=45 — /-5 = [45i - [5i
=350 - /50
= 2/5i

69. 4x> +16x +17 = 0;a = 4, b = 16,¢ = 17
—16 + /(16)° — 4(4)(17)

2(4)
_ —16+ /16

X =

70. 9x> —6x +37 =0,a=9,b=—-6,c =37

(-6)° -~ 4(9)37)

6 +36i
18

~ i
3

71. 4x* +16x + 21 = 0;a = 4,b = 16,¢ = 21

-16 £

X =

(16)° -~ 4(4)(2)
2

~16 + /=80
B 8

~16 + /80 i

-

16+ 4/5i0
8

J5

=2+ Y7
2

165
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166 Chapter 2 Polynomial and Rational Functions

72. 16t> -4t +3=0,a=16,b = -4,¢c =3

~(-4) £ (4 - 406)3)

73. %xz —6x+9 =0 Multiply both sides by 2.

3x% —12x + 18

0;a=3b=-12,c =18

—(-12) + /(-12)* - 4(3)(18)

X =

2(3)

RVEINED
- 6
12+ 632

6
=2++/2i

7, 3 5 . .
74. gx - Zx + 16 =0 Multiply both sides by 16.

14x2 —12x +5=0,a =14,b = —-12,¢c = 5

—(-12) + /(-12)* - 4(14)(5)
2(14)
12+ (/-136
B 28

124234

X =

28
34

1
14

+

3w
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75. 1.4x% = 2x + 10 = 0 = 14x> — 20x + 100 = 0;
a=14,b = -20,c = 100

_ —(-20) % J(=20)" = 4(14)(100)
2(14)
20 + /-5200
28

20 £ 20~/13 i
28

20 , 2013

W

—_

ﬁw
o]

76. 4.5x* —=3x+12=0,a = 45,b = =3,c =12

—(-3) + 4/(=3)" - 4(4.5)(12)

2(4.5)
3+ /=207
B 9
34323
B 9
SENRNEE
3 3
77. —6i° + i = —6i% + i°
= —6(-1)i + (-1)
=6i —1
=—-1+6i

78. 4 — 207 = 47 — 2i% = 4(-1) - 2(-1)i = -4 + 2i

79. —14° = —14i%% = —14(-1)(-1)(i) = —14i
80. (i)’ = (<1)(%) = (-)i% = (-1)(-1)i = i

81. (ﬁf = (6\/2')3
= 63(\/5)31'3
= 216(27/2)%
4324/2(-1)i
~432/2i



84.

8s.

86.

87.

88.

89.

90.

91.

92.

Section 2.4 Complex Numbers

(3i)* = 81i* = 817 = 81(-1)(~1) = 81

(=i)° = i = %% = (~1)(-1)(-1) = -1

(@ z =9 +16i,z, = 20 — 10i

o Lol 1 1 20-10i+9+16i _ 29 +6i

= + = =
z oz oz, 94160 20-10i (9 +16])(20 — 10i) 340 + 230i

_ (340 + 2300} 29 — 6i) 11,240 + 4630; _ 11,240 + 46301,
29 + 6i 29 — 6i 877 877 877

@ (-1+ \/Eif (=1)" + 3(=1)°(+/3i) + 3(—1)(\/51')2 + (\/51')3
= -1+ 3/3i - 9% + 337
—1 4+ 330 - 9% + 3/3i%

—1+3/3i +9 - 3/3i

=3

(1) + 3(=1(=/3i) + 3(-1)(~~/31) + (~/3)
—1 = 3/3i = 9% - 3/35

—1 = 3/3i - 9% — 3/3¢%

—1-3/3i +9 + 33
8

() (-1 -3

False.

Sample answer: (1 + i) + (3 + i) = 4 + 2i which is not a real number.

False.
If b=0then a + bi = a — bi = a.

That is, if the complex number is real, the number equals its conjugate.

True.
x*—x>+14 = 56
(—;\/6)4 —(—i\/E)2 +14 = 56
36+6+14 = 56
56 = 56

False.

[ IS0 e 109 el (iz)zz n (i2)75 _ (l-z)37 _ (i2)54i " (l-z)”l-

(2 + (7 = ()7 = ()% )"

1-1+1-i+i=1

167
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168 Chapter 2 Polynomial and Rational Functions

93. i=1i 94. (i) D
i? = -1 (i) F
B o= (iii) B
4= @iv) E
P iti= v 4
=i =-1 v <
ih =i = 95. \/=6./-6 = ~/6i/6i = 6i* = -6
# =it =1
O = = 96. (a) + bi)(a, + byi) = aay + abyi + aybi + bb,i®
J0 A = (ma, — bby) + (aby + ash))i
M= = The complex conjugate of this product is
2= 44t =1 (may — bby) — (b, + axby)i.
The pattern i, —1, —i, 1 repeats. Divide the exponent The product of the complex conjugates is
by 4.
If the remainder is 1, the result is i. (al - bli)(az B bzi) = @y = byl = ahi = by
If the remainder is 2, the result is —1. = (@ay = bby) = (@b, + aby)i.
If the remainder is 3, the result is —i. So, the complex conjugate of the product of two complex

If the remainder is 0. the result is 1 numbers is the product of their complex conjugates.

97. (a, + bi) + (ay + byi) = (& + a3) + (b + by)i
The complex conjugate of this sum is (a; + a,) — (b + b,)i.
The sum of the complex conjugates is (a, — bi) + (a, — byi) = (@) + ay) — (b, + by)i.

So, the complex conjugate of the sum of two complex numbers is the sum of their complex conjugates.
Section 2.5 Zeros of Polynomial Functions

1. Fundamental Theorem of Algebra 10. £ is a 4th degree polynomial function, so there are four

) o Z€ros.
2. Linear Factorization Theorem

. 11. f is a 5th degree polynomial function, so there are five
3. Rational Zero eros

4. 1 jugat . . . .
compiex conugate 12. f is a 6th degree polynomial function, so there are six

5. linear; quadratic; quadratic ZETOS.
6. irreducible; reals 13. f is a 2nd degree polynomial function, so there are two
Zeros.

7. Descartes’s Rule of Signs
14. h(t) = (6 =1 = (¢ + 1)
=P -2+1)-(2+2+1)

8. lower; upper

9. fisa 3rd degree polynomial function, so there are three
Zeros. = —u
h is a 1st degree polynomial function, so there is one

real zero.
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Section 2.5 Zeros of Polynomial Functions 169
15. f(x)=x +2x* —x -2 22. p(x) = x> —19x + 30

Possible rational zeros:
+,+2,+3,+5 +6,£10,+ 15, £ 30

Possible rational zeros: 1, £2

Zeros shown on graph: -2, —1,1, 2

3|1 0 =19 30
9 30

16. f(x) = x* —4x* — 4x + 16 3
Possible rational zeros: *1, £2, +4, £8, 16 1 3 -10 0

Zeros shown on graph: -2, 2, 4
p(x) = (x - 3)(x2 + 3x — 10)

17. f(x) = 2x* = 17x° + 35x> + 9x — 45 = (x = 3)(x + 5)(x - 2)
Possible rational zeros: 1, £3, +5, £9, £15, +45, So, the rational zeros are 3, —5, 2.
+1 43 45 49 415 445
P L L L Rl 23. h(t) = + 87 + 13t + 6
. 3
Zeros shown on graph: —1, 2 3,5 Possible rational zeros: +1,£2,+3,+6

-6 | 1 8 13 6
-6 -12 -6
1 2 1 0

18. f(x) = 4x° — 8x* = 5x* +10x* + x — 2

N

Possible rational zeros: 1, £2, i%, +

1 1
17 Ty 17 2

Zeros shown on graph: £ 487 + 130+ 6 = (1 + 6)(> + 2 + 1)
19. f(x) =x*-7x-6 =(t+06)r+1)(+1)
Possible rational zeros: 1, £2, £3,+6 So, the rational zeros are —1 and —6.

31 0 -7 -6 24. g(x) = x* + 8x* + 12x + 18
3 9 6 Possible rational zeros: *1,+ 2, + 3,+ 6, + 9, + 18.
1 3 2 0
After testing all six possible rational zeros by synthetic
f(x) = (x =3)(x* +3x + 2) division, you can conclude there are no rational zeros.
= (=3 +2(x +1) 25. C(x) = 2x° +3x2 — 1

So, the rational zeros are —2, —1, and 3. ) ) |
Possible rational zeros: %1, ii
20. f(x) = x* —13x + 12 112 3 0 -1

Possible rational zeros: *1, 2, +3,+4, £6, 12 -2 -1

31 0 -13 -2
3 9 12
3 4 0 = (x + )(x + 1)(2x - 1)

21.

f(x) =(x- 3)(x2 + 3x — 4)
=(x-3)(x+4)(x-1)

So, the rational zeros are 3, —4, and 1.

glty=1 -4’ + 4

Possible rational zeros: *1,+ 2, + 4

After testing all six possible rational zeros by synthetic

division, you can conclude there are no rational zeros.

(x +1)*(2x = 1)

So, the rational zeros are —1 and %
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26.

27.

28.

f(x) =3x* = 19x* +33x -9

Possible rational zeros: 1, +3, £9, i%

313 -19 33 -9
9 30 9
3 -10 3

f(x) = (x = 3)(3x* - 10x + 3)
= (x - 3)(3x - 1)(x - 3)

So, the rational zeros are 3 and %

f(x) = 9x* —9x° — 58x% + 4x + 24

Possible rational zeros:
+1,+2,43, £4, £6, £8, £12,+24

E)

219 -9 58 4 24

—18 54 8§ 24

9 27 -4 12 0
319 27 -4 12

f(x) = (x + 2)(x = 3)(9x* - 4)
= (x + 2)(x = 3)(3x — 2)(3x + 2)

2

So, the rational zeros are -2, 3, % and —%.

f(x) = 2x* —15x% + 23x2 + 15x — 25
Possible rational zeros: *1, £5, £25, +

512 -15 23 15 25
10 -25 -10 25
2 =5 -2 5 0

S(x) = (x =5)(x = 1)(x + 1)(2x - 5)

So, the rational zeros are 5,1, —1 and %
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29, -5 + 112 —4x-2=0

Possible rational zeros: 1, £2 = il, + 2’ +1,+
+1,+5 575
11 -5 11 -4 =2
-5 2
-5 6
(x = 1)(=5x> + 6x+2) = 0
—5x2+6x+2=0
552 —6x-2=0
= —-b £ ~/b? - dac
2a
2
Lo 0 E(=6) - 4(5)(-2)
2(5)
L 6£NT6
10
2(3£/19)
te 10
v 3+/19
5
So, the real zeros are x = 1, x = % + ?19



Section 2.5 Zeros of Polynomial Functions

30. 8x* +10x> —15x =6 = 0
+1,+2, 43,46
+1,£2,44,48
=218 10 -15 -6
-16 12
8§ -6 -3
(x +2)(8x* —6x-3) =0

Possible rational zeros:

8x? —6x—-3=0

So, the real zeros are x = —2,x =

3. x* + 63 +3x2 —16x+6 =0

Possible rational zeros: 1, £2, £3, 6

1|11 6 3 -16 6
1 7 10 -6

1 7 10 -6 O

(x - 1)(x + 3’)(x2 + 4x — 2)

Il Il
(e} (e}

X2 +4x -2

I
N
+
N

x* +4x + 4

(x +2)°

I
[o)}

x+ 2
—2+-/6

So the real zeros are x = 1,-3,-2 * 2./6.

X

171
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172 Chapter 2 Polynomial and Rational Functions

32. x* +88° +14x = 17x - 42 =0
Possible rational zeros: 1, £2, 3, +6, 7, 14, £21, £42

-2 |1 8 14 -17 -—42

-2 -12 —4 42

(x +2)(x + 3)(x2 + 3x — 7) =0
¥ +3x-7=0
N
2a
2
_—B) @) -4M(=7)
X =
2(1)
‘= -3+ /37
2
So, the real zeros are x = -2, -3, _73 + %

33. f(x)=x3+x2—4x—4
(a) Possible rational zeros: 1, £2, +4

(b)

(c) Real zeros: -2, -1,2

34. f(x) = -3x* + 20x% - 36x + 16

(a) Possible rational zeros: *1, £2, £4, £8, +16, i%,
+2 44 48 416
-3 T3 T3 T3
y
(b)
10
s
64
4
5
. X
-4 -2 1 6 8 10 12
4t
—6+

(c) Real zeros: %, 2,4

35. f(x) = —4x* +15x% — 8x - 3

I+

(a) Possible rational zeros: 1,13, +

(b)

(c) Real zeros: —+

L 13

36. f(x) = 4y —12x* — x + 15

(a) Possible rational zeros: 1, £3, £5, 15, £

(b)

._135
(¢) Real zeros: —1, >3
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= 2x* +13x° = 21x%> + 2x + 8

37. f(x)

(a) Possible rational zeros: +1, 2, +4, £8, £

(b) 7
Y
I

-8

N\—-

(c) Real zeros: —%, 1,2,4

38. f(x) =4x* —17x* + 4
(a) Possible rational zeros: +1, +2, 4, +

Y

A=

(c) Real zeros: —2,—%, %,2

39. f(x) = 32x* — 52x% +17x + 3

(a) Possible rational zeros: %1, 3, i%, i%, i%, i%,
#l 3 4l 43 L 4
878716 16> T 32

(b) :

._13
(c) Real zeros: T 4,1

40. f(x) = 4x* + 7x* —11x — 18
(a) Possible rational zeros: +1, £2, +3, +6, £9, 18§,

£ 1
2

RUENCI
2’72 474

45. If 3 + ~/2i is a zero, so is its conjugate, 3 — J2i.

£(x) = (3 = 2w + ¥ = (3 + ~20) [ x - (3 - V2i)]
l:||:x—3 +\/—l:|

= 2)(x + D (x - 3) -

3x2 x—2[x—3 z)z}

(3x
(
(3x +x—2)(x2—6x+9+2)
(3x2 +x—2)(x —6x+11)

3x* — 1723 + 25x% + 23x — 22

Note:

+
NG Ne)

Section 2.5 Zeros of Polynomial Functions

41.

42.

43.

44.

f(x) = a(3x4 —17x* + 25x% + 23x — 22) where « is any nonzero real number, has the zeros 2

(b)

173

-8

N

/

—24

(c) Real zeros: -2, é + ;45
F(x) = (x = 1)(x = 5i)(x + 5i)
=(x - 1)()c2 + 25)
=x* —x* +25x - 25
Note: f(x) = a(x3 - x* + 25x — 25), where a is any

nonzero real number, has the zeros 1 and +5i.

F(x) = (x = 4)(x = 3i)(x + 3i)
=(x- 4)(x2 + 9)
= x> —4x* + 9x - 36
Note: f(x) = a(x3 —4x* + 9x — 36), where a is any

real number, has the zeros 4, 3i, and -3i.

If 1 + i is a zero, so is its conjugate, 1 — i.

f(3) = (x = 2)(x = 2)(x = (1 +D))(x - (1-1)

(x2 —4x + 4)(x2 - 2x + 2)

= x* — 6x° + 14x% — 16x + 8
Note: f(x) = a(x4 - 6x° + 14x* — 16x + 8), where a
is any nonzero real number, has the zeros 2,2 and 1 + i.
If 3 — 2iis a zero, so is its conjugate, 3 + 2i.

f(x) = (x + 1)(x = 5)(x = (3 = 2i))(x - (3 + 2i))

= (x* = 4x = 5)(x? - 6x + 13)

= x* — 10x* + 32x? — 22x — 65
Note: f(x) = a(x4 —10x* + 32x% — 22x — 65),
where a is any nonzero real number, has the zeros —1, 5
and 3 £ 2i.

—1and3+\/—z
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46.

47.

48.

53.

Chapter 2 Polynomial and Rational Functions

If1+ \/gi is a zero, so is its conjugate, 1 — \/Ei.
F(x) = (2x + 5)(x + 5)(x = 1 = ~/3i)(x - 1+ +/3i)
= (207 + 15x + 25)(x? — 2x + 4)
= 2x* + 11x* + 3x* + 10x + 100
Note: f(x) = a(2x* + 11x° + 3x” + 10x + 100),
where a is any real number, has the zeros —%, -5, and
1+ /3.
7(x) = alx + 2)(x = 1)(x = i)(x + i)
(xz + x - 2)(x2 + 1)
(

I
(S

3

xt 4+ x —x2+x—2)

So, f(x) = 2(x* + ¥ - x* + x - 2)
=2x" + 2% —2x% + 2x — 4.
F(x) = a(x + 1)(x = 2)(x = V2i)(x + /2i)
= a(x* — x - 2)(x* + 2)

=a(x4—x3—2x—4)

So, f(x) = —2(x4 - x* - 2x - 4)

= —2x* +2x° + 4x + 8.

f(x) = x* = 2% =3x* + 12x - 18

x> — 2x+ 3

49.

50.

51.

52.

F(x) = ax +3)x = (14 V3i))(x - (1 - </34)

a(x + 3)(x2 - 2x + 4)

e a(x3 + x? —2x+12)

Since f(-2) =12

12 = af(-2) + (-2)" - 2(-2) + 12)
12 = 12a
a=1

So, f(x) = (1)(x4 —-x - 2x - 4)
= x>+ x2 - 2x +12.
f(x) = a(x + 2)(x - (1 + \/El))(x - (1 - \/31))
=a(x + 2)(x2 - 2x + 3)
= a(x3 - X+ 6)
Since f(-1) = -12
12 = a((—1)3 —(-1) + 6)

-12 = 6a
a=-2

So, f(x) = (2)(x* = x +6)
= -2 +2x - 12.
f(x) = x* +2x2 -8
@ f(x) = (x* +4)(x* - 2)
®) f(x) = (x* + 4)(x + V2)(x - V2)
© f(x) = (x + 2)(x - 20)(x + V2)(x - V2)
f(x) = x* + 6x> =27
@ f(x)=(x*+9)(x* -3
) f(x) = (+* +9)(x + /3)(x - V3)
© /(x) = (x + 3i)(x = 30)(x + ~/3)(x = +/3)

(@ f(x) = (x2 - 6)(x2 - 2x + 3)
®) f(x) = (x + \/g)(x - \/g)(xz - 2x + 3)

X2 - 6)x4 — 2% —3x% + 12x — 18

x* - 6x°

2x% + 3x% + 12x

_ 3

T @ 10) = (e Vs )1 =312
w18

0 Note: Use the Quadratic Formula for (c).
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54. f(x) = x* = 3x* = x? = 12x - 20

2

x°— 3x—- 5
2 4)x4 23— X2 —12x - 20
x* + 4x?
3x3 — 5x2 — 12x
—3x° — 12x
—5x2 - 20
—5x2 - 20
0

(@ f(x)= (x2 + 4)(x2 - 3x - 5)

() f(x) = (x2 + 4)[}5

_3+\/E][x_3—\/5
2

© f(x)=(x+2)(x- Zi)(x
Note: Use the Quadratic Formula for (b).

55. f(x)=x3—x2+4x—4

Because 2i is a zero, so is —2i.

2i |1 -1 4 —4
2i 4 -2 4
1 2i-1 =2i 0
=2i |1 2i-1 —2i
=2i 2i
1 -1 0

S(x) = (x = 2i)(x + 2i)(x - 1)

The zeros of f(x)are x = 1,+2i.

56. f(x) = 2x’ +3x% + 18x + 27

Because 3i is a zero, so is —3i.

3i |2 3 18 27
61 9 -18 27
2 3460 9i 0
-3i |2 3+6i 9i
—-6i  —9i
2 3 0

f(x) = (x = 3i)(x + 3i)(2x + 3)

The zeros of f(x) are x = 34, _%_

3429 3-
2 X

Section 2.5 Zeros of Polynomial Functions

Alternate Solution:

Because x = *2i are zeros of f(x),
(x + 2i)(x — 2i) = x* + 4is a factor of f(x).

By long division, you have:
x—1
¥+ 0x+4)x* — x* +4x -4
X+ 0x? + 4x

-x* +0x — 4
x> +0x — 4
0

f(x) = (x2 + 4)(x — 1)

The zeros of f(x) are x = 1, £2i.

Alternate Solution:

Because x = %37 are zeros of f(x),

(x = 3i)(x + 3i) = x> + 9 isa factor of f(x).

By long division, you have:
2x + 3
X2+ 0x + 9)2x> + 3x% + 18x + 27
2x° + 0x® + 18x
3x2 + Ox + 27
3x2 + Ox + 27
0

f(x) = (x2 + 9)(2x +3)

The zeros of f(x) are x = £3i, -3

175
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176 Chapter 2 Polynomial and Rational Functions

57. f(x) = x> —8x* +25x — 26 58. f(x) = x +9x* + 25x + 17
Because 3 + 2iis a zero, sois 3 — 2i. Because —4 + iisa zero,sois —4 — i
3+2i |1 -8 25 =26 —4+i |1 9 25 17
3+2i —-19-4i 26 -4+ 21+i -17
1 —-5+2i 6—4i 0 1 544 4+ 0

—4-i| 1 5+i 4+

3-2i |1 —5+2i 6—4i
3-2i —6+4i Aol A
1 Y 0 1 1 0
fl) = (x = (3 +20)(x - (3 - 20))(x - 2) F() = (x = (~4+ )(x = (=4 = ))(x + 1)
The zeros of f(x)are x = 3+ 2i,2. The zeros of f(x)are x = =4 £ i,-1.
Alternate Solution: Alternate Solution:
Because x = 3 £ 2i are zeros of Because x = —4 =+ i are zeros of
S (¥ = 3+ 20))(x = (3 = 20)) = & = 6x + 131 S (x = (~4+i))(x = (-4 =) = x? + 8x + 17 is
a factor of f(x.) a factor of /(x).
By long division, you have: By long division, you have:
N 3 3 x =2 x +1
x"6x+13>x_8x+25x" 26 x2+8x+17)x3+9x2+25x+17
X' - 6x? +13x ¥+ 8x% + 17x
-2x% +12x — 26 248+ 17
—2x% +12x* - 26 248+ 17
0 0
S(x) = (x2 - bx + 13)(x -2) f(x) = (x2 + 8x + 17)(x +1)
The zeros of f(x)are x =3+ 2i,2. The zeros of f(x)are x = —4 +i,-1.

59. f(x) = x* — 6x° + 142 — 18x + 9

Because 1 — ~/2iis azero, sois | + ~/2i,and

[v = (1= ~20) [ = (1+ V20)| = [(x = 1) = V2] (v = 1) = V2 ( = 1) + /2
(x - 1) - (V2i)

=x?-2x+1-2

=x-2x+3

is a factor of f(x).By long division, you have:

x> —4x +3
x2—2x+3)x4—6x3+14x2—18x+ 9

f(x) = (x2 - 2x + 3)()(2 —4x + 3)

RIPEI R T
—4x* +11x*> —18x+ 9 The zeros of f(x)are x = 1+ ~/2i,1,3.
—4x® + 8x* — 12x

3x2 - 6x+ 9
3 - 6+ 9
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60. f(x)=x"+x -3 —13x + 14

Section 2.5

Because -2 + \/gi is a zero, so is —2 — \/gi, and

[x ~(-2+ \/Ei)}[x -(2- \/51)}

[(x+2) = V3 (x = 1) + V/3i]
(x+2) - (V3i)

¥t +4x + 4 =347

Zeros of Polynomial Functions 177

=x*+4x+7

is a factor of f(x). By long division, you have:

X2 =3x+2
x2+4x—7>x4+x3—3x2—13x+14

xt + 4x + 7
—3x% —10x> — 13x + 14
—3x% — 12x% = 21x

2x* + 8x + 14
2x> + 8x + 14
0

f(x) = (x2 + 4x + 7)(x2 - 3x + 2)
= (x2 + 4x + 7)(x -1)(x-2)
The zeros of f(x)are x = -2 * V30,1, 2.

x> + 36

(x + 61')(x - 6i)

61. f(x)

The zeros of f(x) are x = 6i.

x2 + 49

(x = 70)(x + 7i)

62. f(x)

The zeros of f(x)are x = 7.

63. h(x) = x* —2x +17
By the Quadratic Formula, the zeros of f(x) are

2++/4-68 2%, /-64
X = =
2 2

f(x) = (x = (1 + 40))(x - (1 - 4))

=(x—1—4i)(x—1+4i)

=1z 4

64. g(x) = x* +10x + 17
By the Quadratic Formula, the zeros of f(x) are:

L Tl0£100 -68 _ —10++/32

= =-5%
2 2

S(x) = (x = (=5 + 2v2))(x - (-5 - 2v2))
(x+5—2\/§)(x+5+2\/§)

xt —16
(x2 - 4)(x2 + 4)
= (x = 2)(x + 2)(x — 2i)(x + 2i)

Zeros: £2,+2i

65. f(x)

66. f(y) = ¥t — 256
= (»* - 16)(»* + 16)
=(y -4y +4)(y - 4)(y + 4)

Zeros: t4, +4i

2/2.
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67.

68.

69.

70.

Chapter 2 Polynomial and Rational Functions

f(z) =22 -2z+2
By the Quadratic Formula, the zeros of f(z) are

+ _
Z:w:ui.

2

z) = [z—(l+i)][z—(1—i)}

=(z—1—i)(z—1+i)

h(x) = X = 3x* + 4x -2

Possible rational zeros: £1, £2

By the Quadratic Formula, the zeros of x*> — 2x + 2

2+\/4—
are x = 2 =1=x1

Zeros: 1,1 £

h(x)=(x—1)(x—l—i)(x—l+i)

gx)=x =3 +x+5

Possible rational zeros: *1, £5

By the Quadratic Formula, the zeros of X2 —4x +5

+ /16 - 20

are;: x = —————— =2 % |
2

Zeros: —1,2 £ i

gx)=(x+D(x-2-i)(x—-2+1)

fx)=x x> +x+39

Possible rational zeros: *1, £3, £13, £39

By the Quadratic Formula, the zeros of x* — 4x + 13
+ _
are:x:#:Zi?ﬁi

Zeros: —3,2 * 3i
S(x) = (x +3)(x = 2 = 3i)(x — 2 + 3i)

71.

72.

73.

g(x) = x* —4x’ +8x* —16x + 16

Possible rational zeros: *1, £2, +4, £8, +16

211 -4 8 -16 16
2 4 8 -16
1 2 4 -8 0

1
g(x) = (x - 2)(x - 2)(x2 + 4)
= (x = 2)"(x + 2i)(x — 2i)
Zeros: 2, +2i

h(x) = x* + 6x° +10x* + 6x + 9
Possible rational zeros: *1, £3, £9

3|1 6 10 6 9

The zeros of x> + 1 are x = *i.

Zeros: —3, i

h(x) = (x +3)(x + i)(x — i)

f(x) = X + 24x% + 214x + 740

Possible rational zeros: *1, +

2000

—20 —-‘/ 10

—

Based on the graph, try x = -10.

-1000

-10 | 1 24 214 740
-10 -140 -740
1 14 74 0
By the Quadratic Formula, the zeros of x> + 14x + 74
are x = “la 1296 - 2% = -7 % 5i.

The zeros of f(x) are x = —10 and x = -7 + 5i.
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74. f(s) = 25° =55 +12s = 5

Possible rational zeros: *1, 5, +—, +

s

N |

1
2

10

By the Quadratic Formula, the zeros of 2(52 - 25 + 5)

2+ 4 -20 .
areszleih.

1
The zeros of f(s) are s = 5 and s = 1+ 2.

75. f(x) = 16x* — 20x* — 4x + 15

Possible rational zeros:

1,23, 45,415,410 23 45 ¢ 19 4143

27272 T2 T4
LT L R IS I
474778787878 716 16 16

3
Based on the graph, try x = s

3 16 20 -4 15
4

-12 24 -15
16 -32 20 0

By the Quadratic Formula, the zeros of
16x — 32x + 20 = 4(4x? — 8x + 5) are

8 = /64 — 80

x:7:1iil
8 2

The zeros of f(x) are x = —% and x = 1% %i.

Section 2.5 Zeros of Polynomial Functions 179

76. f(x) = 9%’ —15x* + 1lx = 5

Possible rational zeros: 1, £5, +— +

i
/

-5

s > >

42
3

O | L

1 1
3 9

5

Based on the graph, try x = 1.

119 -15 11 -5

By the Quadratic Formula, the zeros of 9x* — 6x + 5

6 £ /36 — 180 1,2,
are x = ————————— = — + =,
18 3 3

1,2,

The zeros of f(x) are x = 1 and x = 3 + gz.

77. f(x) = 2x* + 58 + 4x* + 5x + 2

Possible rational zeros: 1, £2,

N | —

20

—4 o

1
Based on the graph, try x = -2 and x = S

2012 5 4 5 2
4 2 -4 =2

-— | 2 1 2 1
2

-1 0 -1

2 0 2 0

The zeros of 2x> + 2 = 2(x2 + l) are x = *i.

1
The zeros of f(x) are x = 2,x = — and x = *i.
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78. g(x) = x° — 8x* + 28x® — 56x7 + 64x — 32 83. g(x) = 6x* +2x° —3x* +2
Possible rational zeros: *1, 2, £4, +8, +16, £32 Sign variations: 2, positive zeros: 2 or 0
10 g(-x) = 6x* — 2%’ = 3x* + 2
} Sign variations: 2, negative zeros: 2 or 0
-10 10
f 84. f(x) =4x =3x* —2x -1

-10
Sign variations: 1, positive zeros: 1

Based on the graph, try x = 2. f(=x) = —4x* = 3x> —2x -1
211 -8 28 —56 64 -32
2 -12 32 48 32

1 -6 16 24 16 0 85. f(x) =5 +x"—x+5

Sign variations: 2, negative zeros: 2 or 0

211 -6 16 -4 16 Sign variations: 2, positive zeros: 2 or 0

) g 16 -16 fl=x) =5 +x* +x+5

1 -4 8 -8 0 Sign variations: 1, negative zeros: 1.
211 -4 8 -8 86. f(x) =3x —2x" —x+3
2 -4 8 Sign variations: 2, positive zeros: 2 or 0
=2 4 0 f=x) = -3 —=2x* + x +3
By the Quadratic Formula, the zeros of x* — 2x + 4 Sign variations: 1, negative zeros: 1
2++/4-16 .
are x = = 1+ /30 87. f(x) = x" +3x —2x +1
The zeros of g(x) are x = 2 and x = 1 & J3i. @ 1]1 3 =2 1
1 4 2
79. g(x) =2 -3x* -3 1 4 2
Sign variations: 1, positive zeros: 1 1 is an upper bound.
g(-x) = 2x =3x* =3 ® 4|1 3 2 1

4 4 -8
1 -1 2 -7

Sign variations: 0, negative zeros: 0

_ 2 _
80. h(x) = 4x* —8x +3 —4 is a lower bound.

Sign variations: 2, positive zeros: 2 or 0

W3 A2
h(=x) = 4x* + 8x +3 88. f(x) = x* —4x? +1

Sign variations: 0, negative zeros: 0 @ 471 -4 0 1
4 0 0
81. A(x) = 2x° +3x* +1 1 0 0 1
Sign variations: 0, positive zeros: 0 4 is an upper bound.
h(-x) = 2x* +3x* + 1 ® -1|1 -4 0 1
Sign variations: 1, negative zeros: 1 -1 5 -5

1 -5 5 4

_ 4 _ _
82. A(x) = 2x* = 3x -2 —1 is a lower bound.

Sign variations: 1, positive zeros: 1
h(-x) = 2x* +3x - 2

Sign variations: 1, negative zeros: 1
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89. f(x) =x* =4 +16x - 16

@ 5|1 -4 0 16 -16

5 5 25 205

1 1 5 41 189
5 is an upper bound.
® 3|1 4 0o 16 -16
-3 21 -63 141

1 -7 21 47 125

-3 is a lower bound.

91. f(x) = 16x’ —12x* — 4x + 3

. . 41,43
Possible rational zeros:

However, the function factors by grouping.

16x2 —12x> —4x +3 =10

4x*(4x = 3) - (4x - 3) =0
(4x = 3)(4x* —=1) = 0
(4x-3)2x-D(2x+1) =0
4x-3=0->x=2
2-1=0->x=1
2+1=0—>x=—1
_ 3 41
So, the zeros are x = e if‘

92. f(z) =122° =42 =272+ 9

Possible rational zeros: 1, £3

S l12 4 27 9
18 21 -9
2 14 -6 0

f(z) 2(2 —7)(62 + 7z — 3)

(22 - 3)(32 - 1)(22 + 3)

So, the real zeros are —%, 3 and

+,+2,+4, 8, £16

Section 2.5 Zeros of Polynomial Functions 181

90. f(x) =2x*-8x+3

@ 32 0 o0 -8 3
18 54 138

2 6 18 46 141

3 is an upper bound.
® 42 o o -8 3
-8 32 -128 544
2 -8 32 -136 547

—4 is a lower bound

=+l o4l 43 4143 43 41 41 43 43
16’ 89 167 4’ 8’ 4’ 2, 9 27
93. f(») =4y +3)" +8y +6
9 1 +1 3 1 3
i}aig, Possible rational zeros: *1, £2, 3, 6, + £ ii’iZ’ iZ
3
-1 14 3 6
3 0 -6
4 0 8 0
4y + 32 +8y +6 = (y + 3)(4* +3)
- (v 40 +2)
(4y + )(y + 2)

So, the only real zero is —%.
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94. g(x) = 3x* - 2x +15x - 10 98. f(z) = Y(62° + 112 -3z - 2)
Possible rational zeros: Possible rational zeros: *1, 2, +4 +1 +2 +1
227373 76
1,42, 45,410, +1, +2, 42, +10
216 1 -3 =2
2013 2 15 -0 -2 2 2
2 0 10 6 -1 -1
3 0 15 0
f(x) = ]g(x + 2)(6x2 - x - 1)
= (x =3)3x? +15) = Bx = 2)(x* + 5
g(x) = (r =3)(3+" +15) = (3x = (=" + 3) = L+ 2)Bx + )20 - 1)
So, the only real zero is % ) ! I
The rational zeros are —2, -3 and 7
95. P(x) = x* — 2x* +9
(x) = x 4t 99, f(x)=x3—1=(x—1)(x2+x+l)
_ (g4 _ 2
B 4(4x 2537+ 36) Rational zeros: 1(x = 1)
= 1(4x* - 9)(x* - 4) Irrational zeros: 0
= L(2x + 3)(2x - 3)(x + 2)(x - 2) Matches (d).
The rational zeros are i% and £2. 100. f(x) = x* -2

(x - \3/5)(x2 + 3 2x + \3/1)

Rational zeros: 0

96. f(x) = 3(2x° - 3% - 23x + 12)

Possible rational zeros: +1, £2, +3,£4, £6, £12, i%, % Irrational zeros: 1 (x - \3/5)
412 -3 -23 12 Matches (a).
20 -12
5 5 3 0 101. f(x) =x-x= x(x + 1)(x - 1)
1 , Rational zeros: 3 (x = 0, +1)
f(x) - E(X - 4)(2x X - 3) Irrational zeros: 0
= %(x - 4)(2x = 1)(x + 3) Matches (b).
The rational zeros are —3, %, and 4. 102. f(x) = X - 2x
= x(x2 =2
97. f(x)=x3—%x2—x+% x(x )
= %(4)63 - x? —4x + 1) - x(x * ﬁ)(x B \/5)
_ %[x2(4x S 1) - 14y - 1)} Rational zeros: 1 (x = 0)
_ %(4)6 _ 1)(x2 _ 1) Irrational zeros: 2 (x = i\/z)

= %(4)5 ~D(x + 1)(x - 1) Matches (c).

The rational zeros are % and *1.
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I-w-h=(15-2x)(9 - 2x)x
x(9 — 2x)(15 - 2x)

103. (a) _ 15— by ¥

— 0 —>|
T
===t
1
1
1
1
1
1
1
- - -1
—
) u
©
/
o
-
\
©
b
=
1]

Because length, width, and height must be positive,
youhave 0 < x < % for the domain.

(©) ' (d) 56 = x(9 - 2x)(15 - 2x)

12 56 = 135x — 48x? + 4x3
100
0 = 4x — 48> + 135x — 56

75
50 The zeros of this polynomial are %, %, and 8.

x cannot equal 8 because it is not in the domain of V.

Volume of box

25

bozo3 o4 s [The length cannot equal —1 and the width cannot
Length of sides of .
squares removed equal —7. The product of (8)(-1)(-7) = 56 so it

The volume is maximum when x = 1.82. showed up as an extraneous solution.]

i ic centi =1
The dimensions are: » = ak® + bk> + ck + d, f( k) - So, the volume is 56 cubic centimeters when x = 2
7

1.82 cm % 5.36 cm X 11.36 cm centimeter or x = 3 centimeters.
104. (a) Combined length and width: 105. (a) Currentbin: ¥ = 2 x 3 x 4 = 24 cubic feet

4x+y =120 = y =120 - 4x New bin: V' = 5(24) = 120 cubic feet

Volume =/ -w-h = x%y V(x) =(2+ x)(3+ x)(4+x) =120
_ 2 _
= 2*(120 ~ 4x) (b) x* + 9x* + 26x + 24 = 120
= 4x*(30 - x) ¥+ 9x% + 26x — 96 = 0

(b) 18000 The only real zero of this polynomial is x = 2. All

the dimensions should be increased by 2 feet, so the
new bin will have dimensions of 4 feet by 5 feet by
6 feet.

0 30

0
L , 106. ¢ =100 2L 4 —F )¢5
Dimensions with maximum volume: x? x + 30

20 in. x 20in. X 40 in.

C is minimum when
4x°(30 - x) 3x3 — 40x% — 2400x — 36000 = 0.

The only real zero is x = 40 or 4000 units.

(©) 13,500
4x3 —120x% + 13,500
X = 30x% + 3375

107. False. The most complex zeros it can have is two, and

1511 =30 0 3375 the Linear Factorization Theorem guarantees that there
15 =225 —3375 are three linear factors, so one zero must be real.
I =15 =225 0 108. False. f does not have real coefficients.
(x = 15)(x* —15x = 225) = 0 109. g(x) = —f(x). This function would have the same

+ zeros as f(x), so 7, 7,, and r; are also zeros of g(x).
Using the Quadratic Formula, x = 15, # ) )

15— 155 110. g(x) = 3(x). This function has the same zeros as f

The value of is not possible because it is because it is a vertical stretch of £ The zeros of g are

negative. i, 1, and 7.

111. g(x) = f(x — 5). The graph of g(x) is a horizontal
shift of the graph of f(x) five units of the right, so the

zeros of g(x) are 5+ 1,5+ 1, and 5 + r.
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112.

113.

114.

115.

116.

117.

118.

Chapter 2 Polynomial and Rational Functions

g(x) = f(2x). Note that x is a zero of g if and only if

. nor 7;
2x is a zero of f. The zeros of g are 42 and =

2
g(x) = 3+ f(x). Because g(x) is a vertical shift of
the graph of f(x), the zeros of g(x) cannot be
determined.
g(x) = f(-x). Note that x is a zero of g if and only if
—x is a zero of /. The zeros of g are —r, — 15, and —r;.
Zeros: =2, %, 3
f(x) = —(x +2)(2x - 1)(x - 3)
=-2x +3x7 +1lx - 6
8
e
(=2,0) 3,0)

IR & I

Any nonzero scalar multiple of f would have the same
three zeros. Let g(x) = af(x), a > 0. There are

infinitely many possible functions for f.

Because 1 + i isazeroof f, sois 1 — i. From the
graph, 1 is also a zero.

S = (x =+ i) = (1= D))x-1)
= (¥ - 2x + 2)(x - 1)
=x -3x? +4x -2

Because 1 + i is a zero of £, sois 1 — i. From the
graph, —1 is also a zero.

S = (x =+ i) = (1= D)x+1)
= (¥ = 2x + 2)(x + 1)

=x-x*+2

Because the graph rises to the left and falls to the right,
a=-landf(x) = —x* +x* - 2.

If x = iisazero,then x = —i is also a zero. So the
functionis f(x) = (x — 2)(x — 3.5)(x — i)(x + ).

. (a) Zerosof f(x):-2,1,4

(b) The graph touches the x-axis at x = 1.

(c) The least possible degree of the function is 4 because
there are at least four real zeros (1 is repeated) and a
function can have at most the number of real zeros
equal to the degree of the function. The degree
cannot be odd by the definition of multiplicity.

(d) The leading coefficient of fis positive. From the
information in the table, you can conclude that the
graph will eventually rise to the left and to the right.

(e)

. Because f(i) = f(2i) = 0, theniand 2i are zeros of /.

Because i and 2i are zeros of f, so are —i and —2i.
F(x) = (x = i)(x +i)(x — 2i)(x + 2i)
= (x2 + 1)(x2 + 4)

=x*+5x + 4

. Because f(2) = 0, 2is azero of £ Because f(i) = 0,

i is a zero of /. Because i is a zero of f; so is —i .
S(x) = =1(x = 2)(x + i)(x = i)
—1(x - 2)(x2 + 1)

=-x+2x7 —x+2

L@ f(x) = (x - \/Zi)(x + \/Zl) =x>+b

®) f(x) = [x —(a+ bl’)][x - (a - bi)]
= [(x - a) - bi}[(x - a) + bi:l
(v aff - (i)

= x? — 2ax + a* + b?
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Section 2.6 Rational Functions

1. rational functions

2. vertical asymptote
3. horizontal asymptote
4. slant asymptote

5. Because the denominator is zero when x — 1 = 0, the
domain of fis all real numbers except x = 1.

X 0 05 | 09 0.99 -1

Sx) | =1 | =2 | =10 | =100 | = —oo

X 1 « 1.01 | 1.1 | 1.5 |2

f(x) | o= [ 100 |10 |2 |1

As x approaches 1 from the left, f (x) decreases without

bound towards —eo . As x approaches 1 from the right,

I (x) increases without bound towards +oo .

6. Because the denominator is zero when x + 2 = 0, the

domain of fis all real numbers except x = —2.
X -3 | =25 | 2.1 | =201 | - -2
f(x) |15 |25 105 | 1005 | — o
X -2 « -1.99 | -19 | -1.5 | -1
S() | —eo = | =955 | —95 | -15 | -5

As x approaches —2 from the left, f (x) increases

without bound (00) As x approaches —2 from the right,

f(x) decreases without bound (—eo).

Section 2.6 Rational Functions 185

7. Because the denominator is zero when x> — 1 = 0,

the domain of f'is all real numbers except x = —1 and
x =1
X -2 -1.5 -1.1 -1.01 - -1

fx) |4 |54 173 | 1523 | = o

x -1 « -0.99 -0.9 -05 |0

f(x) | =0« | —1478 | -12.8 | -1 0

As x approaches —1 from the left, f (x) increases
without bound (oo) As x approaches —1 from the right,

f (x) decreases without bound (—<><>).

x 0]05 109 0.99 -1

fx) o] -1 ] -128 | 1478 | - -

X 1 « 1.01 1.1 152

f(x) | o« | 1523|173 |54 |4

As x approaches 1 from the left, f (x) decreases without
bound (—oo). As x approaches 1 from the right, f (x)

increases without bound (<><>) .

. Because the denominator is zero when x*> — 4 = 0, the

domain of fis all real numbers except x = —2 and x = 2.

X -3 =25 -2.1 -2.01 - =2

fx) | =12 | =22 | -102 | -1002 | > -

X -2« | =199 | -1.9 -1.5 -1

f(x) | o« 997 |97 1.7 0.7

As x approaches —2 from the left, f (x) decreases
without bound (—ec). Asx approaches —2 from the

right, f(x) increases without bound (co).

X 1 1.5 1.9 1.99 -2

fx) | =07 | 1.7 | =97 | =997 | » -

X 2« | 2.01 2.1 2513

f(x) | o= | 1002 | 102 | 22 | 12

As x approaches 2 from the left, f1 (x) decreases without

bound (—e). As x approaches 2 from the right, /()

increases without bound (o).
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10.

11.

12.

13.

14.

Chapter 2 Polynomial and Rational Functions

Domain: all real numbers except x = 0
Vertical asymptote: x = 0

Horizontal asymptote: y = 0

[Degree of N(x) < degree of D(x)]

1
f) = ——
0=
Domain: all real numbers except x = 2
Vertical asymptote: x = 2

Horizontal asymptote: y = 0

[Degree of N(x) < degree of D(x)}

5+ x x+5

55—« -x +5

/()

Domain: all real numbers except x = 5
Vertical asymptote: x = 5

Horizontal asymptote: y = —1

[Degree of N(x) = degree of D(x)]

_3-T7x  -Ix+3
3+ 2x 2x + 3

/()

Domain: all real numbers except x = —%

Vertical asymptote: x = _%

Horizontal asymptote: y = —%

[Degree of N(x) = degree of D(x)}

Domain: all real numbers except x = *1
Vertical asymptotes: x = *1
Horizontal asymptote: None

[Degree of N(x) > degree of D(x)]

4x?

x + 2

f(x) =

Vertical asymptote: x = -2
Horizontal asymptote: None

[Degree of N(x) = degree of D(x)]

16.

17.

x> —3x -4
f(x)— 23 +x -1
B (x+1)(x—4)
C2x—1)(x + 1)
x—4
= ,x # —1
2x =1

Horizontal asymptote: y = %
(Degree of N(x) = degree of D(x))
Vertical asymptote: x = %

(Because x + 1 is a common factor of N(x) and

D(x), x = -1 is not a vertical asymptote of f (x))

—4x% +1
X2 4+x+3

f(x) =

Domain: All real numbers. The denominator has no real
ZEros.

[Use the Quadratic Formula on the denominator.]
Vertical asymptote: None

Horizontal asymptote: y = —4

[Degree of N(x) = degree of D(x)}

1

X =
f( ) x +1
(a) Domain: all real numbers x except x = —1
(b) y-intercept: (0, 1)
(¢) Vertical asymptote: x = —1
Horizontal asymptote: y = 0
@ x -4 | =3 |01 2 3
s [ ] e e
3 2 2 3 4
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18. f(x) = —
x -3
(a) Domain: all real numbers x except ¥ = 3
(b) y-intercept: (0, —%j
(c) Vertical asymptote: x = 3
Horizontal asymptote: y = 0
() x 0 1 2 |45 6
1 1 1 1
X - - -1 1] = —
/() 3 2 2 | 3
3 |
2 |
1 |
AN
-1
19. h(x) =
( ) x+4
(a) Domain: all real numbers x except x=-4
(b) y-intercept: [O, —i]
(c) Vertical asymptote: x = —4
Horizontal asymptote: y = 0
@y | =6|-5|-3|-2|-1]o0
e 0 S N T NS T L P
2 2 3 4
| at
| 3t
: 2
|
Tt

20. g(x) = = -

21.

Section 2.6 Rational Functions

1 1
x—06

6 —x
(a) Domain: all real numbers x except ¥ = 6
(b) y-intercept: [O, é)

(c) Vertical asymptote: x = 6

Horizontal asymptote: y = 0

@ 2 lol2]4a] s

N | —
0| —

1
8 | 6|4

2x + 3

Cx) =

x+ 2

(a) Domain: all real numbers x except x = —2

(b) x-intercept: [—%, Oj

. 3
y-intercept: | 0, 5

(c) Vertical asymptote: x = =2

Horizontal asymptote: y = 2

187

@ X -4 | =3 ] -1

C(x) - 3 1

)
Nlw | o
W | W

Al
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22.P(x):l—i%x:bc—l 24.f(t)=1_2t=—21_1
1-x x -1 t t
(a) Domain: all real numbers x except * = 1 (a) Domain: all real numbers ¢ except t=0
(b) x-intercept: [%, Oj (b) t-intercept: (%, Oj
y-intercept: (0, 1) (c) Vertical asymptote: ¢ = 0

() Vertical asymptote: x = | Horizontal asymptote: y = -2

Horizontal asymptote: y = 3 (d) ; 5 -1 % 1 5
@ x -1 ]10[2]3 5 3
Sy | -= ]3]0 |-1[-=
Pxy | 2 | 1|54 2 2
] '
-2 -1
i
3
4s
2 25. g(s) = ——
23. e — s> + 4
f(x) x2+9 .
. (a) Domain: all real numbers s
(a) Domain: all real numbers x
(b) Intercept: (0, 0)
(b) Intercept: (0, 0)
. (c) Horizontal asymptote: y = 0
(c) Horizontal asymptote: y =1
) 2 -1 o] 1|2
@7 & +1 | £2 | +3 i
4 4
1 4 1 gls) | -1 | ——=1]o| = |1
X — — — 5 5
f( ) 10 13 2
y
34
2t
: 0,0) ﬁ
-2 -l .
a4
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26.

27.

28.

29.

Sx) ==

(a) Domain: all real numbers x except x = 2

X

(x -2y

(b) x-intercept: (0, 0)

. 1
y-intercept: | 0, 2

(c) Vertical asymptote: x = 2

Horizontal asymptote: y = 0

Section 2.6 Rational Functions

@1, 2 -1 fol1 |3 |4 |s
1 1 5
X - — 0| -1 -3 -1 -=
G R 5
2x 2x
xX) = =
/%) ¥ =3x-4 (x-4)(x+])
(a) Domain: all real numbers x except x = 4 andx = —1
(b) Intercept: (0, 0) J
(c) Vertical asymptotes: x = 4, x = —1
Horizontal asymptote: y = 0
(d) x -3 | =210 1 2 3 5
3 2 1 2 315
)| -2 | -2 ]o|—=|-2|-2|=
f( ) 7 3 3 3 2 3
3x 3x
xX) = =
/) ¥ +2x-3  (x+3)(x-1)
(a) Domain: all real numbers x except x = =3 andx =1
(b) Intercept: (0, 0)
(c) Vertical asymptotes: x = =3, x =1
Horizontal asymptote: y = 0
d
@ X -5 -4 -2 -110]2]3
5 12 3 6 |3
X)) | — | —— | 2 — 10| - |~
/&) 4 5 4 51 4
x -4 x—4 1
xX) = = = ,x % 4
/) x> -16 (x+4)(x-4) x+4
(a) Domain: all real numbers except x = +4
(b) y-intercept: (0, %) y
| 5
(c) Vertical asymptote: x = —4 E ;‘
Horizontal asymptote: y = 0 E ? (0, %)
@ L | s MR NEEERIEER
f(x) | =1 | Undef 1 111 E :i
) 2 3 | -5

189
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30.

31.

32.

33.

Chapter 2 Polynomial and Rational Functions

x+1 x+1 1
= = = ) = —1
/) -1 (x+x-1 x-1 *

(a) Domain: all real numbers except x = %1
(b) y-intercept: (0, —1)
(c) Vertical asymptote: x = 1

Horizontal asymptote: y = 0

(d) x -1 0 1 213 23 4 5 !
1
f(x) | Undef. | -1 | Undef. | 1 5
-1 (t+1)-1)
t) = = =tr+1 =1
f( ) t—1 t—1
(a) Domain: all real numbers ¢ except ¢ = 1 y
(b) rintercept: (-1, 0)
y-intercept: (0,1)
(c) No asymptotes '
@ t -3 -2 1 -110 1 2
S | -2 | -1 0 | 1| Undef. |3
2 - +6)(x -6
f(x)=x 36=(x )(x )=x—6,x¢—6
x+6 x+6
(a) Domain: all real numbers x except x = —6 v

(b) x-intercept: (6, 0)
y-intercept: (0, —6)

(c) No asymptotes

@7, 6 | =4 | 2] 0| 2|4 |6]|8
f(x) | Undet. | 10 [ =8 [ =6 | -4 | —2]0]2
2 _ 5)(x—35
= L
x> —4x-5 (x=5)(x+1) x+1
(a) Domain: all real numbers x except x = 5 and x = —1 (d) X 5|1-3]0]3 5
(b) x-intercept: (=5, 0) f(x) | 0| -1|5]2| Undef.

y-intercept: (0, 5)

(c) Vertical asymptote: x = —1

Horizontal asymptote: y = 1
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x* -4
x? —3x + 2
:(x—Z)(x+2):x+2x¢2
(x-2)x-1) x-1

(a) Domain: all real numbers x except x =1 and x = 2

34. f(v)

(b) x-intercept: (-2, 0)
y-intercept: (0, —2)

(c) Vertical asymptote: x = 1

Horizontal asymptote: y = 1

@ 4210 > |4

f(x) 0 | =2 | Undef.. | 2

(VRN

S P B ) B S
) X +x-6 (x+3)(x—2) x =2

(a) Domain: all real numbers x except x = —3andx = 2
(b) Intercept: (0, 0)

(c) Vertical asymptote: x = 2 v

Horizontal asymptote: y = 1

(@ X -1 0 1 314
1
f@) [ fo ]3]
36. f(x) = 5(x +4) B 5(x + 4) _ 5 x4

x2+x—12_(x+4)(x—3) x -3

(a) Domain: all real numbers x except x = —4andx = 3

(b) y-intercept: [0, —gj

(c) Vertical asymptote: x = 3

Horizontal asymptote: y = 0 y
A 20 | 2|5 |7 6
4
5 5 5
X -1 -= 1 =5 = | = 2
f( ) 3 2 4 L=
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2x2 —5¢ -3 (2x + 1)(x = 3) 39. Because the function has a vertical asymptote at
37. f(x) = B2l —x+2 (x = 2)(x + )(x - 1) x = —2 and a horizontal asymptote at y = 0,
4
(a) Domain: all real numbers x except x = 2, x = *1 f(x) = — matches graph (d).
X

38.

(b) x-intercepts: [—%, OJ, (3,0

. 3
y-intercept: | 0, 3

40. Because the function has a vertical asymptote at x = 2
and a horizontal asymptote at y = 0,

f(x) = > 5 matches graph (a).

X —

(c) Vertical asymptotes: x = 2,x = -1, and x =1

Horizontal asymptote: y = 0

41. Because the function has vertical asymptotes at x = =2

and a horizontal asymptote at y = 2,

2x?
(d) x -3 -2 0 % 3 4 f(x) = m matches graph (C).
3 5 3 48 3 42. Because the function has a vertical asymptote at
S| =] -=|-=|=1]0| = x = —2 and a horizontal asymptote at y = 0
4 4 2 5 10 ’
3x
f(x) = ——— matches graph (b).
(x+2)
43. (a) Domain of f: all real numbers x except x = —1
Domain of g: all real numbers x
(b) !
-4 2
xX—x-2 x+ I)(x -2 oy
1) = (s (x - 2)

(a) Domain: all real numbers x except

x=-2,x=1Landx =3

(b) x-intercepts: (-1, 0), (2, 0)

(d)

x3—2x2—5x+6:(x—l)(x+2)(x—3)

(c) Because there are only a finite number of pixels, the
graphing utility may not attempt to evaluate the
function where it does not exist.

(x - 2)

“4. f(x) = 5——=g(x) = x
. 1 x° = 2x
y-intercept: [0, —gj (a) Domain of f: All real numbers x except x = 0 and
=2
(c) Vertical asymptotes: x = =2, x = 1,x =3 N .
Domain of g: All real numbers x
Horizontal asymptote: y = 0 (b) )
X -4 -3 -1 0o |2 4
-2 4
9 5 1 5
X -—— | = 0 -— 10| =
/() 35 12 3 9

-2

(c) Because there are only a finite number of pixels, the
graphing utility may not attempt to evaluate the
function where it does not exist.
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45.

47.

48.

49.

(a) Domain of f: all real numbers x except x = 0, 2

Domain of g: all real numbers x = 0

(b) 2\Eﬁ
\

-2

(c) Because there are only a finite number of pixels, the
graphing utility may not attempt to evaluate the
function where it does not exist.

x> — 4 4
= X - —
X X

h(x) =
(a) Domain: all real numbers x except x = 0
(b) x-intercepts: (-2, 0), (2, 0)

(c) Vertical asymptote: x = 0
Slant asymptote: y = x

46.

Section 2.6 Rational Functions 193

2x — 6 (x)—
2o +12 8

(a) Domain of £: All real numbers x except x = 3 and
x=4

Domain of g: All real numbers x except x = 4

(b) d k
™

-3

2
x—4

fx) =

(c) Because there are only a finite number of pixels, the
graphing utility may not attempt to evaluate the
function where it does not exist.

(d) X -4 | =3 | -1 1 3 4
W) | 3 | 223 [ 3] 2] 3
3 3
2
g(x) = X +5 4l
X x
(a) Domain: all real numbers x except x = 0
(b) No intercepts
(c) Vertical asymptote: x = 0
Slant asymptote: y = x
) x -3 -2 | -1 ]1] 2 3
14 9 9 | 14 >
X — | == | -6 6] = | — .
&) 3 2 2 3 .
2
f(x): 2+ 1 :2x+l
X X
(a) Domain: all real numbers x except x = 0
(b) No intercepts
(c) Vertical asymptote: x = 0
Slant asymptote: y = 2x
@ -4 | 2|2 4 6 -4 2
33 9933 /
x —_—— [ — —_ JR—
/() 4 2 |2 6
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50.

51.

Chapter 2 Polynomial and Rational Functions

O
X X
(a) Domain: all real numbers x except x = 0
(b) x-intercepts: none
(c) Vertical asymptote: x = 0

Slant asymptote: y = —x

@ x =3 |2 -1 1 2 3
11 11
X — 3 3 -3 -3 i
/) 3 3
s
N\ 6
N e e
“21 N
—44 N\
—6 N\
—8+
2
g(x):x +1:x+7
x

(a) Domain: all real numbers x except x = 0
(b) No intercepts
(c) Vertical asymptote: x = 0

Slant asymptote: y = x

@7, 4 | 2|21 4
g(x) LA T I T O A <7
4 2 | 2 6
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52.

53.

x2 1
=x+1+
X - x -1

h(x) =
(a) Domain: all real numbers x except x = 1
(b) Intercept: (0, 0)

(c) Vertical asymptote: x = 1
Slant asymptote: y = x + 1

@1, 4 | =2 (2| 4
16 4 16 36
x| 0] 2 00
5 3

2 +1 26
t) = =—t+5-
f( ) t+5 t+5
(a) Domain: all real numbers ¢ except ¢t = —5

(b) Intercept: (0, —éj

(c) Vertical asymptote: ¢t = —5

Slant asymptote: y = —f + 5

@1, -7 -6| -4 |-3]0

fle) | 25 |37 | =17 | =5 | ——
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X +1 2 X 1 4x
54. = =x-1+ 56. g(x) = = —x+ —
/) x+1 * x+1 g(x) 2x2 -8 2 2x* - 8
(a) Domain: all real numbers x except x = —1 (a) Domain: all real numbers x except x = 12

(b) Intercept: (0, 0)

(c) Vertical asymptotes: x = 2

(b) x-intercept: none

y-intercept: (0, 1)

(c) Vertical asymptote: x = —1 Slant asymptote: y = %x
Slant asymptote: y = x — 1 )
() - ST Teln ; ; X -6 -4 | -1 1 4 6
T3 g | -E | L L
f(x) -5 -5 111 3 > 8 3 6 6 3 8

3 4 57.f(x):x_7x+1:x+ !
=x+
x? -4 x? -4

55. f(x) =
(a) Domain: all real numbers x except x = 1

(a) Domain: all real numbers x except x = 12
(b) y-intercept: (0, 1)
(b) Intercept: (0, 0)
(c) Vertical asymptote: x = 1

Vertical totes: =12
(¢) Vertical asymptotes: x Slant asymptote: y = x

Slant asymptote: y = x
@ @7 4 | 2|0 |2] 4
x 6 | -4 |-1lol 1|46 —— .
27| 16| 1 1|16 | 27 SR | -= |5 |13 =
SR |- =2 o= | 2= 51 3
4| 3|3 303 | 4

~
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2 _
2x 5x+5=2x_1+ 3
x -2 x -2

58. f(x) =
(a) Domain: all real numbers x except x = 2
(b) y-intercept: [O, —gj

(c) Vertical asymptote: x = 2
Slant asymptote: y = 2x — 1

@] x 6 | =3 |1 ]3] 6
107 38 47 | 68
b —— | == | -2 |8 — | =
f( ) 8 5 4 5
32 _ _ _ _
59 f(x) _ 2x X 2x + 1 _ (2x 1)(x + 1)(x l) _ (2x 1)(x l)’ R
X2 +3x+2 (x+1)(x+2) x + 2
2 _
:2x 3x+1:2x_7+ 15’ v 1
x + 2 x + 2
(a) Domain: all real numbers x except x = —landx = -2

(b) y-intercept: (O, %j

x-intercepts: (%, 0), (1,0)

(c) Vertical asymptote: x = —2

Slant asymptote: y = 2x — 7

d
(d . _4 -3 _E 01
2
45 !
S | = [ 728 20 ] 5 |0
2+ xP-8x -4 (x=2)(x +2)(2x +1)
60. f(x) = 2 —3x+2 - (x - 2)()( - 1)

2x + 7 + 9, x # 2
x—1

(a) Domain: all real numbers x except x = landx = 2
(b) y-intercept: (0, —2)
. 1
x-intercepts: (-2, 0), (_E’ OJ

(c) Vertical asymptote: x = 1
Slant asymptote: y = 2x + 7

d
OF Vs lalalol L [2]3]4
2 12
5 1 35
x)| == 0 | = |-=-21|-10 |28 = |18
f()4 2 2
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61.

62.

63. g(x

x? +2x -8 8
xX)= " — " " = x -
f( ) x + 2 x+2
Domain: all real numbers x except x = =2
Vertical asymptote: x = —2

Slant asymptote: y = x
Line: y = x

10

LA,

-10

2x% + x 1
X)=——=2x-1+
f( ) x+1 x +1
Domain: all real numbers x except x = —1

Vertical asymptote: x = —1
Slant asymptote: y = 2x — 1
Line: y = 2x — 1

6

14 3xr X1
X X

Domain: all real numbers x except x = 0

Vertical asymptote: x = 0
Slant asymptote: y = —x + 3

Line: y = —x +3 12
-4
_ 42
64 hx)= 22 Loy, 2
2(4 + x) 4+ x
Domain: all real numbers x except x = —4

Vertical asymptote: x = —4

1
:7+3—X:—x+3+§

12

Slant asymptote: y = —%x +1

1
Line: y = —Ex +1 ]

Section 2.6 Rational Functions

x+1
x—3

65. y =

(a) x-intercept: (—1, 0)

x+1

b) 0=
(b) T3
0=x+1

-1=x

2x

66. =
Y x—-3

(a) x-intercept: (0, 0)

2x
b) 0 =
(b) T3
= 2x
0=x
67.y=l—x
X

(a) x-intercepts: (-1, 0), (1, 0)

(b) Ozl—x
X
1
x = —
X
x2 =1
x =1

68. y=x—3+g

X

(a) x-intercepts: (1, 0), (2, 0)

®) 0=x-3+2
X

0=x>-3x+2
0=(x-1)(x-2)
x=Lx=2

197
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69. ¢ = 20007 4 o, <100

100 — p
(a) 300.000
0 100
0
25,000(15
(b) C = 2500015) _ $4411.76
100 — 15
25,000(50
= # = $25,000
100 — 50
25,000(90
= # = $225,000
100 — 90

(¢) C — o as x — 100. No, it would not be possible
to supply bins to 100% of the residents because the
model is undefined for p = 100.

71. A = xy and

(x=3)(y-2) =64
64
—2 =
7 x -3
64 2x + 58
y:2+ =
x—-3 x—-3
2 2
Thus,Azxyzx[zx-‘rsgjz x(x+ 9),x>3.
x -3 x -3

2
70. N = M,l >
1 + 0.04¢

(a) 1400

0

(b) N(5) = 333 deer
N(10) = 500 deer
N(25) = 800 deer

(c) The herd is limited by the horizontal asymptote:

N = 60 = 1500 deer
0.04

200

—

By graphing the area function, we see that 4 is minimum when x = 12.8 inches and y = 8.5inches.

72. (a) A = xy and
(x—4)(y-2)=30

30
_2=
7 x-4
30 2x + 22
y:2+ =
x—4 x—4
2x(x + 11
Thus, 4 = xy =x[2x+22J= X )
x—4 x—4

(b) Domain: Since the margins on the left and right are each 2 inches, x > 4. In interval notation, the domain is (4, oo).

© %

4 40
0

The area is minimum when x = 11.75inches and y = 5.87 inches.

X 5 6 7181910

12 13 14 15

v (Area) | 160 | 102 | 84 | 76 | 72 | 70

69.143 | 69

69.333 | 70 | 70.909

The area is minimum when x is approximately 12.
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73.

74.

75.

76.

77.

(a) Let #, =time from Akron to Columbus
and ¢, = time from Columbus back
to Akron.

100 ©
xt, =100 = 4, = —
X
yt2=1003t2=@
y
50(z, +t,) = 200
6+ &) @
h+t,=4
100,100 _,
X y
100y + 100x = 4xy
25y + 25x = xy
25x = xy — 25y
25x = y(x = 25)
25x
Thus, y = .
' x —25
2
Co 33: + t5 -0
 + 50

0 /\10

0

The horizontal asymptote is the z-axis, or C = 0. This
indicates that the chemical will eventually dissipate.

False. Polynomial functions do not have vertical
asymptotes.

False. The graph of f(x) = crosses y = 0,

_r
¥ +1
which is a horizontal asymptote.
False. A graph can have a vertical asymptote and a
horizontal asymptote or a vertical asymptote and a slant

asymptote, but a graph cannot have both a horizontal
asymptote and a slant asymptote.

A horizontal asymptote occurs when the degree of N(x)
is equal to the degree of D(x) or when the degree of
N(x) is less than the degree of D(x). A slant asymptote
occurs when the degree of N (x) is greater than the
degree of D(x) by one. Because the degree of a

polynomial is constant, it is impossible to have both
relationships at the same time.

Section 2.6 Rational Functions 199

(b) Vertical asymptote: x = 25

Horizontal asymptote: y = 25

200

25

65

x| 30

35 40 | 45 [ 50| 55 60

y | 150

87.5166.7 | 563 | 50| 458

429

(e) Sample answer: No. You might expect the average

speed for the round trip to be the average of the
average speeds for the two parts of the trip.

(f) No. At 20 miles per hour you would use more time in

one direction than is required for the round trip at an
average speed of 50 miles per hour.

78.

79.

80.

81.

(a) True. When x = 1 the graph of f has a vertical
asymptote, therefore D(1) = D.

(b)

True. Since the graph of f has a horizontal
asymptote at y = 2, the degrees of N(x)and D(x)
are equal.

(c) False. Since the horizontal asymptote is at y = 2,
which shows that the ratio of the leading coefficients
of N(x)and D(x) is 2, not 1.

Yes. No. Every rational function is the ratio of two
N(x)
D(x)
Vertical asymptote: None = The denominator is not

zero for any value of x (unless the numerator is also
zero there).

polynomial functions of the form f(x) =

Horizontal asymptote: y = 2 = The degree of the
numerator equals the degree of the denominator.
2

2
f(x) N x2 x+ 1

many correct answers.

is one possible function. There are

Vertical asymptotes: x = —2,x =1 = (x + 2)(x — 1)
are factors of the denominator.

Horizontal asymptotes: None = The degree of the
numerator is greater than the degree of the denominator.

f(x) =

x}

(x + 2)(x - 1)

are many correct answers.

is one possible function. There
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200 Chapter 2 Polynomial and Rational Functions

82. Answers will vary.

v

Sample answer:

y=x+1+ This has a slant asymptote of x + 1 and a vertical asymptote of x = 2.
X —
0=-2+1+—2 Since x = —2 is a zero, (-2, 0) is on the graph. Use this point to solve for a.
1= 4
-4
-4 =a

4 (x+)(x-2)-4 x*-x-6
=x+1- = = .
Thus, y = x x =2 x =2 x -2

X2-x-6

j(x) - x =2

Section 2.7 Nonlinear Inequalities

1. positive; negative 3. zeros; undefined values

2. key; test intervals 4. P=R-C

5 x2-3<0

(@ x=3 b) x=0 © x=2 (d x=-5
) 2 ) 2 3\2 ? ) ?
(Y -3<0 (0) -3<0 (3) -3<0 (-5)° -3<0
6«0 3<0 -2<0 22 £ 0

No, x = 3 is not Yes, x = 0 is Yes, x = % is No, x = =5 is not
a solution. a solution. a solution. a solution

6. x> —2x—-820

(@ x=5 b)) x=0 ) x=-4 @ x=1
‘ q (-4) - 2(-4) - 8 >0 (1> -201) -8 >0
(59 -25) -8 > (0 -2(0) -8 =0 16+8-8> 1-2-8>
7> 870 16 > =9 #0
Yes, x =5 is No, x = 0 is not Yes, x = —4 is No, x =1 is not
a solution. a solution. a solution. a solution
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7. 51253
-4
(@ x=5 b)) x=4
5+27 3 4+27 3
5-4 4 -4
723 6 is undefined.
0
Yes, x = 5is No, x = 4 is not
a solution. a solution.
2
. 23# <1
X+ 4
@ x=-2 b)) x=-1
2 2
3(-2 ? 3(-1 ?
% < 1 (27) < 1
(=2)" + 4 (=" +4
E < 1 } <1
8 5
No,x = =2 is not Yes,x = —lis
a solution. a solution.
9. x> =3x - 18 = (x + 3)(x - 6)
x+3=0=x=-3

x—-6=0=x=6

The key numbers are —3 and 6.

10. 9x° —25x2 =0
x*(9x = 25) =0
X=0=>x=0

%—%=o:x—§

The key numbers are 0 and %.

1+1(x -5
TTEE P St
x =5 x =35
_x—4
x -5

x—-4=0=>x=4
x—-5=0=>x=5

The key numbers are 4 and 5.

Section 2.7 Nonlinear Inequalities

() x=-= d) x==
_2""2? 2+2.,
3 23 3 >3
-— -4 Z_
2 54
5 13>3
— #3
17}
NO,X=—2isn0t Yes,ngis
2 2
a solution. a solution.
) x=0 (d x=3
3(0° 2 337
g) <1 E) <1
(0)" +4 (3)° + 4
0<1 27
— <1
Yes,x = 0is 13
a solution. No, x = 3 is not
a solution.
. % 2 x(x—=1)=2(x+2)
Tx+2 x—l_ (x+2)(x—1)
_ X -x-2x-4
(x+2)(x-1
C(x—4)(x+ 1)
S (x+2)(x - 1)
(x—4)(x+1)=0
x—-4=0=>x=4
x+1=0=x=-1
(x+2)(x-1)=0
x+2=0=x=-2
x—-1=0=>x=1

The key numbers are -2, —1, 1, and 4.

201
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202 Chapter 2 Polynomial and Rational Functions

13. 2x* +4x <0
2x(x + 2) <0

Key numbers: x = 0, -2
Test intervals: (—eo, —2), (=2, 0), (0, =)

Test: Is 2x(x + 2) < 0?

Interval x-Value Value of 2x(x + 2) Conclusion

(—e2,-2) -3 6 Positive

(-2,0) -1 -2 Negative Solution set: (-2, 0)

(0, =) 1 3 Positive DUBSIGE Suas SEESa

14. 3x2 -9x 20
3x(x —=3) 2 0
Key numbers: x = 0,3
Test intervals: (—eo, 0), (0, 3), (3, =)

Test: Is 3x(x — 3) > 0?

Interval x-Value Value of 3x(x — 3) Conclusion
(===, 0) -1 12 Positive
(0,3) 1 -6 Negative Solution set: (=0, 0] U [3, =)
i ' L X
(3, oo) 4 12 Positive 32101234556
15. <9 16. x? <25
¥ -9<0 X2 -25<0

(x+3)(x-3)<0 (x+5)(x-5)<0
Key numbers: x = +3 Key numbers: x = £5
Test intervals: (—e°, =3), (=3, 3), (3, =) Test intervals: (—c°, =5), (=5, 5), (5, =)
Test: Is (x + 3)(x — 3) < 0? Test: Is (x + 5)(x — 5) < 0?
Interval  x-Value Value of x> —9  Conclusion Interval  x-Value Valueof x> —25  Conclusion
(—oo, —3) -4 7 Positive (—°°, —5) -6 11 Positive
(-3,3) 0 -9 Negative (-5.5) 0 -25 Negative
(3,%) 4 7 Positive (5, ) 6 11 Positive
Solution set: (-3, 3) Solution set: [-5, 5]

— Y o -5 5

T \ ' ' ' ' ' 1 T - i 1 .

-4 -3-2-1 0 1 2 3 4 L O I

-6 -4 -2 0 2 4 6
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19.

20.

(x+ 2)2

IN

25
25

IN

X+ 4x + 4
X2 + 4x - 21
(x+7)(x—3)

IN
(e}

IN

Key numbers: x = =7, x = 3
Test intervals: (—oo, =7), (=7, 3), (3, =)

Test: Is (x + 7)(x — 3) < 0?

Interval x-Value Value of Conclusion
(x +7)(x - 3)

(—o0, =7) -8 (-1)(-11) =11 Positive
(-7.3) 0 (7)(=3) = -21 Negative
(3, ) 4 (1@ =11 Positive
Solution set: [-7, 3]

-7 3

N S, S,

. ]
-8 =6 -4 -2 0 2 4 6

X +6x+12=2-7

X +6x+820
(x+2)(x+4) >0
Key numbers: x = =2, x = —4

Test Intervals: (—oe, —4), (—4, —2), (=2, =)

Test: Is (x + 2)(x + 4) > 0?

Interval x-Value

(-0, —4) -6 8
(-4.-2) -3 -1
(=2, ) 0 8

¥ —8x+2<11
¥ -8x-9<0
(x=9x+1 <0
Key numbers: x = -1, x =9
Test intervals: (—eo, 1) = (x = 9)(x +1) > 0
(-L9) = (x-9)(x+1) <0
(9,00) > (x = 9)(x+1) >0

Solution set: (—1,9

)
-1 9
\
7

+—+ +—+
-2 0 2 4 6 8 10

Value of (x + 2)(x + 4)

21.

Section 2.7 Nonlinear Inequalities 203

(v -3
x? —6x + 8
(x=2)(x—4)

\Y

1

0
0

vV

\Y

Key numbers: x = 2,x = 4

Test intervals: (—e0,2) = (x = 2)(x — 4) > 0
(2,4) = (x=-2)(x-4) <0
(4,00) = (x =2)(x—4) >0

Solution set: (—eo, 2] U [4, o)

X

—)——1
12 3 4 s
Conclusion
Positive
Negative Solution set: (=0, —4] U [-2, <)
Positive ; j o 72[ R
X2+x<6
¥ +x-6<0
(x+3)(x-2)<0
Key numbers: x = =3,x =2
Test intervals: (—eo, —3), (=3, 2), (2, )
Test: Is (x + 3)(x — 2) < 0?
Interval x-Value Value of Conclusion
(x +3)(x - 2)
(—oo, —3) -4 (-1)(-6) = 6 Positive
(=3,2) 0 (3)(-2) = =6 Negative
(2, 00) 3 (6)1) =6 Positive
Solution set: (-3, 2) ,§ oS0 i :
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204 Chapter 2 Polynomial and Rational Functions

22.

23.

24,

¥ +2x >3
¥ +2x-3>0
(x+3)(x-1)>0
Key numbers: x = =3, x =1
Test intervals: (—e, =3) = (x + 3)(x = 1) > 0
(-33)=> (x+3)(x-1) <0
(L) = (x+3)(x=1) >0
Solution set: (—e2, =3) U (1, =)

A} 4 I 4 L
t 7 t t t —
-4 -3 -2 -1 0 1 2

x

¥ < 3-2x
¥ +2x-3<0
(x+3)(x-1)<0
Key numbers: x = =3, x =1
Test intervals: (—eo, —=3), (=3, 1), (1, )

Test: Is (x + 3)(x — 1) < 0?

Interval x-Value Value of Conclusion
(x +3)(x-1)
(—e0, =3) -4 (-1)(=5) =5  Positive
(-3.1) 0 (3)(-1) = =3 Negative
(1, ) 2 3 =5 Positive
Solution set: (=3, 1)
, 3 N
\ 7 :
-3 -2 -1 0 1
x> 2x +8
X -2x-8>0
(x—4)(x+2) >0
Key numbers: x = =2, x = 4
Test intervals: (—eo, —2), (=2, 4), (4, =)
Test: Is (x — 4)(x + 2) > 0?
Interval x-Value Value of Conclusion
(x - 4)(x + 2)
(=0, —2) -3 (-7)(=1) =7 Positive
(-2,4) 0 (-4)2) = -8 Negative
(4, ) 5 1)(7) =7 Positive

U (4, )

X

Solution set: (—oe, —2)

-3-2-1 0 1 2 3 4 5

25.

26.

3x? = 11x > 20
3x2 = 11x =20 > 0
(3x+4)(x—5) >0

Key numbers: x = 5, x = —%

Test intervals: (—00, —%), (—%, 5), (5, )

Test: Is (3x + 4)(x — 5) > 0?

Interval x-Value Value of Conclusion
(3x + 4)(x - 5)
(<eo,=%) 3 (-5)(-8) =40  Positive
(—%7 5) 0 (4)(-5) = =20  Negative
(5, ) 6 (22)(1) = 22 Positive
Solution set: (—oo, —%) U (5, )
_4
3
72710]23456A
2x> +6x+15<0
2x2 —6x —1520
~(=6) £ \J(=6)" - 4(2)(-15)
X =
2(2)
6+ /156
4
6+ 2+/39
4
_3 + V39
)
Key numbers: x = 3. 39,x = 3 + N3
2 2 2 2

Test intervals:

J:>—2x2+6x+15<0

+]3—2x2+6x+15>0

,m]:—2x2+6x+15<0

3
22
.

BN
]

Solution set: [—oo

3
2

°

3
2
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27, X =3 -x+3>0
xz(x—3)—(x—3) >0
(x-3)(x*-1)>0
(x=3)(x+1(x-1)>0
Key numbers: x = -1, x = 1,x =3
Test intervals: (—e= —1), (=1, 1), (1, 3), (3, =)

Test: Is (x — 3)(x + 1)(x — 1) > 0?

Interval x-Value Value of (x — 3)(x + 1)(x — 1) Conclusion
(=c0, 1) -2 (=5)(=1)(=3) = —15 Negative
(-1,1) 0 (=3)1)(-1) = 3 Positive
(1,3) 2 (-1)3)(1) = -3 Negative
(3, ) 4 1)(5)(3) = 15 Positive

Solution set: (—1,1) U (3, )

X
-3-2-1 01 2 3 45 67

IA
S

28. X +2x* —4x -8
(x+2) - 4x+2)
(x+2)(x*-4)<0

INA
(]

(x+20°(x-2)<0
Key numbers: x = =2, x = 2

Test intervals: (—e0,—2) = x> +2x* —4x -8 < 0
(—2,2):>x3 +2x* —4x-8<0

(2,w):>x3+2x2—4x—8>0

Solution set: (—c°, 2]

10 el
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29, -3 +7x> +9x > 63
X —7x* —9x < —63
X -T2 -9x+63<0

xz(x—7)—9(x—7)<0
(x=7) (x - 9)
(x = 7)(x + 3)(x - 3) <
Key numbers: x = -3, x = 3,x =7
Test intervals: (—e°, —=3), (=3,3), (3, 7), (7, =)

Test: Is (x — 7)(x + 3)(x — 3) < 0?

Interval x-Value Value of (x — 7)(x + 3)(x — 3) Conclusion
(~o0, -3) -4 (-11)(=1)(=7) = =77 Negative
(=3.3) 0 (=7)(3)(=3) = 63 Positive
(3.7) 4 (=3)(7)(1) = -21 Negative
(7. ) 8 ()(11)(5) = 55 Positive

Solution set: (—e°, =3) U (3, 7)

30. 2% +13x> —8x —46 = 6 31, 4x° -6x* <0
2x3 +13x> = 8x =52 20 2x*(2x - 3) < 0
x*(2x +13) - 4(2x +13) 2 0 Key numbers: x = 0, x = %
2x +13)(x* —4) 2 0
\ ) ) Test intervals: (=2, 0) = 2x*(2x — 3) < 0
2x+13)(x+2)(x—-2)20

(0,3) = 2= 2702x-3) <0
Key numbers: x = —%,x =-2,x=2

(3,2) = 2x¢2(2x = 3) > 0
Test intervals:

(oo, =8} = 20 + 132 —8x =52 < 0 Solution set: (==, 0) U (0. 3)
(-5, -2) = 26" +13x? —=8x =52 > 0 3

—
(-2,2) = 2x° +13x> —8x - 52 < 0 2o 0
(2,00) = 2x* +13x* =8x =52 >0

32. 483 —12x* > 0
4x*(x =3) >0

Key numbers: x = 0,x = 3

Test intervals: (—e°, 0) = 4x*(x —=3) < 0
(0,3) = 4x*(x -=3) <0
(3,00) = 4x*(x =3) >0

Solution set: (3, =)

W o~
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33.

34.

37.

38.

39.

Section 2.7 Nonlinear Inequalities 207

v

x> - 4x
x(x + 2)(x - 2)

0 35 (x - 1)’(x+2]° 20
0

vV

Key numbers: x = 1, x = =2
Key numbers: x = 0, x = +2

. e 2 3
Test intervals: (—o°, —2) = x(x + 2)(x = 2) < 0 Test intervals: (~eo, ~2) = (x — 1)’ (x + 2" < 0

2 3

(=2.0) = x(x + 2)(x = 2) > 0 2D =(-1)(x+2) >0
(0,2) = x(x +2)(x —2) < 0 (L) = (x = 1)’(x +2)° > 0
(2,00) = x(x +2)(x -2) > 0 Solution set: [—2, )

Solution set: [—2, 0] U [2, «) o _5’_ ——

L | " L X
e L
-3 -2 -1 0 1 2 3 4

36. x*(x=3)<0

26  —x* <0 Key numbers: x = 0,x = 3
32— x) <
r(2-x) =<0 Test intervals: (=, 0) = x4(x -3)<0
Key numbers: x = 0, x = 2 (0 3) = x4(x _ 3) <0
Test intervals: (—e°, 0) = x*(2 — x) < 0 (3,0) = x*(x =3) >0
3
(0.2) = #(2-x) >0 Solution set: (—e°, 3]
(2, 00) = x3(2 - x) <0 1 N + x
1 2 g 4 5
Solution set: (—eo, 0] U [2, e)
—F + X
-2 -1 f) 1 '.IZ. 3 4
45 —4x +1<0
Q2x-1%?<0
Key number: x = %
Test Interval x-Value Polynomial Value Conclusion
(coo, 1) x=0 [200) -1 = 1 Positive
(£, x=1 @) - 1P =1 Positive

The solution set consists of the single real number 5.

X +3x+8>0

3 ~23,

Using the Quadratic Formula you can determine the key numbers arex = —— + i

2 2
Test Interval x-Value Polynomial Value Conclusion
(=00, =) x=0 (02 +3(0)+8 =8 Positive

The solution set is the set of all real numbers.

X2 —6x+12<0

Using the Quadratic Formula, you can determine that the key numbers are x = 3 £ /3i.
Test Interval x-Value Polynomial Value Conclusion
(=00, ) x=0 (02 = 6(0) +12 =12 Positive

The solution set is empty, that is there are no real solutions.
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40. x> -8x+16 >0

(x=4>>0
Key number: x = 4
Test Interval x-Value Polynomial Value Conclusion
(=0, 4) x=0 0-4)?2 =16 Positive
(4, =) x=5 G-4?%=1 Positive

The solution set consists of all real numbers except x = 4, or (—eoo, 4) U (4, ).

4x — 1

2
41. >0 42. ¥ 1oy
x X
1 x—1)(x+1
Key numbers: x = 0, x = — w <0
4 X
Test intervals: (—ee, 0), (0, %), (%, oo) Key numbers: x = -1, x = 0,x =1
4 1 Test intervals: (=, —1), (=1, 0), (0, 1), (1, =)
: 0?
Test:Is g Interval x-Value Value of Conclusion
o1 (x=1(x+1)
Interval x-Value Value of Conclusion X
_ e (=3)(1) _ 3 :
(=2, 0) -1 —f =5 Positive (=e= 1) -2 5 2 Negative
1 B s
. _2 3 ..
[0, ﬂ 3 Tz =4 Negative (=1,0) 2 1 T,  [Fositive
8 2
1Y 3
3 2
(l, wj 1 =3 Positive 1 ( 2) 2) 3
4 1 (0,1) 5 T =3 Negative
Solution set: (—eo, 0) U (7, oo] 2
| (1,20 2 (1E) =3 Positive
I 2 2
AL X
2o 0o 2 Solution set: (—e0, 1) U (0, 1)
<—0—)—(—)—4—>x
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43. XS,
x —1
3»x+5_2<O
x =1
3Ix+5-2(x-1
+5-2x-1)
x—1
x+7<0
x—1
Key numbers: x = =7,x =1

Test intervals: (—oo, =7), (=7, 1), (1, o)

Test: Is x+7 < 0?
x -1
x+7
Interval x-Value Value of
X —
-1 1
—o0, =7 -8 — ==
( ) i
0+7
-7,1 0 =-7
(=7.1) 01
2+9
1, o 2 =11
(L, ) S
44. X125
x+ 2
x + 12 Z330
x+ 2
x+12 -3(x + 2)
_— 2 >0
x+ 2
6 — 2x >0
x + 2
Key numbers: x = =2, x =3
Test intervals: (—oo, —2), (=2, 3), (-3, =)
Test: Is 6= 2x > 0?
x+2
Interval x-Value Value of
X
6 — 2(-3)
—o0, =2 -3
( ) -3)+2
(-2.3) 0 6-0_3
0+2
6 -8 1
3700 4 = —
(3. ) 4+2 3

Solution set: (-2, 3]

Section 2.7 Nonlinear Inequalities

Conclusion

Positive

Negative

Positive

Solution set: (—7,1)

-7
##l\\\\\\\

& —

A}
-8 -6 -4 -2 0

o+

Conclusion

Negative

Positive

Negative

209
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210 Chapter 2 Polynomial and Rational Functions

2 1
x+5>x—3

2 1
x+5_x—3
2(x - 3) - 1(x +5)

(x +5)(x = 3)

x —11
(x+5)(x—3)

45.

>0

>0

>0

Key numbers: x = =5, x = 3, x =11

x —11

Test intervals: (—eo, =5) > ————— < 0

(x +5)(x - 3)

x —11
(—5,3):>m>0

x =11
(3,11):>m<0

x — 11
(ll,m):m>0

Solution set: (—5,3) U (11, o)

-5 11
v y . ¢t

t < 7T —+F% x
-9-6-3 0 3 6 9 1215

5 3
x—6>x+2
5(x +2) = 3(x - 6)
(x —6)(x +2)
2x + 28
(x = 6)(x +2)

46.

Key numbers: x = =14, x = -2, x = 6
2x + 28

(x = 6)(x + 2)
2x + 28

Test intervals: (—co, —=14) =

(-14,-2) =

(_2 6)3 2x + 28

2x + 28 S
(x = 6)(x + 2)

(6,0) =

Solution intervals: (—14, —=2) U (6, )

-14 -2 6
H }
He -+
-15 -10 =5 0 5 10
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TEGE

G-6n+2 "

1 9
<
47. x—-3 4x+3
1 B 9 <0
x—3 4x+3
4x +3 -9(x - 3)
e e et NP
(x = 3)(4x + 3)
30 - 5x
(x = 3)(4x +3)
3
Key numbers: x = 3,x = e x=6
Test intervals: [—oo, —ij _30-5x
4 (x = 3)(4x + 3)
[—5,3) SN e L
4 (x = 3)(4x + 3)
30 - 5x
3,6) > —m———
(3.0) (x = 3)(4x + 3)
30 — 5x
6,0) > ——— <0
(6,) (x = 3)(4x + 3)
. 3
Solution set: (—Z, 3) U [6, )
_3
4 3
P 4 LY L x
—H —
-4 -2 0 2 4 6 8
48. 1, 1
X x+3
1(x + 3) = 1(x) 0
x(x + 3)
3
x(x +3)
Key numbers: x = =3,x =0
Test intervals: (—eo, —3) = 3 >0
x(x + 3)
-3,0) = <0
( ) x(x + 3)
3
0,00) = >0
( ) x(x + 3)

Solution intervals: (—ee, =3) U (0, o)

—)
4 3 2 -1 0 1




x2+2x<
x> -9
x(x + 2)
(x +3)(x=3)

49.

Key numbers: x = 0,x = -2, x = £3

Test intervals: (oo, —3) = (xer();)E;z—)s) >0
(-3,-2) = (xx+();)z;2—)3) <0
(20 = =
(0,3) = m <0
SRR ST

Solution set: (—3,-2] U [0, 3)

— - f———y >«
5. T TE05

(x+3)(j:—2) >0

Key nu:;bers: x=-3x=0x=2

Test intervals: (—eo, —3) = G+3x=-2) <0
(-3,0) = @ >0
0.2 = B 3)(;C-z) o
o) o (e

Solution set: [-3, 0) U [2, =)

x

Section 2.7 Nonlinear Inequalities 211

51. S
x—1 x+1
B+ D)+ 2x(x —1) +1(x+1)(x - 1) 0
(x—Dx+ 1) g
3T+ x+2
CEETT
Key numbers: x = -1, x =1
Test intervals: (—co, 1) = m >0
32 + x + 2
(-11) = ey <
3T+ x+2
(L) = m >0
Solution set: (—o0, —=1) U (1, o)
52, ;fl < ﬁ +3
3x(x + 4) - x(x — 1) = 3(x + 4)(x - 1) <0
(x = )(x + 4) B
—x? +4x + 12
(x = 1)(x + 4 =0
—(x - 6)(x +2) <
(x - 1)(x + 4)
Key numbers: x = 4, x = -2,x =1,x =6
. ) —(x - 6)(x + 2)
Test intervals: (—eo, —4) = m
—(x = 6)(x +2)
D= s
—(x - 6)(x + 2)
(-2,1) = o) <0
—(x = 6)(x +2)
(1,6) = el
—(x = 6)(x +2)
O ey

Solution set: (—e0, —4) U [-2,1) U [6, =)

1

(_);H—4—4—P>x

-4 -2 0 2 4 6
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212  Chapter 2 Polynomial and Rational Functions

= —x2 2(x =2
53. y X~ +2x +3 58. y = (x )
x +1
6 14

" -

-5 f k 7

_2 6

(@ y <0 when x < -1 or x > 3.

(@ ¥y <0 when -1 < x £ 2.

(b)y23whenOSxS2 (b)y28when—2Sx<—l.
_ 1.2
54.y—5x -2x+1 s oyl
12 .y_x2+4
6
~10 — 14
-6 6
—4

-2

(@ y 0 when 2 — /2 < x <2 ++/2.

(b) y 27 when x < -2 o0rx = 6.

IN

(@ y=1when x < -2 or x 2 2.

This can also be expressed as \ x\ > 2.

55. y = éxS - 1x (b) y < 2 for all real numbers x.
8 This can also be expressed as —eco < x < oo,
—12 / 12 5x
60. y = ———
/ 4 x* + 4
T8 : (@ y21whenl< x <4,
(@ y20when -2 < x<0o0r2 < x < oo . 6(b)ySOwhen
(b) ¥y <6 when x < 4. —ee<x <0
-4
56. y = x> — x> —16x + 16
48
61. 0.3x" + 6.26 < 10.8
[\ 03x* +4.54 < 0
-12 12
|[ W Key numbers: x = +3.89

-24

Test intervals: (—eo, —3.89), (~3.89, 3.89), (3.89, =)
(@ y <0 when —= < x<-dorl<x<4 Solution set: (—3.89, 3.89)

(b) ¥y 236 when x = =2 0r5 < x < oo.
62. —1.3x2 +3.78 > 2.12

57,y = —% ~1.3x% +1.66 > 0
x =2
8 Key numbers: x = *+1.13
& Test intervals: (—eo, —1.13), (=1.13,1.13), (1.13, o)
-6 12 Solution set: (—1.13,1.13)

(@) y <0 when 0 < x < 2.
(b) y 2 6when 2 < x < 4.
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63.

64.

65.

66.

-05x* +125x +1.6 >0

Key numbers: x = —0.13,x = 25.13

Test intervals: (—e, —0.13), (=0.13, 25.13), (25.13, )

Solution set: (—0.13, 25.13)

1.2x> + 48x +3.1< 53
1.2x2 +48x - 22 <0

Key numbers: x = —4.42, x = 0.42

Test intervals: (—oo, —4.42), (-4.42, 0.42), (0.42, o)

Solution set: (—4.42, 0.42)

1
2352
1
23x - 52
1-34(23x-52)
23x - 52
~7.82x + 18.68
23x - 52

34

-34>0

0

0

Key numbers: x = 2.39,x = 2.26
Test intervals: (—eo, 2.26), (2.26, 2.39), (2.39, =)

Solution set: (2.26, 2.39)

# > 5.8
3.1x — 3.7
2 - 58(.1x - 3.7)
>0
3.1x — 3.7
23.46 — 17.98x
—— >0
3.1x - 3.7
Key numbers: x = 1.19, x = 1.30
: 23.46 — 17.
Test intervals: (=, 1.19) = 2346 - 17.98x <0
3.1x — 3.7
(1.19,1.30) = 240 Z1798x
3.1x — 3.7
(130, 00) = 240 = 1798x _
3.1x — 3.7

Solution set: (1.19,1.30)

68.

Section 2.7 Nonlinear Inequalities 213

67. s = 16> + vyt + s, = —16t> + 160t

(a) —161% + 160t
—16¢(¢t — 10)
t=0,t =

10

It will be back on the ground in 10 seconds.
-16* + 160t > 384

—16> + 160t — 384 > 0

—16(¢* - 10t + 24) > 0

(b)

2 —10t+24 <0
(t-4)(t-6)<0

Key numbers: t = 4,1 = 6

Test intervals: (=, 4), (4, 6), (6, =)

Solution set: 4 seconds < ¢ < 6 seconds

s = —161% + vot + 55 = —16¢> + 128¢

(a) —16¢% +128 = 0

—16¢(r = 8) = 0
-6t =0=1¢=0
t-8=0=>1r=28

It will be back on the ground in 8 seconds.
—16% + 128t < 128
—16¢2 + 128t — 128 < 0
-16(> = 81 +8) < 0

(b)

2 -8 +8>0
Key numbers: ¢ = 4 — 2\/5,; =44 22
Test intervals:

(~e=.4 - 21/2). (4 - V2.4 + 2V2),
(4 + 242, <><>)
Solution set: 0 seconds < ¢ < 4 — 2\/5 seconds

and
4 + 2+/2 seconds < ¢ < 8 seconds
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69.

70.

Chapter 2 Polynomial and Rational Functions

R = x(75 = 0.0005x) and C = 30x + 250,000

P=R-C
(75x = 0.0005x) — (30x + 250,000)
~0.0005x> + 45x — 250,000

P > 750,000
~0.0005x> + 45x — 250,000 > 750,000

~0.0005x2 + 45x — 1,000,000 > 0

Key numbers: x = 40,000, x = 50,000
(These were obtained by using the Quadratic Formula.)

Test intervals:

(0, 40,000), (40,000, 50,000), (50,000, =)
The solution set is [40,000, 50,000] or
40,000 < x < 50,000. The price per unit is

p = R =75 — 0.0005x.
X

For x = 40,000, p = $55. For x = 50,000,
p = $50. So, for 40,000 < x < 50,000,
$50.00 < p < $55.00.

R

x(50 — 0.0002x) and C = 12x + 150,000

P=R-C
= (50x - 0.0002x?) — (12x + 150,000)
-0.0002x* + 38x — 150,000
P > 1,650,000
—-0.0002x% + 38x — 150,000 > 1,650,000
—0.0002x> + 38x — 1,800,000 > 0
Key numbers: x = 90,000 and x = 100,000

Test intervals:
(0, 90,000), (90,000, 100,000), (100,000, oo)

The solution set is [90,000, 100,000] or
90,000 < x < 100,000. The price per unit is

» =& 50~ 0.0002x.
X

For x = 90,000, p = $32. For x = 100,000,
p = $30. So, for 90,000 < x < 100,000,
$30 < p < $32.

71.

73.

74.

4-x*20
(2+x)(2—x)20
Key numbers: x = +2

Test intervals: (—e0,—2) = 4 —x* < 0
(-2,2) > 4-2* >0
(

2,00) > 4-x <0

Domain: [-2, 2]

. The domain of ~/x*> — 9 can be found by solving the
inequality:
x> -9 2
(x+3)(x=-3)=20
Key numbers: x = =3,x =3

Test intervals: (—oo, =3) = (x + 3)(x —3) > 0
(-3,3) = (x+3)(x=3) <0
(3,00) = (x+3)(x-3)>0

Domain: (—ee, =3] U [3, )
x* = 9x + 20

(= 4)x - 9)

Key numbers: x = 4,x =5

v

vV

Test intervals: (—ee, 4), (4, 5), (5, =)

Interval x-Value Value of Conclusion
(x = 4)(x - 5)

(—oo, 4) 0 (-4)(-5) = 20  Positive

(4,5) 2 (%)(—%) = -1 Negative

(5, ) 6 (2)1) =2 Positive

Domain: (—eo, 4] U [5, o)

The domain of /49 — x? can be found by solving the
inequality:
49 —x* 20
x* - 49 <
(x + 7)(x - 7) <
Key numbers: x = =7,x =7

Test intervals: (—eo, —=7) = (x + 7)(x —7) > 0
(-7,7)=> (x+7x=-7) <0
(7,0) > (x+ T)(x=7) >0

Domain: [-7, 7]
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X

x
, —— 20 . >0
& x2 —2x — 35 76 x> -9
#20 S >0
(x +5)(x = 7) (x + 3)(x - 3)
Key numbers: x = 0,x = =5, x =7 Key numbers: x = -3, x = 0,x =3
X
Test intervals: (=0, =5) = ————— < 0 : oo — . x
est intervals ( ) (x+5)(x—7) Testlntervals.( R 3) = (x+3)(x—3) <0
x
-50) = ———— >0 3.0 x 50
0= 567 30 = 5603
X
0,7)=> ——— <0 0,3) > ——~ <0
07 =G5 03 =53
(T,00) = ————— >0 e s X o
(x +5)(x—7) () (x +3)(x-3)

Domain: (=5, 0] U (7, ) Domain: (=3, 0] U (3, «)

77. (a) and (c)

51

Pl R P
48

(b) N = —0.0012317* + 0.04723¢> — 0.6452¢> + 3.783¢ + 41.21
The model fits the data well.

(d) Using the zoom and trace features, the number of students enrolled in elementary and secondary schools fell below 48
million in the year 2017.

(e) No. The model can be used to predict enrollments for years close to those in its domain, 5 < ¢ < 14, but when you project
too far into the future, the numbers predicted by the model decrease too rapidly to be considered reasonable.

78. (a) d 4 6 3 10 12 79. 2L +2W =100 = W =50 - L

LW > 500
L(50 - L) = 500
—I? + 50L — 500 = 0

Load | 2223.9 | 5593.9 | 10,312 | 16,378 | 23,792

\Y

E jsma By the Quadratic Formula you have:
&é ;ZZZZ Key numbers: L = 25 + 55
£ oo Test: Is —I2 + 50L — 500 > 0?
S 5000
L Solution set: 25 — 5/5 < L < 25+ 5/5
4Dep:,h ofxthe]boear: 13.8 meters < L < 36.2 meters
(b) 2000 < 168.5d% — 472.1
2472.1 < 168.5d*
14.67 < d?
383 <d

The minimum depth is 3.83 inches.
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80. 2L +2W =440 => W =220 - L 81 r_1 1
) R R 2
LW = 8000
2R, = 2R + RR,
L(220 - L) > 8000
2R, = R(2 + R))
—I* + 220L — 8000 > 0
2R,
By the Quadratic Formula we have: 2+ R, -
Key numbers: L = 110 £ 10~/41
Because R > 1,
Test: Is —L* + 220L — 8000 > 0?
2R,
Solution set: 110 — 10</41 < L < 110 + 10/41 2+ R 1
4597 feet < L < 174.03 feet 2R
L —120
2+ R
R -2 .
2+ R

Because R, > 0, the only key number is R, = 2.
The inequality is satisfied when R, = 2 ohms.

82. (a) ©

il . . . . s
40

(b) The model fits the data well; each data value is close to the graph of the model.

4032 + 3.53
© 1+ 0.039
40.32 + 3.53
1+ 0.039
L 40324353
1 + 0.039¢
_ —24.68 + 0,995
1 + 0.039¢

(© §

65 <

Key numbers: ¢ = —25.6and ¢ = 24.8. Use the domain of the model to create test intervals.
Test Intervals t-Value Expression Value Conclusion

(2,24.8) t=5 <0 Negative

(24.8, =) t =30 >0 Positive

So, the mean salary for classroom teachers will exceed $65,000 during the year 2024.

(d) Yes. The model yields a steady gradual increase in salaries for values of ¢ > 13.

83. False.

There are four test intervals. The test intervals are
(=e2,=3), (=3,1), (1, 4), and (4, ).

84. True.

The y-values are greater than zero for all values of x.
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85. 10 For part (b), the y-values
\ / that are less than or equal to
-10 10 0 occur only at x = —1.
-10
10 For part (c), there are no
\/?" y-values that are less than 0.
-10 10
-10
10 For part (d), the y-values
that are greater than 0 occur
o b 0 for all values of x except 2.

b ' .

(c) The real zeros of the polynomial.

87. > +bx+9=0
(a) To have at least one real solution, b* — dac = 0.
b* —4(1)(9) = 0
b* -36 20
Key numbers: b = —6,b = 6
Test intervals: (—e, —6) = b*> =36 > 0
(-6,6) = b* =36 < 0
(6,00) = b* =36 >0
Solution set: (—so, —6] U [6, o)
(b) b* —4ac =0
Key numbers: b = —2ac, b = 2</ac

Similar to part (a), if @ > Oand ¢ > 0,

b < -2~Jac or b = 2~/ ac.

Section 2.7 Nonlinear Inequalities 217

88. x> +bx—-4=0
(a) To have at least one real solution, b* — 4dac = 0.
b —41)(-4) =20
b +16 20
Key numbers: none

Test intervals: (—eo,00) = 5% + 16 > 0
Solution set: (—eo, o)

(b) b? — dac =2 0

Similar to part (a), if @ > 0 and ¢ < 0, b canbe
any real number.

89. 3x* + hx +10 =0
(a) To have at least one real solution, b* — 4dac = 0.
b* — 4(3)(10) 2 0
b* —120 2 0
Key numbers: b = —2\/%,17 =230

v

Test intervals: (—oo,—2\/ﬁ) = b -120>0
(-24/30,2/30) = 5 - 120 < 0
(

23/30, %) = b =120 > 0
Solution set: (—°°, —2@} U [2\/3—, oo)

(b) b? — dac =2 0

Similar to part (a), if @ > 0 and ¢ > 0,

b < -2~Jac or b = 2~/ac.

90. 2x* +bx +5=0
(a) To have at least one real solution, b* - dac = 0.
B> —4(2)(5) =20
b*—40 20
Key numbers: b = -210,b = 2/10
Test intervals: (—oo, —2\/5) =b>-40>0
23/10,24/10) = 52 - 40 < 0

21 ,oo):bz—40>0

(
(
(
Solution set: (=2, ~2+/10 | U [23/10, )

(b) b* —4ac 20

Similar to part (a), if @ > 0 and ¢ > 0,

b < -2~Jac or b = 2~/ ac.
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Review Exercises for Chapter 2

1L.(a) y=-2x7 3. g(x) = x* - 2x
Vertical stretch and a reflection in the x-axis =x>-2x+1-1
Y 2
= -1y -1
R (x-1)
3T Vertex: (1, —1)

1+ Axis of symmetry: x = 1
0=x2—2x=x(x—2)

x-intercepts: (0, 0), (2, 0)

y

) y=x*+2

-1
:i 4. f(x) = x> +8x + 10
T = x> +8x+16 - 16 + 10
=(x+4)) -6
2
2@ y=(-3) Vertex: (—4, —6)
Right shift of three units Axis of symmetry: x = —4 R
st 0=(x+4)’ -6 i
4 5 |
£ (x+4) =
T x+4= | 2
-3 -2 7]7 1 1 2 3 4 5 ! X = [

x-intercepts

(b) y =12 -1

Vertical shrink and a downward shift of one unit

y
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5. h(x) =3+4x-x 7. h(x) = 4x* + 4x + 13
= —(x* - 4x - 3) =4(x +x)+13
=’ —4x+4-4-3) =4x +x+1-H43
:—[(x—2)2—7} f =4 +x+ ) 1413
= (x -2 47 —dx+ ) v 2

verex (2’ ) Vertex: (—%,12)

Axis of symmetry: x = 2 . 1 20+
Axis of symmetry: x = = Ll

0 =3+ 4x — x* x )

: 0=4(x+1) +12 o
0=x"—-4x-3 = (x+§)+

I ) (v 2 = 3

201) No real zeros 532 - I
_4EN 2+ 7 x-intercepts: none
2
1
x-intercepts: (2 +/7, 0) 8. f(x) = g(xz +5x — 4)
B 25 25

6. f(t) =202 +4t+1 =31F ? o+ 5x +7—7—4

=22 —2u+1-1)+1 1 5\ 4
= — (x + 7j _—
= (-1 -1]+1 IV 2 4
2
=2t -1 +3 L sy o4
3 2 12
Vertex: (1, 3)
Vertex: | —— _4
Axis of symmetry: ¢ = 1 L2 12

2
0=-20r-1)+3 Axis of symmetry: x = —%
2

2t -1 =3

3 0=x"+5x-4
t-1==/=
2 - =545 —4(1)(-4)  —5++/41
, = =
2(1 2
f= 14 ? (1)

NG x-intercepts: (_5241, 0]

t-intercepts: [l + 76, O]
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9.@ x+x+y+y="~P 13. f(x) = -2x> =5x + 12

2x + 2y = 1000
Y The degree is even and the leading coefficient is

y =500 -x negative. The graph falls to the left and falls to the right.
A= xy
1
= x(500 - x) " S(x) = dx = 2o
_ 2 :
= 300x = x The degree is odd and the leading coefficient is negative.
(b) 4 = 500x — x* The graph rises to the left and falls to the right.

— _(+2 _
= —(x? = 500x + 62,500) + 62,500 15 gt) = -3¢ — 8¢ +

2
= ~(x ~ 250)" + 62,500 The degree is odd and the leading coefficient is positive.

The maximum area occurs at the vertex when The graph falls to the left and rises to the right.
x = 250 and y = 500 — 250 = 250.

_ 6 _ £.5
The dimensions with the maximum area are 16. h(x) =340 6x

x = 250 metersand y = 250 meters. The degree is even and the leading coefficient is positive.

, The graph rises to the left and rises to the right.
10. C = 70,000 — 120x + 0.055x

P 2
The minimum cost occurs at the vertex of the parabola. 17. g(x) = 2x° + 4x

b =120 . (a) The degree is odd and the leading coefficient is
Vertex: —— = ———— = 1091 units .. .
2a 2(0.055) positive. The graph falls to the left and rises to the
right.
About 1091 units should be produced each day to yield a £ , 5
minimum cost. (b) g(x) = 2x" + 4x
. . 0 = 2x° + 4x°
11. y=x", f(x) =6 — x
4 f(}) 0 = 22%(x +2)
7+ 0 = x*(x +2)

Zeros: x = =2,0

© I, 3 | =2]-1]0]1

gx) | -18]0 |2 |06

(d)

Transformation: Reflection in the x-axis and a vertical
shift six units upward

12. y = xs,f(x) = %xs +3

Transformation: Vertical shrink and a vertical shift three
units upward
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18. h(x) = 3x* — x* 20. f(x) = x(x* + x? - 5x + 3)

(a) The degree is even and the leading coefficient, —1, (a) The degree is even and the leading coefficient is
is negative. The graph falls to the left and falls to the positive. The graph rises to the left and rises to the
right. right.

) g(x) = 3x2 — x* (b) Zeros: x = 0,1,-3

0= 3x* —x* © 1, a3 2f-1]of1] 2| 3
_ 2(7 _ 42
0=x(3-x) f(x) |100] o|-18|-8[0|0|10]|72

Zeros: x = O,i\/§
(d)

©1 2 l-1lol1]2

hx) | -4|2 |o|2]|-4

(@

21. (a) f(x) =3x" —x* +3

f(x) | -87 [ -25|-1]3|5 |23 75

19. f(x) = +x*-2

) ) o The zero is in the interval [—1, 0].
(a) The degree is odd and the leading coefficient is

negative. The graph rises to the left and falls to (b) Zero: x = —0.900
the right.
(b) Zero: x = -1 22. (a) f(x) =x"-5x-1
© 32|10 |1 |2 x 3| -2-1]0 |1 |23
f(x) |34 ]100 |-2]|-2 |-6 fx) 195 |25 |5 | -1 |-5|5]65
(d) Y There are zeros in the intervals [-1, 0] and [1, 2].

(b) Zeros: x = —0.200, x = 1.772

6x +3
| 123 4 23. 5x — 3)30x% — 3x +8

30x% — 18x
3+
4l 15x + 8

15x = 9
17
2 _
30x 3x+8:6x+3+ 17
5x -3 5x -3
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5x + 4 (© f(x)=(2x+5)(x —3)(x + 6)
24. x? - 5x — 1)5x3 —21x% — 25x — 4

5x% — 25x* — 5x
4x2 = 20x — 4 © %

4x* — 20x — 4 -7 //_\ / 5

5% — 21x% — 25x — 4

=5x+4,x #

(d) Zeros: x = —%, 3,-6

l\)ﬁ
el

| w»

x> —5x -1

d _ 4 43 2
25. g lo 25 66 48 28. f(x) = x* —4x® — 7x% + 22x + 24

16 -72 -48 Factors: (x + 2), (x — 3)
2 -9 -6 0

(@ =211 -4 -7 22 24
3 _ ng,2
2x” — 25x° + 66x + 48 2 —9x—6, x#8 2 12 -10 -24
x -8 1 -6 5 12 0
%ol 02 9 0 31 -6 5 12
-3 9 21 36 3 -9 -12
1 -3 -12 36 . 3 2 o
4 _ 2 _
xt - 2% + 9x P 4 T —12 4 36 Yes, (x + 2) and (x — 3) are both factors of f(x).

X3 xS (b) x> =3x—4=(x+1)(x-4)

— 93 2 : :
27. f(x) = 2" + 11x" = 21x = 90; Factor: (x + 6) The remaining factors are (x + 1) and (x — 4).

2 121 % © 709 = (x + )x - (x + J(x - 3)
-12 6 90

2 -1 15 0

@ -6

(d) Zeros: -2,-1,3,4
(e) 40

Yes, (x + 6) is a factor of f(x).
(b) 2x2—x—15=(2x+5)(x—3) //_\

The remaining factors are (2x + 5) and (x — 3).

29. 4+ J-9=4+3i
30. —5i+ i =-1-5i
3. (6 —4i) + (-9 +1i) = (6+(-9) + (-4i + i) = =3 = 3i

32. (7-2)—(3-8i)=(7—-3)+(-2i +8)=4+6i

33. -3i(-2 + 5i) = 6i — 15i° P R S
- 6i — 15(-1) 1-2 1-2 1+2i
. _ 4+8i
=15+ 6i [ a2
34. (4 +0)(3 - 10i) = 12 — 40i + 3i — 10 -4 *5 8i
=12 - 37i — 10(-1) 4L
=22-37 =57y
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36 272 _3+20 5-i 40. 6x% +3x+27 =0
T 54i 0 540 5-i
—b+ /b -4
15— 3i + 10i — 2i2 x= 2= N2 T Rde
= 3 2a
25 — i 5
17 +7i _ T3EL3 - 46)(27)
26 2(6)
YN -3+ /=639
26 26 B 12
4 2 4 243 2 1-i _ D3 1 VT
37. + = - + . 12 4 4
2-3i 1+4i 2-3i 2+3 1+i 1-i
_Srly 2-2 41. Since g(x) = x* — 2x — 8isa2nd d lynomial
449 41 . 1ncegx)—x X is a 2nd degree polynomia
function, it has two zeros.
8 12, ,
=—+—+1-i
13 13

42. Since h(t) = > — ¢’ is a 5th degree polynomial

Il
N\
—
w‘“

+

—_
Ne—

+
7~ N\
— =
IS

L

|

-
Ne—

function, it has five zeros.

_ 21 43, f(x) = 4° =272 + 11x + 42

13 13
Possible rational zeros: ii, i‘%, i%, +1, i%, i%,
18 1 5 (1+4)-52+1i) s .
C2ai 1+ (240l + 4) +2,43, 22 420 46 47,420 114, +21, +42

1+ 4i-10 - 5i -1 (4 27 11 42
2+ 81 +i+ 4i° 4 31 -42

_9-i (-2-9) 4 31 42 0

2409 (-2 -9

18 + 81i + 2i + 97 4x =270 & 1lx + 42 = (x + 1)(427 = 31x + 42)

- 4 - 817 = (x + 1)(x — 6)(4x - 7)
_9+8i _ 9 + 83 The zeros of f(x)are x = -1, x = %, and x = 6.
85 85 85

_ 4 3112 _
39, 22 —2x 410 = 0 4. f(x) =x"+x -1Ix¥* +x - 12

b+~ — dac Possible rational zeros: +1, £2, £3,+4, +6, £12
- 2a 311 1 =11 1 -12
_ -~ 22 - 4)0) 23 1
B 2(1) 1 4 1 4 0
_ 2236 41 4 1 4

2

2+ 6i 4 0 -4
T 1 0 0
=143

x4+x3—11x2+x—12=(x—3)(x+4)(x2+l)

The zeros of f(x) are x = 3 and x = —4.
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224 Chapter 2 Polynomial and Rational Functions

45. g(x) = X = 7x* + 36 47. h(x) = 2X° +4x° -2 + 5

2|1 -7 0 36 h(x) has three variations in sign, so / has either three or
-2 18 -36 one positive real zeros.
I -9 18 0 h(=x) = =2(=x)" + 4(=x)" = 2(=x)* + 5

The zeros of x* — 9x + 18 = (x — 3)(x — 6) are =2x —4x’ - 2x2 +5

x = 3, 6. The zeros of g(x) are x = —2,3,6. h(—x) has two variations in sign, so A has either two or

no negative real zeros.

g(x) = (x +2)(x = 3)(x - 6)

48. f(x) = 4x’ = 3x* + 4x -3

46. f(x) = x* +8x’ + 8x* — 72x — 153
@ 1/4 3 4 -3
301 8 8§ 72 -153
4 1 5
3 33 123 153 4 . s )
1 11 41 51 0
Because the last row has all positive entries, x = 1
311 11 41 5] is an upper bound.
3 24 51 ® 1)y 34
1 8 17 _5
-1 1 1
By the Quadratic Formula, the zeros of x* + 8x + 17 4 -4 5 —%
are
Because the last row entries alternate in sign
2 >
-8 £ 4/(8)" — 4(1)(17 -8+ /—
Y = (8) (017) -8t 4:—4ii. xz—% is a lower bound.
2(1) 2

The zeros of f(x) are —3,3, -4 — i, —4 + i.

Sx)=(x+3)(x=3)(x+4-i)(x+4+)

49. Because the denominator is zero when x + 10 = 0, the domain of £ is all real numbers except x = —10.
X -11 | -10.5 | -10.1 | -10.01 | —-10.001 | — —10
f(x) |33 63 303 3003 30,003 > o
X -10 « | -9.999 -9.99 -99 | 95 | -9
f(x) | e« | 29997 | —2997 | —297 | -57 | -27

As x approaches —10 from the left, f(x) increases without bound.

As x approaches —10 from the right, f(x) decreases without bound.

Vertical asymptote: x = —10

Horizontal asymptote: y = 3
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50. Because the denominator is zero when x> — 10x + 24 = (x — 4)(x — 6) = 0, the domain of f is all real numbers except

x =4and x = 6.

X 3 351 3.9 3.99 3.999 — 4
f(x) 2.667 | 6.4 | 38.095 | 398.010 | 3998.001 | — oo
X 4 4.001 4.01 4.1 4.5 5
f(x) | —eo « | —4002.001 | —402.010 | —42.105 | -10.67 | -8
As x approaches 4 from the left, f(x) increases without bound.
As x approaches 4 from the right, f(x) decreases without bound.
X 5 5.5 5.9 5.99 5.999 — 6
f(x) -8 -10.67 —-42.015 | —402.010 | —4002.001 — —oo
X 6 «— 6.001 6.01 6.1 6.5 |7
F(x) | o « | 3998.001 | 398.010 | 38.095 | 6.4 | 2.667

As x approaches 6 from the left, f(x) decreases without bound.

As x approaches 6 from the right, f(x) increases without bound.

Vertical asymptotes: x = 4 andx = 6

Horizontal asymptote: y = 0

51, f(x) = %

(a) Domain: all real numbers x except x = 0

(b) No intercepts

(c¢) Vertical asymptote: x = 0

Horizontal asymptote: y = 0

d
@ x 3| 2| -1 |1]2]3
4 4
x) | =2 | 2| -4 |al2]2
/) 3 3
A
NI
N
Nl
EEEEREREIS
Ll
N
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x—4 )

x -7 x

52. h(x) =

(a) Domain: all real numbers x except x = 7 h(x)

(b) x-intercept: (4, 0)

[SSER )

oo | W
AN (]

N | =

(VAR SN

S

N | =

. 4
y-intercept: | 0, 7

(c) Vertical asymptote: x = 7

Horizontal asymptote: y =1

53 /(x) = — 2 % @ [ s

(a) Domain: all real numbers x f( x)
exceptx # 4

N =

=2 W

ol | wn

(b) Intercept: (0, 0)
(c) Vertical asymptotes: x = £4

Horizontal asymptote: y = 0

—8x
d
X2+ 4 @ X -2 | -1

54. f(x) =

a) Domain: all real numbers x 8
@ /(%)

(b) Intercept: (0, 0)

(c) Horizontal asymptote: y = 0

_6x? —1lx+3  (Bx-1)(2x-3) 2x-3 el
3x? — x x(3x - 1) x 3

55. f(x)
(a) Domain: all real numbers x except x = 0 and x = %

(b) x-intercept: [%, Oj

(c) Vertical asymptote: x = 0

Horizontal asymptote: y = 2

@1 2| -1 |1 [2]3

5 -1

N | =
Ao
n

O
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56.

57.

6x* — Tx + 2
) = 452 — 1
_ (2x—1)(3x—2) _3x -2 x;tl
(2x -1)2x+1) 2x+1 2
(a) Domain: all real numbers x except x = i%

(b) y-intercept: (0, —2)
. 2
x-intercept: 3 0
. 1
(c) Vertical asymptote: x = 3

Horizontal asymptote: y = %

d
@ v | =3l 2 o [2]1]2
3
THE 1] 4
)l=12]s5s|-2|0]=|2
/) 5] 3 3|5

'
1
1
1
1
1
2

J
1
1
1
1
1
1
1
1
1

2x° 2x
= = 2x —
f(x) X2+ 1 * X2+ 1

(a) Domain: all real numbers x

(b) Intercept: (0, 0)

(c) Slant asymptote: y = 2x

(d) x -2 |1 -1 ]0]1 2
16 16

x -— | -1 |0 1| —

1 | -5 :

58. f(x)

Review Exercises for Chapter 2 227

22
B N N
x +1 x +1

(a) Domain: all real numbers x # —1

(b) y-intercept: (0, 2)

(c) Slant asymptote: y = 2x — 2

Vertical asymptote: x = —1

d
@1 3|2 (o|1|2 |3
10
f(x) [10]-10]2]|2 e
R
8%;/
0,248/
ST e N
59. = 22 < <00
100 - p
(a) 4000
0 100
0
528(25) .
(b) When p = 25,C = ———= = $176million.
100 — 25
528(50
When p = 50,C = # = $528million.
100 — 50
528(75
When p = 75,C = SB05) 1 sgamiltion.
100 — 75

(¢) As p — 100, C — oo. No, the function is
undefined when p = 100.
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60. iZ in.

Ton

X

(a) The area of printis (x — 4)(y — 4), which is
30 square inches.
(x—4)(y-4) =30

30
_4 =
7 x -4
30
= + 4
7 x—4
30+4(x—4)
v x—4
_4x +14
d x—4
_2(2x+7)
7= x—4
2(2
Total area = xy = ){ ( x+7)} _ 2x(2x + 7)
x—4 x -4

(b) Because the horizontal margins total 4 inches, x
must be greater than 4 inches. The domain is
x > 4.

"’ Z?OK_/_/

0

The approximate dimensions are 9.48 in. X 9.48 in.

61. 12x2 + 5x < 2
12x> +5x =2 < 0
(4x-1)Bx+2) <0
1
4

Test intervals: | —co, —E, —g,l R l,‘x’
3 3 4)\4

Test: Is (4x — 1)(3x + 2) < 0?

2
Key numbers: x = ~3 X =

By testing an x-value in each test interval in the

. . . . 21
inequality, you see that the solution set is 3/

62.

63.

64.

65.

66.

x> - 16x

x(x + 4)(x — 4)

v

0
0

v

Key numbers: x = 0, x = +4
Test intervals: (—eo, —4), (=4, 0), (0, 4), (4, =)
Test: Is x(x + 4)(x — 4) = 0?

By testing an x-value in each test interval in the inequality,
you see that the solution set is [—4, 0] U [4, ).

2 < 3

x +1 x—1
2(x—1)—3(x+1)
(x+D(x=1)
2x —2-3x -3
(x +1)(x - 1)
_Ax+s)
(x +1)(x - 1)

<0

Key numbers: x = =5, x = 1

Test intervals: (—eo, —5), (=5, —1), (=1, 1), (1, =)
—(x + 5)

(x +1)(x - 1)

By testing an x-value in each test interval in the inequality,
you see that the solution set is [-5, —1) U (1, o).

Test: Is < 0?

x2 —9x + 20
-  — <

. 0
(-9-3)

Key numbers: x = 0,x = 4,x =5
Test intervals: (—oo, 0), (0, 4), (4, 5), (5, =)
— 4)(x —
Test: Is w < 0?
X

By testing an x-value in each test interval in the inequality,
you see that the solution set is (—ee, 0) U (4, 5).

~1000(1 + 37)

P
541

1000(1 + 3¢)

2000 € ————/
541

2000(5 + 7) < 1000(1 + 37)
10,000 + 2000 < 1000 + 3000
~1000¢ < —9000

t

A\

IN

v

9 days

False. A fourth-degree polynomial can have at most four
zeros, and complex zeros occur in conjugate pairs.
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i is the set of all 68. An asymptotfe ofla graph is a l%ne to which the graph
x°+1 becomes arbitrarily close as x increases or decreases
without bound.

67. False. The domain of f(x) =

real numbers x.

Problem Solving for Chapter 2

1L f(x)=a’ +bx* + ox +d

ax® + (ak + b)x + (ak2 + bk + c)

X — k)ax3 + bx? + cx +d
ax® — akx*
(ak + b)x* + cx
(ak + b)x2 - (ak2 + bk)x

(ak2 + bk + c)x +d
(ak2 + bk + c)x - (ak3 + bk + ck)

(ak® + bK* + ck + d)
So, f(x) = ax® +bx* + ex +d = (x—k)|:ax2 + (ak+b)x+(ak2 + bx + C):| + ak® + bk* + ck + d and

f(x) = ak® + bk* + ck + d. Because the remainder is r = ak® + bk> + ck + d, f(k) = r.

2. (a) 3 5 a2

y Vv +y (iii)3x3+x2=90;a=3,b:1:>§=9
! 2 9(3x°) + 9x* = 9(90)
2 12 (3x)' +(3x)" =810 > 3x =9 = x = 3
3 36 2
(iv) 20 +5x =2500:a =2, h=5= L =
4 0 b* 125
4 4 4
5 150 —(2x*) + —(5x%) = —(2500
125( ) 125( ) 1251 25%0)
6 252 3 2
(21) +[ﬁ) —80= 2 24 x=10
7 392 5 5 5
8 576 (v) 7x* + 6x* =1728;
2
9 810 a=Tbh=6=2 -2
b 216
] oo 96001+ 2 o) - 2 iy
216 216 216
3 2
b @G F+x*=252=>x=6 (%"j +(%"] :392:%:7:”:6
2
1
i) x4+ 2 =288 a=1b=2= " =—
(i) x° + 2x s a ) = PR (vi) 10x° +3x% = 297;
2
Les Loy = Lass) a=10p=3= 9 =10
8 8 8 b 27
3 2
43 =622 =3=5x=6 @(wf) +@(3x2) = 19297)
2 2 2 27 27 27
3 2
(9] 4 (195 - i - 10
3 3 3
=10=>x=3

(c) Answers will vary.
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230 Chapter 2 Polynomial and Rational Functions

- - 42 -
3V =1-w-h=x(x+3) 6. (@) Slope = ~—2 = 5
xz(x + 3) =20
S 432 - 20 = 0 Slope of tangent line is less than 5.
X+ 3x* -20 =
-1
Possible rational zeros: *1, £2, +4, 5, +10, £20 (b) Slope = 2.1 =3
211 3 0 -20 — Slope of tangent line is greater than 3.
2 10 20 E () Slope = 441 -4 ~ 41
1 5 10 0 . TR . 21-2
( 2)( 2 4 sy 4 10) 0 I 7 Slope of tangent line is less than 4.1.
x = 2)x X = | L 543
Wz 2+ - 1)
&5 4+ [1c: l<— X —>| (d) SlOpC =
x=20rx:5%151 (2+h) -2
. iy 2+ 4 -4
Choosing the real positive value for x we have: = %
x=2and x +3 = 5. h
2
The dimensions of the mold are = ah + h
2 inches X 2 inches X 5 inches. h
=4+ hh+0
4. False. Since f(x) = d(x)g(x) + r(x), we have () Slope=4+h h#0
4+ (-1)=3
1) ) (-1
d(x) d(x) 4+41=5
The statement should be corrected to read f(—1) = 2 4+0.1 =41
7(x) f(=1) The results are the same as in (a)—(c).
since X +1 = ( ) x+1 (f) Letting / get closer and closer to 0, the slope

approaches 4. So, the slope at (2, 4) is 4.

5.() y=ax’ +bx +c

(0,-4): =4 = a(0)’ + b(0) + ¢ 7. f(x) = (v = K)glx) + 7

_4=¢ (a) Cubic, passes through (2, 5), rises to the right

(4,0): 0 = a(4)2 + b(4) — 4 One possibility:

0= 16a+4b—4 = 4(4a + b — 1) J(x) = (x =2 +5

0=4da+b-1 or b=1-4a =x -2 +5
(1,0): 0 = a(1)2 + b(1) - 4 (b) Cubic, passes through (-3,1), falls to the right

4=uqa+b One possibility:

4 =a+(1-4a) S(x) = =(x +3)x* +1

4=1-3a =-x =3x* +1

3= 3a

a= -1

b=1-4(-1)=5

y=-x"+5x-4
(b) Enter the data points (0,—-4), (1, 0), (2,2), (4,0),
(6,-10) and use the regression feature to obtain

y=-x*+5x -4
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10.

11.

Problem Solving for Chapter 2 231

(a) Zm = — (C) Zm = —
z z
1 1—i _ 1
1+i 1+i 1-1i -2+ 8i
_l-i 11 1 -—2-8i
222 T 248 —2-8
1 e
®) z, = - _2-s 12,
z 68 34 17
_ 1 341
T 3-i 3-i 3+i 9. (a + bi)(a — bi) = a* — abi + abi — b*i* = a* + b*
3+ 3 1. . 2 2
= =—+ —i Since a and b are real numbers, a® + b is also a real
10 10 10
number.
ax + b
X) =
f() cx +d

Vertical asymptote: x = _4
c

Horizontal asymptote: y = 4
¢

(i) a>0,b<0,c>0,d<0

Both the vertical asymptote and the horizontal asymptote are positive. Matches graph (d).
(i) a >0,b >0,c<0,d <0

Both the vertical asymptote and the horizontal asymptote are negative. Matches graph (b).
(ii)a < 0,6 > 0,¢c >0,d <0

The vertical asymptote is positive and the horizontal asymptote is negative. Matches graph (a).
(iv)a >0,b <0,c>0,d >0

The vertical asymptote is negative and the horizontal asymptote is positive. Matches graph (c).

ax

f(x) = 2

(x =)

(@) b # 0 = x = b isa vertical asymptote.
a causes a vertical stretch if ‘ a‘ > 1 and a vertical shrink if 0 < ‘a‘ < 1.For ‘a‘ > 1, the graph becomes wider as ‘a‘
increases. When a is negative, the graph is reflected about the x-axis.

(b) a # 0. Varying the value of b varies the vertical asymptote of the graph of /. For 5 > 0, the graph is translated to the
right. For b < 0, the graph is reflected in the x-axis and is translated to the left.
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12. (@) Age,x | Near point, y
16 3.0
3 4.7 .
44 9.8
50 19.7
60 394
y = 0.031x* — 1.59x + 21.0
(b) L = —0.007x + 0.44
y
B 1
Y —-0.007x + 0.44
50
[ ]
o,
0 70

50

70

© Age, x | Near point, y | Quadratic Model | Rational Model
16 3.0 3.66 3.05
32 4.7 2.32 4.63
44 9.8 11.83 7.58
50 19.7 19.97 11.11
60 39.4 38.54 50.00

The models are fairly good fits to the data. The quadratic
model seems to be a better fit for older ages and the rational
model a better fit for younger ages.

(d) For x = 25, the quadratic model yields y = 0.625 inch
and the rational model yields y = 3.774 inches.

(e) The reciprocal model cannot be used to predict the near
point for a person who is 70 years old because it results

in a negative value (y

y = 63.37 inches.

13. Because complex zeros always occur in conjugate pairs, and a cubic function has three zeros and not four,
a cubic function with real coefficients cannot have two real zeros and one complex zero.

—20). The quadratic model yields

© 2018 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.




Practice Test for Chapter 2 233

Practice Test for Chapter 2

1.

2.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

Sketch the graph of j(x) = x? — 6x + 5 and identify the vertex and the intercepts.

Find the number of units x that produce a minimum cost C if

C = 0.01x*> — 90x + 15,000.

. Find the quadratic function that has a maximum at (1, 7) and passes through the point (2, 5).

. Find two quadratic functions that have x-intercepts (2, 0) and (%, 0).

. Use the leading coefficient test to determine the right and left end behavior of the graph of the polynomial function

f(x) = -3x° + 2x° - 17.

. Find all the real zeros of f(x) = x° — 5x° + 4x.

. Find a polynomial function with 0, 3, and -2 as zeros.

. Sketch f(x) = x* — 12x.

. Divide 3x* — 7x*> + 2x — 10 by x — 3 using long division.

Divide x* = 11by x? + 2x — 1.

Use synthetic division to divide 3x> + 13x* + 12x — 1 by x + 5.

Use synthetic division to find f(—6) given f(x) = 7x° + 40x* — 12x + 15.
Find the real zeros of f(x) = x* — 19x — 30.

Find the real zeros of f(x) = x* + x’ — 8x* — 9x — 9.

List all possible rational zeros of the function f (x) = 6x° — 5x% + 4x — 15.
Find the rational zeros of the polynomial f(x) = x* — 2x* + 9x — 2.
Write f(x) = x* + x’ + 5x — 10 as a product of linear factors.

Find a polynomial with real coefficients that has 2,3 + i, and 3 — 2i as zeros.

Use synthetic division to show that 3i isa zero of f(x) = x> + 4x* + 9x + 36.

Sketch the graph of f(x) = x 1 and label all intercepts and asymptotes.

X
i . 8x2 -9
Find all the asymptotes of f ( x) = - :
x° +1
2 —
Find all the asymptotes of f(x) = w
X —
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23. Given z; = 4 — 3i and z, = -2 + i, find the following:
(@ z -z,
(®) zz,
(©) z/z

24. Solve the inequality: x> — 49 < 0

25. Solve the inequality: i 3 >0
X
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m Sketch graphs of equations.

m ldentify x- and y-intercepts of graphs of
equations.

m Use symmetry to sketch graphs of equations.
m Write equations of and sketch graphs of circles.

m Use graphs of equations in solving real-life
problems.



The Graph of an Equation



The Graph of an Equation

You have used a coordinate system to graphically
represent the relationship between two guantities.

There, the graphical picture consisted of a collection of
points in a coordinate plane.

Frequently, a relationship between two quantities is
expressed as an equation in two variables.

For instance, y = 7 — 3X Is an equation in X and y. An
ordered pair (a, b) is a solution or solution point of an
equation in x and y when the substitutions x =aandy =Db
result in a true statement.



The Graph of an Equation

For instance, (1, 4) is a solution of y = 7 — 3x because
4 =7 -3(1) is a true statement.

In this section you will review some basic procedures for
sketching the graph of an equation in two variables.

The graph of an equation is the set of all points that are
solutions of the equation.



The Graph of an Equation

The basic technique used for sketching the graph of an
equation is the point-plotting method.

It is important to use negative values, zero, and positive
values for x when constructing a table.



Example 2 — Sketching the Graph of an Equation

Sketch the graph of y = -3x + 7.

Solution:

Because the equation is already solved for y, construct a
table of values that consists of several solution points of the
equation.

For instance, when x = -1,
y=-=3(-1)+7
=10

which implies that (-1, 10) is a solution point of the
equation.



Example 2 — Solution o

From the table, it follows that
(-1, 10), (0, 7), (1, 4), (2, 1), (3, =2), and (4, -5)

are solution points of the equation.



Example 2 — Solution o

After plotting these points and connecting them, you can
see that they appear to lie on a line, as shown below.

10



Intercepts of a Graph
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Intercepts of a Graph

It is often easy to determine the solution points that have
zero as either the x—coordinate or the y—coordinate.

These points are called intercepts because they are the
points at which the graph intersects or touches the

X- Or y-axis.

12



Intercepts of a Graph

It is possible for a graph to have no intercepts, one
Intercept, or several intercepts, as shown in Figure 1.14.

No x-intercepts; Three x-intercepts; One x-intercept; No intercepts
one y-intercept one y-intercept two y-intercepts

Figure 1.14

Note that an x-intercept can be written as the ordered
pair (a, 0) and a y-intercept can be written as the ordered

pair (0, b).
13



Intercepts of a Graph

Some texts denote the x-intercept as the x-coordinate of
the point (a, 0) [and the y-intercept as the y-coordinate of
the point (0, b)] rather than the point itself.

Unless it is necessary to make a distinction, the term
iIntercept will refer to either the point or the coordinate.

14



Example 4 — Finding x- and y-Intercepts

To find the x-intercepts of the graph of y = x3 — 4x, lety = 0.
Then 0 = x3® — 4x = X(x? — 4) has solutions x =0 and x = +2.

X-intercepts: (0, 0), (2, 0), (-2, 0)  Seefigure.

15



Example 4 — Finding x- and y-Intercepts _ .,

To find the y-intercept of the graph of y = x3 — 4x, let x = 0.
Then y = (0)3- 4(0) has one solution, y = 0.

y-intercept: (0, 0) See figure.

16



Symmetry
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Graphs of equations can have symmetry with respect to
one of the coordinate axes or with respect to the origin.

Symmetry with respect to the x-axis means that when the
Cartesian plane were folded along the x-axis, the portion of
the graph above the x-axis coincides with the portion below

the x-axis.

X-AXis symmetry

18



Symmetry with respect to the y-axis or the origin can be
described in a similar manner, as shown below.

y-AXis symmetry Origin symmetry

Knowing the symmetry of a graph before attempting to
sketch it is helpful, because then you need only half as

many solution points to sketch the graph.
19



There are three basic types of symmetry, described as
follows.

20



You can conclude that the graph of y = x2 — 2 is symmetric
with respect to the y-axis because the point (X, y) is also

on the graph of y = x2 — 2. (See the table below and
Figure 1.15.)

y-Axis symmetry
Figure 1.15

21
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Example 7 — Sketching the Graph of an Equation

Sketch the graph of y = |[x — 1]|.

Solution:

This equation fails all three tests for symmetry, and
consequently its graph is not symmetric with respect to
either axis or to the origin.

The absolute value bars indicates that y is always
nonnegative.

23



Example 7 — Solution o

Construct a table of values. Then plot and connect the
points, as shown in Figure 1.18.

Figure 1.18

From the table, you can see that x = 0 when y = 1. So, the
y-intercept is (0, 1). Similarly, y = 0 when x = 1. So, the
X-intercept is (1, 0).

24



Circles
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Circles

Consider the circle shown in Figure 1.19. A point (X, y) lies
on the circle if and only Iif its distance from the center (h, k)
IS r. By the Distance Formula,

Figure 1.19

By squaring each side of this equation, you obtain the

standard form of the equation of a circle.
26



Circles

From this result, you can see that the standard form of the
equation of a circle with its center at the origin, (h, k) = (0, 0),
IS simply

X2 + y2 =r2. Circle with center at origin

27



Example 8 — Writing the Equation of a Circle

The point (3, 4) lies on a circle whose center is at (-1, 2),
as shown in Figure 1.20. Write the standard form of the
equation of this circle.

Figure 1.20
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Example 8 — Solution

The radius of the circle is the distance between (-1, 2) and
(3. 4).

Distance Formula

= \/[3 — (=D + @4 —2)7? Substitute for x, y, h, and k.
Simplify.
Simplify.

Radius

29



Example 8 — Solution o

Using (h, k) = (-1, 2) and r =./20, the equation of the circle
IS
(x—=h)2+(y—-k)2=r? Equation of circle

X=(CDPE+(y—2)2=(/20)*  Ssubstitute for h, k, and r.

(x+ 1)+ (y—2)*=20. Standard form

30



Application
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Application

You will learn that there are many ways to approach a
problem. Three common approaches are illustrated in
Example 9.

A Numerical Approach: Construct and use a table.

A Graphical Approach: Draw and use a graph.

An Algebraic Approach: Use the rules of algebra.

32



Example 9 — Recommended Weight

The median recommended weight y (in pounds) for men of
medium frame who are 25 to 59 years old can be
approximated by the mathematical model

y =0.073x? — 6.99x + 289.0, 62<x<76

where x Is the man’s height (in inches).

a. Construct a table of values that shows the median
recommended weights for men with heights of 62, 64,
66, 68, 70, 72, 74, and 76 inches.

33



Example 9 — Recommended Weight

b. Use the table of values to sketch a graph of the model.

Then use the graph to estimate graphically the median
recommended weight for a man whose height is
71 inches.

c. Use the model to confirm algebraically the estimate you
found in part (b).

cont'd
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Example 9(a) — Solution

You can use a calculator to complete the table, as
shown below.
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Example 9(b) — Solution o

The table of values can be used to sketch the graph of
the equation, as shown in Figure 1.21.

Figure 1.21

From the graph, you can estimate that a height of
71 inches corresponds to a weight of about 161 pounds.

36
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Example 9(c) — Solution

To confirm algebraically the estimate found in part (b),
you can substitute 71 for x in the model.

y = 0.073(71)2 — 6.99(71) + 289.0

~ 160.70

So, the graphical estimate of 161 pounds is fairly good.
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