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Mechani cal

Chapter 2

Free Vibration of Single Degree
of Freedom Systems

= 442945 radfsec = 7-0497 Hg

- =3

S x w0

@ gsf = §5«x 53 ™
8, = %;)% (9-81)"/2

Tpw= 021 Sec = 27 /-;l , Jwt= ee2t VR /2T

() (t)pew = 208 _ omim 2w (22LfE
Frew  fon = 2 = 0.1715 sec.
new 1.5 & \/1—5_1—:
i) (’G) . 2amdm _ amywm Lo (°'2'J—'> = 02970 sec.
new Vknew Jo-5« Vo5«

@ W, = 62-932 rad/sec = ]_4;:_ . o= /2832

When spring constant is reduced , s, decreases.

Gﬁ"‘)new = 055 W, = 34.5576 rd/Sec = /k_"‘“ - /.k—S'OO
mnew m
E.io_g x 62:336 = 34.5576 , '«_800
% S -T— = 0:55

4 — 800 2
—— 0'55 = ?
> (0-55) =o-3025
k= 1146-9534 N/m
2 3 1
J-m - JI/GZ'i?Z; ™m= "</G2-83Z = ‘_‘w

3947-8602
m = 0:2905 kg

k= :oo/(‘m = (0000 N/,
w

2k
= - 4 < _ { j/z
i R O R I T
= 63-2456 rad/sec ¢k
. ¢
To= 4T = ‘2'32;::'6 = 0.0993 sec 100N
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@ 2000
m=
386.4°

Let w, = 7.5 rad/sec.

='\/&
m
kg =m Wi = [::32](75)2_2911491113/‘111 4k

where k is the stiffness of the air spring.
291.1491
Thus k = ———— =172.7873 b /in.

x = A cos (Wt -8) , a&;~ashA sin (W,t-4 Y,
% = - FA cos (Wt —g)
@) WA= 01 ™/gec ;7 Th= Z,—T:=25€£, W, = 3. 1416 mci/sec
A= otfes, = 0-03183 m
@) %, = x(t=0) = A cos (%) = 002 m
costg) = L% = 55233
;zg, = 54:0724°
k) x, = x(t=0) = -5, A )!(n(-—#a)z —0:1 So‘n(—§1-o724-°)
= 0:07779 w/sec '
© x|, =

= (3.c4|6)2 (o-oBi?B)

= 0:314151 w/sed
@ For Smeall a.ngula.r rotation of bar P& about P

z G"lz)ez @4) = £ x 6L+ %, GL)

- k
2
:.e‘) (kll)ég = (‘k, Z'Z B kz 122 )/232
Lef ‘kez.—_ overa,LL Srrz'rlj consfa.n'é al < .
- _'_
Keg (k. ) 3
(1,('1; ez 5 { ( > + 1"z f;_ }‘*3
‘kc‘z = =7 =
(k,z)ez + K3

4T (%)1 “
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A}

2 2
/ktz / k2 L) + Ky k3 £
2 2

™ (k) A5+ kA5 4 kg 13)

m= 2000 9 , §, = 0:02 m

(g/SstY/z = (%'7%—;'— 72 = 22. 1472 rad/sec

Let x be measured from
the Pos‘d:lon of mass at which
e springs are un stretched. W sing

Ezua:b'on of motion is

) _ w
mr = 'k,(z-{- &.&)—kz(z-{- Sd) Wcose o
+ Wshnoe -—-- (E‘>
W‘rere 85'& Ckl+ kz) = w SG‘ﬂ e - ‘k|+ kz
Thus Eg- (E)) becomes mx + (k+kK) x=o0 > n= m

if. (0.05) (30 (10%))

L Ay By
A 30 (12)
= 163.6250 |b /in
A B .
ky =22 = 1636250 B0) _ 196 35 1b/in

A 25

keq =k; + kp = 163.6250+ 196.35=359.975 Ib/in

Let x be measured from the unstretched length of the springs. The equation of motion is:
m¥X=-=(k; +kp) (x+ &)+ Wsin 6

where (k; + kg) 0 = W sin @

le, mx+(k +ky)x=0

Thus the natural frequency of vibration of the cart is given by

ky +k  [359.975 (386.4)
Wy = VT = \/ 5000 = 5.2743 rad/sec

Weight of electronic chassis = 500 N. To be able to use the umit in a vibratory
environment with a frequency range of 0 - 5 Hz, its natural frequency must be away

from the frequency of the environment. Let the natural frequency be w, = 10 Hz =
62.832 rad/sec. Since
Wy = '\/—— = 62.832
we have
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keg =m Wi = [&] (62.832)% =20.1857 (10*) N/m =4 k

9.81
so that k = spring constant of each spring = 50,464.25 N/m. For a helical spring,
4
Kk = Gd
8 n D3
Assuming the material of springs as steel with G = 80 (10°) Pa, n = 5 and d = 0.005
m, we find
9 4
ke = 50, 464,25 = 20 (10) (0.005)
8(5)D
This gives
-3
D? = % = 24,770.0 (10"9) or D =0.0291492 m = 2.91492 cm
50464.25 ‘

@ (i) with springs  and %, : ?1 ------ S t I
Let Yo.¥,, Y be deflections o . e
Of beam ot distances a, L,Z —b _—'{
from Fixed end.

7 2 2
z 6('7->eﬁ H o=t B+t R Y
. 2 XL \2
e (kindeg = (%) + k2 37) "
JE5 i
2
y= B2 Gl- r—==—___ 7
€ET E ot 2 T~ ~<ao
- = Ik - >
@ K= Q » y‘v GET ( )
- R o
3EI

2 2
%, K Fa + Kk, K (75
v (71) * iy 3;_;

o, = -
n where kbea.m

m{ %, (%";’)2 + ko (%‘;—)2 + Kpeam S

% (3e1) o' 3l-2)*+ x, (3€I) b4 (34 -4)*

mf;{‘k, ot (3[-—04)z+ %, b"(gf—b)z + (2 EX 13}

(ii) without springs «, and *k, :

Kpeam _ 3ETL
S S YL
24
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@ Let Xy X2 = da'srlaacemen‘bs 95’ Lo oo o
pulleys ¢, 2

A= 2%+ 2 % -—-- (&)
Let P = tension in rope. P
For eguilibrium of pulley 1,

2P = 4, x, ----(&2) ¢
For egu.:l.:(:r&um of Fuuej 2,

2P= 'kz,xl ----(E;)

S SR N

where i-‘ = 4_1‘4"4* =7k 5 k= 2%
O-“A kzz €+ K= 2%

ComB\'n(ng €gs- (B1) to (E3): | | \ P
e 1 (3) v () = () - A

Let kea = e&u.fvalenf spring constant of the system:

- P _ %
o= % = 3 .
Ezu.a;l:ion of wmotion of mats w: mz + ke@ X =o

- wﬂ = ‘) kﬁ - ’ _1<_
For a displacement of x of mass m, pulleys ST IIT I III4

1, 2 and 3 undergo displacements of 2x, 4x
and 8x, respectively. The equation of motion

of mass m can be written as

mii+F0 =0 (1)

where Fg =2F; =4 F, =8 F3 as shown in figure.
Since F3 = (8x) k, Eq. (1) can be rewritten as

m¥+8F; =8(8k)=0 2)

from which we can find

Wy = — =8 — (3)
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@) W= \J4xm

) w, = V4R M £ m)

Initial conditions: A
velocity of falling mass m = V= J?_g )4 ( v z‘#"= z;ﬁ)
x=0 at 4static c,zuc‘li&rt‘um position . '
Xo= x(t=o) o _ Weight | m2

‘keg &4 K

Conservation of momentum: (/““"‘""O ;‘o =may = m 29 f

o= 2(=0) = e 254

' M+m
cOmPlete solution: o (t)= A, sin(@nt + )

W}lere AQ= Jx + <7Co > X _ m ? N - }1
3 f<z 246 (M+m)

¢a = tm‘ "‘o.("n = 'L'a-m
( P J;i 4 (M+T‘n>

and

position.

(&) Velocity of anvil = v = 50 ft/sec = 600 in/sec. x = 0 at static equilibriu.m.

weight ~ mg

ke - 4k

xg = x(t=0) = —

Conservation of momentum:

: : . mv
M+m)xg=mv or xo—x(t=0)_M+m
Natural frequency:
S 4k
3 M+m
Complete solution:
x(t) = Ao sin (wy t + do)
where
1
. V|2 2 2 .2 -
1,2 Xg _jmg m° v 2
Ao =1xo + w {16k" +(M+m)4k}
and
¢o = tan™! ot =tan~! | D28 4k M+m)| _ian? [_E M+m
%o x V M+m @y 7K
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Since v = 600, m = 12/386.4, M = 100/386.4, k = 100, we find
1

2
12386.4) |°, (12(600))° 3864 |" _ 508
Ao =1|7100) (386.4) 386.4 | 112 (400)

= tan™! [— 386.4 V112 ] = tan~! (— 0.01734) = — 0.9934 deg
0

\/386.4 (600) V400

(b) x = 0 at static equilibrium position: xg = x(t=0) = 0. Conservation of

momentum gives:

.. mv
Mxy=mvV or Xg =x(t=0)=—M—-

Complete solution: _
x(t) = Ag sin (wy t + ¢o)

where
1
2= 1
. x| l? [z mv _ 12 (600) \V/386.4 ,
A =1{x3 + | X R Lo = =1.8314 in
wy M4k VikM  386.4 V4 (100) (100)

W,
1 1

¢g = tan™ =tan™! (0)=0

@ %= D05 Gab ) kp= BT (et middle)

3
4, E

‘kea= ‘k'+ kz

* 3E T A48E,I,\ F
W, = )_sz = (___+ 2T\ Z
n ™ f 2'3 223 >w

2 11
k= Afg = {f}@'“) fleorxe b _ 0- 8129 x10° N/m
20

m= {000 kz ‘/
€ 2
o= [ = <°‘3“9"‘° ) = 23.514 rad [sec

m 1000

Xo = 2 ™&, xg=0 (Sualalenlj stopped while it has velocity))
2T 27T

Period of ensuing vibration = Th= 5~ = jggua = 0'2204 sec
Amrl:{-ude = A= 5:,/69" = 2/29.5::4 = 0-07015 wm

Wo= 2 Hz = 12-5664 rad/sec /7%"
3

* = 12.5664 (m

/ _ 'k/ _ —_15— _ g a'a sec
W, = /—;—n—,' _‘*m-t—i = 6:2832 r /
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Jk = 6.2832 Jm+t
= 12.5664 Jm

\l'm-i—i :2‘1—\;'- y Tnz_ja‘—k?

k= (12-5664) m= 52:¢381 /m

Cable stiffness = k = AB _ i- [-} (0.01)2] 2.07 (10'!) = 4.0644 (10°) N/m

4
1 2T
Tn=0.1—§-—-?n-
27 k
Q)n=-—.I'_=207T= -IE
Hence
8
m-i:M:ng,sg ke

@)

b= 2f sin e
Neglect masses of links.

g% _p* 4!1— 41*sin*0

@) ‘keg = % (4———-"2 )= 1<< 1% sin?o ‘—1 7

_ cos*e b ——-‘
=k (sinze )

S, = Keg - \[‘kg cosec> & (from solution )
V= W

of Pro‘:lem 1«8
(&) W, = ’%2 since ‘kez= *.

y =12~ (I sin@ —x)* —1cost = le (cos* @ + sin? @) — (I sind ~ x)* — I cos®

= JI*cos?@ — x* + 21 x sinf — 1 cosf

2 ' :
X 2 £ xgin 6

) — + = - ¢ g
= ¢ cos vl € cos® 8 £% cod® § oo

1 1 !
Ekeqxz’"“'z;'klyz'r—z—kzyz

1 x? 1 2fxsind
2 Peos®f 2 €% cos? @

=xtan§ (since x’<< x, it is neglected)

with — C cos O

y=~€cosf|l—
x sin @
cos 8

~
-~
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Thus ke, can be expressed as

HEquation of motion:

Natural frequency:

@ (a) Neglect masses of rigid links. Let x = displacement of W. Springs are in series.
k
keq = ?
Equation of motion:

m§+keqx=0

. =\/£eg_=\/_k_
? m 2m

(b) Under a displacement of x of mass, each spring will be compressed by an an
amount:

Natual frequency:

Equation of motion:

Natural frequency:

_ .I:_ 8k |, b2
%—V?—Vﬁ lf —TJ
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Fi= F3= %, % co845° F . Fi
[

Fo= Fy= %, x cos 185° e

45°
o x
F= force a.LOnj x = F C.a‘-\'45°‘+ F, w5135 41 ofm #,
+F o545° + B co5135° Fs 5
= 2% (% co5°45° + k, cos?135°)
’ke,z=—;;':z( 'z_—kn"'kz
Ezuaiaan of wotion: mx + (k,+ k)= = 0
@ Let O(‘: Aenofe the a.hgle
made L? (% Apring with
respect to X axis.
lLet z= c'.lS’fla.cemer\-f aJC
mass alv'ru?, the dinehion X

difened by ©

¥ ke Cf}u.valzmt Apring

consfa.nt‘ The e@.ﬁ.v@ivn.u_

o ol enongies ges
z

. G . . 2
K, cos (o- ) = = ki(os @ AL + A O Hmki)

ey = :

L=

ki(@s‘aﬁ. ASEO + A X »a:f‘e)

M ¥ Mo

=1
+ 2 26: (Co‘-')c'(;_&éno(;_ (_939&‘:-6>

i=1
Natural freguency = G?h = /_f;_ﬁ_

(4 6
For @5, to be independent of &, = «; Ay = S kg i oo {(Ey)
i=1 i=1
ard £ 4 A sty =0 —ED
=t "

(,) and (E;) can be vewritten as
6 | )
o (ki) = Z k(g T e
L—

and é %. sin 2 =0
=1

k; @S 2e; = O  --- (E;)

®
Mo
)

».
n

®
’-

amd. . Sin 2&; =0 ~-° G

.
n
TS
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In the present example, (3) and (E4) become
K, cos 60° + 5 cos 240° + K3 cos 20ty + K, Cof 420°+ Ky cof G600°
+ K3 s (360" + 243) = O
%k, sin 60" + +kz Sin 240° + %3 Sin 2 o3 + K, Sin 420° + %, Sin €00

+ k3 sin (360 + 2«3) = ©

(e Ky - K2 + 2 K3 coF 2«3 = O

. 243 cos 2a3 = kz— i ... (Es)
NT k) =T Ky +2 kg sin 23 =0 J

2%z sin 2003 = V7 (k2 = k)-(E)
Sguaring (Eg) and (Eg) and adding,
4wy = (- ) (1+3)
W kg = £ (4- K) = kz= l'kz‘ L
Dividing (E¢) by (E€5)s '
fan 203 = V3
Sy = —'2. fam—i (\/?) =

(@) mx+<‘T +T) =0

m x + ___ T)x-c

)

(ks

+ _ (at b))

m

160 lb—sec? .
@ L= <7 ek , k=10 lb/mch

Velocity of jumper as he falls through 200 ft:

mgh= E mv? or v=V2gh ="V2(386.4) (200 (12)) = 1,361.8811 in/sec
About static equilibrium position:
xg =x(t=0) =0, Xo =x(t=0) = 1,361.8811 in /sec

Response of jumper: x(t) = A, sin (wp t + ¢o)

where
1
2 —
, |%||" % % Vm 1361 8811 JEC —
Ao=1X0+ | = “ o =~ 386.4
Wy Wn k
Xp Wy
and ¢0 — ta.n"l - =0
Xg

2-11

© 2017 Pearson Education, Inc., Hoboken, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.



The natural frequency of a vibrating rope is given by (see Problem 2.26):

T(atb)

Wy =
z mab

where T = tension in rope, m = mass, and a and b are lengths of the rope on both

sides of the mass. For the given data:

1
T (80 +160) |7

10 = [ 120 l(so) (160) ="V'T (0.060375)

386.4
which yields
T=—200 16563147 b
0.060375
T
when w=o, total e
vertical ‘neigfn'f:-.-zl+h Fe e
D
when 95 0, total ke "No
vertical ﬁe.fgln‘tz(zf cos 6+¢~> T,
spring force = k[2L+ - (21 wos o+ )] mg
= Z‘kr{ (1—- 3= 9) 692
= mx
For vertical epulibrium of mass m, Fe 1;
= n @
mg-l-Tz e = Ty 8568 ~--- (E1> = Sin
For "\or,'santai eamxibuw'm, Fo's ('r'_'_T?_) sn @
T = (R = Tusin €)/oin o --- (E2)
From (Ez) > (1) can ke exFresreA as
m e-T s:'n_e_> cose@ = T, cos @
A e 20 ese
& T, = 'mﬁ.,.ﬁ;cote____ m3+m09
v : 2 cos 6 2 o3 e
'mtﬁzl .
T = Fc—-Tisine =mxcal_ 1_'13."&,-9——7—5'0:-19
2 Sin © sin 8
. mle® ™%
- 2 2. ¢S &
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spring force = 2kl (i cos 9) 2T, <

'rr\ng oS & — mg

_ 2kl + mg - (&s)
s @ = (7.22 + mlos"
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This eguation defines the ezu:l?brfum position of mass ™.

For small oseillations oot ﬂlze&dw ESEZ ,

Newton's second flaw gives
Y 2%
amy + KF=0 9, = —

(a) LetP = total spring force, F = centrifugal force acting on each ball. Equilibrium

of moments about the pivot of bell crank lever (O) gives:

20 P | 12
]~ )

When P = 10* [-1(1)—0] = 100 N, and

2 2
orNl® .25 [16][27N \
- = = — 0.004471 N
F=mro mr{ 80 ] 9.81 [mo][ 80 ] 004471

where N = speed of the governor in rpm. Equation (1) gives:

0.004471 N? (0.2) = l‘;ﬂ (0.12) or N =81.9140 rpm

A v,

(b) Consider a small displacement of the ball arm about the vertical position.
Equilibrium about point O gives:

(mbz).9'+(ka.sin9)a.cos€=0 (2)
For small vallues of 6, sin 6 = § and cos 6 =1, and hence Eq. (2) gives
mb2f+ka? =0

from which the natural frequency can be determined as

1
k a? T 0.12 ? 981 H
a” |2 _ g |0121 9811 _
w":{m bz} =1(10) [0.20} o 37.5851 rad /sec
2-13
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rle.

SO/"‘ —o:“ OO,=L, 0S = {1‘2_‘.
@k

when each wire stretches by % let tke

resulting vertical A.spla,cemen{: of fthe

Pfai‘form be x -
0S5 + Xg =

: 2
= [+ e | 1+ {_______.. _y
[ (" + ")} ] ,
For Smail— x, x* is ’néjltS(“e (a-nrfarbd tt 2fx oand Vi+e = 1+ z
and hence . .

= 2 1 b= - ]=——_—_:._ x
xe = \/{,"4— _c;_:_ [ + (4‘2_1‘-9%) i ﬁ"_‘.;;«-_—

Potential energy e,zu.‘va_(ence gives

-%-'kez'xzz 4 (4 x;')

2 gxtb
key = 4 K ,’;1) = __.._————(11’_+ %::>
Eau.atm" o"»md-f:a'n o‘g M
M-; -+ ’keﬁ X =0 1/2

2T _ o

- O

@ Equation of motion:
mx=)Fy

i.e., (LAp)iE=—2(Axpg)

2
i.e., +-TJ§-X—0

where A — cross-sectional area of the tube and

p = density of mercury. Thus the

natural frequency is given by:

Wy = —_—

2-14
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Assume same area of cross section for all segments of the cable. Speed of blades = 300
rpm = 5 Hz = 31.416 rad/sec.

W= ke _ (2 (31.416))% = (62.832)°
m
Keq = m w = 250 (62.832)7 = 98.6965 (10*) N/m (1)

AD = V052 +052 =07071m , OD ="V2% + 0.70712 =2.1213 m
Stiffness of cable segments:

9
¥po = ‘;*E _A (2071) (107) _ 907 (10°) A N/m
AE _ AQON) (07 _ g7 g1 (10°) A N/m
Kop =7 2.1213

(@)
A o5 m B
\\‘\ oofm
T 2w | ©
c D
Zm

_L‘ A 0707l M

ezta,n" (o.vz-u>

= 19.4710°

The total sttiffness of the four inclined cables (ki) is given by:
ki =4 kOD (:OS2 6

4 (97.5817) (10°) A cos® 19.4710° = 346.9581 (10°) A N/m
Equivalent stiffness of vertical and inclined cables is given by:

1 1 1

= +
ke kpo | ki
o k. = kpo kic
ie, ke = kl;o T 9
(207 (10°) A) (346.9581 (10°) A)  _ 109 6404 (10°) A N/m @

- (207 (10°) A) + (346.9581 (10°) A)
Equating keq given by Eas. (1) and (2), we obtain the area of cross section of cables as:

4
_ 98.6965 (10 9) =7.6126 (107%) m?
129.6494 (10°)
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1 {ﬁ_}z _s ;5L _ 4 (m? (25) = 086.9651
27 | m m

0 k
1 ki 1% _ 40825 ; — = =4 (m)? (16.6668) = 657.9822
27 | m -+ 5000 m -+ 5000
Using k; = A we obtain

k _AE _ A(207)(10°) _ ge6 9651

m ¢ m 2m
e, A =9.5359(10"")m (1)

Also
kb ____AE = 657.9822
m + 5000 ¢, (m + 5000)
i =6.3573 (107°) (2)

L€ T 5000

Using Eqs. (1) and (2), we obtain
A = 9.5359 (10~%) m = 6.3573 (10™°) m + 31.7865 (107°)
ie., 3.1786 (107%) m = 31.7865 (107°)
ie., m=10000.1573 kg (3)

Equations (1) and (3) yield
A = 9.5359 (107°) m = 9.5359 (107°) (10000.1573) = 0.9536 (107%) m?

Longftudtna-L Vibration:

@ Let Wy = port of weight ‘W caxried by length o of shaft
W,= W— Wy = weight corried by length b

W; @

z:E(onaa.'(':fon of Zeng‘bk @ = L E = Young’ modulus

A= area of cross-section

y= Shor‘fem‘ng of zenj'kb b= (W- :"é.) (1— a) _ WA%
Since x= Y%, Wy = M
z Wa (l- a)

x = elongation or static deflection of length a = =1

Considering the shaft of fength o with end mass Wi/3 as a
SPn’ng—ma..SS sysfem,

o, = \/-’i—j _ é_i (Aia‘) )1/2
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Transverse vibration:

spring constant of « f.‘xe.cf—fc'xec? beam with off-center ﬂaa.o[
k- EIL_ ser [
3

2B & (f-a)
W, = '\/_z::_-‘ = {___?_EI‘I;—L 1/2 | with I = (TTC‘+/64_>

W o (1-2)’

Torsional vibration:

= moment of mertia

15 §lywheel is given an angular deflection o, resisting
torgues offered by Qengths @ ond b are 878 and &3°.

@ b

Total resisting torgue= My= GJ(%—I“”{;’>9
My i wd*
«{ = —6-— = @GJ (-aj -+ -i—'") W"lere J= TZ_ = Fo'a.r
moment of inertio
i
Ga= |5t = (6T (L++ /e
Jo 5 (a b

where J5 = wnass pola.r moment of inerti of the flyu‘aeel..

me, , = equivalent mass of a uniform beam at the free end (see Problem 2.38) =

3B =33 {1 (1) (150 x 12) 283 } = 0.3107

140 140 386.4
Stiffness of tower (beam) at free end:

1
_3EI_ 3 (30 x 10%) (7 @ (1%))

k
b3 (150 x 12)°

= 0.001286 Ib/in

Length of each cable:
OA = '\/; =1.4142ft , OB = '\/; 15 =21.2132 ft , AB = OB — OA = 19.7990 ft

TB = VTA? + AB? =V 100% + 19.7990> = 101.9412 ft

AT __100 =5.0508 , 6 = 78.8008°

tan 0 = -
AL Y= B~ 19.7990

Axial stiffness of each cable:

_AE _ (05)(30x 10%)
¢ (101.9412 x 12)

Axial extension of each cable (y.) due to a horizontal displacement of x of tower:

k

=12261.971 lb/in
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6’%=€2 —{-xg—-25103(180°—9)=€2+x?‘]‘-26’xc030 ’
2 T ) /
X
or & =¢ I-}-[-;—] +2?~c056

1 xz

=¢€ 4 x cos 9—5-—-2«:039

Equivalent stiffness of each cable, keq o8, in a horizontal
- . direction, parallel to OAB, is given by

. 2
1 1 ) i) _ 2
0 ky = 5 k.08 x ot kyop =k [YJ =k cos® &

Equivalent stiffness of each cable, keqx, i a horizontal

direction, parallel to the x-axis (along 08), can be found as

koge = Kigoz ©0S” 45° = % Fegon = % k cos®* 8
(since angle BOS is 45°)

This gives

keyx —;— (12261.971) cos 78.8008° = 231.2709 Ib/in

In order to use the relation k.,  =ky +4 kg,

L

vu [FLIEL-L) sgr|_LiBL—Ii)
100% (3 (150)“”30 0.5185 . Thus
2 (150)?

= 248.7015 lb/m

2
(m] s We find

k. =k, + 4k, (0.5185)% = 0.001286 + 4(231 2709)(0.5185)?

i

*
? v 7

7

'I"{'at al frequeney:
Lg
L
2
Keaums - [M) = 28.2923 rad/sec
Wy = Mg — 03107
Tend .

¢{
L —
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@ Sides of the sign:

AB = V8.8 +88% =1244in ; BC=30—88— 8.8 =12.41in
1 . s
Area = 30 (30) — 4 (—2— (8.8) (8.8)) = 745.12 in

. — 3 .
Thickness = —;— in ; Weight density of steel = 0.283 1b /'111 l" 5.8 L"l

1
Weight of sign = (0.283)(§)(745.12)=26.64 Ib

1
Weight of sign post = (72) (2) (Z—) (0.283) = 10.19 Ib

Stiffness of sign post (cantilever beam):

3EI
k=-—2""
e
Area moments of inertia of the cross section of the sign post:
1 13 1 4
e =17 @) (3) = 35

Bending stiffnesses of the sign post:

Capp, S0

= 40.1877 1b /in

* e 2
3 (30 (10%) (5g7)
_3 Bla _ 384" _ 0.6279 Ib/in
v & 728
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a bd b b*
=5.33 cli—063 = |1 -
ke ¢ a l 12 a.4}

(See Ref: N. H. Cook, Mechanics of Materials for Design, McGraw-Hill, New York, 1984,

p. 342).
Thus
1 3 1 4
1) (= —
ky = 5.33 (W 8) s (108) 1 - (0.63) (-;-) 1— ( 8)
72 12 (1)*
— 1531.7938 Tb—in/rad
Natural frequency for bending in xz plane:
( 1
)k 101877 |3
Wy ={__’_‘_z_}2 _1logpa |t =24.1434 rad [sec
m L 386.4
/
Natural frequency for bending in yz plane:
( 1
. 0.6279 ]—2—
Wyy = {l’-} =1412664}7 = 3.0178 ra.d/sec
m l 386.4 |

By approximating the shape of the sign 2s 2 square of side 30 in (instead of an octagon),

we can find its mass moment of inertia as:
_ oL e 3y o | 028811301 150 1y 1Ly (30)| = 247189
Lo = 5~ 7B FR b) {386.4 3 (3 + ) (30)| = 24718

Natural torsional frequency:
1

1
ki |2 2
wy = - P = w = 7.8720 rad/sec
Lo 24.7189

Thus the mode of vibration (close to resonance) is torsion in Xy plane.

. @) Pivoted: e e

«ea = 4 kcc(uru-
C !u.mns
Let Mgy tve mass due /“Jf“'e"ibb"’&‘"
o

. — l. ; _.w.— m e lk =
Eﬁmxo'no'é-motan (} + eff;t) x + ezx f{g&‘t .
4

Na;(:urai Jﬁre,@u.enc‘y aj—’ horisan'tai v[bra;i:.’on = O, = 3(%+mefﬂ)

Let L=*.
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(‘9) Fixed :

._._pF
T
since The jot’nt be{Ween column o—r\o' J(oor :' :‘f/_z
does not permi'L' ro%a.,t«‘on, ea,c,h co(urnn .: —*-
will bend with inflection point af middle. : 7
When force F is a,wplfe;l o ends, ks
3 7z,
3EI 12EL | 4ger
kcolumn = IQ:QEI A ‘ke_z = 4‘ kcg‘unn !3

nd
Let wepep = effective mass of coch column o top e
Egua—fu‘an of motion: (%‘ + meg;) x + 'ke& x =0 28EL
Na.{:u.raj fre@uenc_tj of {.orison{:ai vibration = &,= I ¥

T

EiJCe,c‘l‘:ive mass (due to__s_e_(._f'___\_ﬂ_&:_&'gbj:_)-_; a E:/I, £, m " l

Effect T e — _ o~

(cb) Let ’f?‘!ejz"(1 = E:Ffecf:fve Pa_rt' of a‘—-— x:*z_\“‘\ F
mass of beam (-m> akt e,nap. 5

Thus Vibrating ‘nertia. force ak end

'S due to (M_(.- “me’q‘). ‘ ‘ e
Assurme o(e_-,C [ection shape Jurinj Va‘bra.::;'orr Same
static Jeflec_t‘:fon S‘-la.,ke with a 'bcd: /o : - xz (vax)
y(z,t) = Y cos (c.sht—,d) where Y(x)= ]

ceEI
i = Flg - o Je/flec{fen
Y(x) = EY,E;, x"(al—x> where Yo _{Ei__ma,x b
? G
y(x,t) = __Yia- (3L - x ) cos (nt—#)
24
Max. strain energy of beam = Max- work by force F
2
= JZFYO=.?Z—%YO (&2)
Max - kinetic energy due to aa'sfribu.{-eJ mass of beam
’. « 2 ’ 2
=% 7 t dx + £ M
EF [ )| 4+t (e (
2 2(33 Lo Y, M Ez)
= Loy, (.&Bm + 5w,
33
. = 0 = <2357 ™
© TMeff1 T o °
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2
o, *
o+ &, x+a.a31c+ 4

(b) Let Y=
AY @ =0, Y(1)=0, jY(“ =0

BOANRAY
A
)
[}
|
< —

Ye)=o,
3
This 'ea,als 'L'o Y(x) = 3£Yo i — ?_:_;3_0 % E
(Ee
t -
$(2t)= Yo (3 ﬂz —2 %—) c.os(as )
Maximum strain energy = —'i ET f EF) ax
2 o (Es>
_ 6EI Y
= - . .
Max. kinetic emnergy = + M Oy Y + 2( )Yo _r >
<m+ 13 > <E€>

12 m = 0-3714 ™

— N =

Tepr2 ~ 3

Stiffnesses of segments: 2
l 2y _ T (92 —1.75%) =0.7363 in
Ay ‘Z(Dg—dl)—‘ 1 (2 )

Ay E;  (0.7363) (107) _ g1 3583 (10%) Ib/in

I

ky = =
1 L, 12 2 g
A, =~ (D} - )=—(152 _1.25%) = 0.5400 in
, =
4
Ay Ey (0. 5400) (197) _ 40 (10%) Ib/in
ke =1, 10

' 2 2} — (.3436 in’
A3=—1£(D3 d’)—-—(l 0.75%)

AsBa (0 3435) (107) _ 42,9516 (10*) Ib/in
ks =1, 8
Equivalent stiffness (springs in series):
1 1 1 1

k3
—4 o 0232820 (10~
10~*) + 0.0185185 (10 )+
= 0.0162977 ( ) or keq = 17.2122 (10*) Ib/in

m—

4) = 0.0580082 (10~ %)

Natural frequency:

—\/ keq ‘\/ ke 8 '\/ 17.2122 (10*) (386.4) _ 5578 9157 rad fsec
= 10
m
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\
— f — ‘: kep
® kl = - 4 = \ OIS-Z z_n_ Il
mAAAN—EAN— k{-ofal 3} ) : o
z ’!‘ & — - - 24 ! ‘
L -+ Kbl = B2k T - =
S % B T o M N
* k, k3 4k Kk %
3f total 2 3 4 3
3 ?k )
l
t‘h:l‘n—\l—}:‘— where kef/= 4k+_34:1<=__;1<
z ! 330 sec
o 6 - 4 K 4

"y | | W
Let /u.: cacff{ct'enf O;F fnct‘ton qu-; l * /“F

n= a\.'s'FIe.cemenl: of C-G. of

—
block ix @
FbFzz net reactions between !
e e

reller and bflock on
left amd right sides .
Reactions at lest and nghi‘ due to static LZ?..J‘ W are
w (C x)/zc and w (C-f- "‘)/zc respectively.
M= moment about G due T motion of block = (M F,_—/‘Fg?;z -
Reackions ak hg{' amd right to balonce M= M - pe

2C 2C

R-F) | _ W(etm)  pe (R-FD
F.= W________(gcz) /“L (R R = -——ZE—) + Ze
subtraction 9ives F2_" = L\IE_‘& + /iaz-v (Fz"Fl)
-€e-s F?." F’ = WK wW_x

c- /*“* - —f““‘
Restoring force = /‘*(Fz" F) = < £ /_La,
Egu.a;b«o"‘ o_.; motlon H /U’w

c—/uw)
0, |28 il s =R
W (e-p) cope

Solv.‘nj this, we get = [C w/(? + > )]

=0
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From problem 2.41,
without

Restoring force

SPrtng YES"L'OT‘inj force

—3

To tal restoring force

c
Eguation of wotion: Woon o+

springs = /"‘ (FL‘F‘> =

[pw + 2k (c-pe)]?

2 kx

&.VQ::+ 24 %

w
i“——/+21< x =O

c-p*

(

Gﬁﬂzw:{

Solution

- r v

W We — 2%2¢

}'/2

o:F this EZLLO«{'«'on _9|‘ve5'

- (

Wg + Weta —2kg®

)

(a) Natural frequency of vibration of electromagnet (without the automobile):

w, = '\/I‘__ - ‘\/70000'0 (386-4) _ 35 8887 rad/sec
v M 3000.0

(b) When the auto

from its static equilibrium position.
xy = static deflection (elongation o
Waute 2000 .
= —= =0.21n
k 10000
%9 =0

Resultant motion of ele

mobile is dropped, the electromagnet moves up by a distance (x0)

f cable) under the weight of automobile

ctromagnet ( +x upwards):

x(t) = Ag sin (wa t + )

where

Ao ={xd + |
Wn

Xg Wn
and ¢g = tan™*

Hence x(t) =0.2 sin (35.8887 £+9

(c)

Maximum x(t):

a———

=xq = 0.2

b

= tan™? (o0) = 90°

0°) = 0.2 cos 35.8887 ¢

x(tnmax:Ao =0.21in

Maximum tension in cable during motion = k x(t) | max + Weigh of electromagnet

= 10000 (0.2) + 3000 = 5,000 1b.
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(2)

(b)

(c)

(4)

ST TR R, e s S TR
Newton's second law of motion:
F(t) =—k; x—ko x=m% or m¥+(k +ky)x=0
D’Alembert’s principle:

F(t) —mx =0 or -—klx—-kzx-—mii=0
Th‘llS m5i+(k1 +k2)x=0

Principle of virtual work:

When mass m is given 3 virtual displacement &,

Virtual work done by the spring forces = - (ky + ko) x &x

Virtual work done by the inertia force = - (m X) 6x

According to the principle of virtual work, the total virtual work done by all forces
must be equal to zero:

—m¥ & —(k +ky)xbx=0 or m¥+ (k +ko)x=0

Principle of conservation of energy:

.2
T = kinetic energy = —;— mX

U = strain energy = potential energy = —12— K X2 + —]2'— ko x*

T+U= -%— miz + -}2— (kq +kg) X = ¢ = constant

%(T +U)=0 or m%+ (ky +ke)x=0

=(¥)

b
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Equation of motion:

Mass m: mg—T=mX (1)
Pulley Jo: J00=Tr—k4r(9+90)4r (2)

where 6, = angular deflection of the pulley under the weight, mg, given by:
mgr=k(4rfg)4r or Vo= (3)

Substituting Eqs. (1) and (3) into (2), we obtain

.10.9.=(mg—mi‘i)r—k161-2 6+

mg
16rk) (4)
Usingx =rfandX=r 6, Eq. (4) becomes

(Jo +mr?) b+ (161" k) §=0

Consider the springs connected to the pulleys (by rope)

to be in series. Then

1 5
f; = -11? + % or ke = ry k
Let the displacement of mass m be x. I
Then the extension of the rope (springs T
connected to the pulleys) = 2 X. From —
the free body diagram, the equation of
motion of mass m: T 2 (t)
2 k%

m¥X +2kx+keg(2x)=0

or mii+—§-kx=0

T = kinetic energy = Tmass Tpulley

1 .2 1 . 1 .2
=-2—mx +-2-1092=E(mr2+.]0)9

U = potential energy = —;— kx: = }2- k(4r6)? = —12— k (16 r?) 62
Using %11? (T + U) =0 gives

(mr? +Jo) 0+ (1617 k) 6 =0
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1 .2 1 -2
ineti =—mx +=Jo 0
2.48 T = kinetic energy = 5 3 2
U = potential energy = 5 k xg
Hence

X i ine=4rf=4x
where 0 = = x, = extension of spring

Jo. .2 1 2
_1 Vv . U==(16k
T_-2-(m+—rT)x ; U 2(16 ) x

] l i i i the

system as: | ;
0 _
(m+—rT)x+16kx—0
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(a2) stiffness of the cantilever beam of W
{ (kp) ot Koc,a.«t:_c'ncr&#.‘emg,s,g:
3ET E1)
23
Since any transverse
is Selt Lj each of the three sdor'inj.s > Ka ord K3,
M the springs (k> ®2, %3 ams kL) can be
Consid\ereo\ to be in series: The egu.'vg}..wi’ ,flgncn.?
constant | 'kez , of the system s given by

*kp =
force F a.P;oln'eJ o e vass m

| 4 A [
t o -_— e
k.. | K P ki
K | Ky kp, + *i K2 K3
Kk, %3 Kyt ¥ ks kp + kK2 Kk}
] k&g K3 Ky (E2)
‘s
) k, kg k3 Ky
keg = ‘ *, K& i<, t
¢ Ky ky ke v K Kz kL 4 KiKe KL+ K zkz“)

)] Noatural freguency of vibration of the

sgstem {s given L_y

fe (E4)
o |42
where ke% is given by Ea-(E‘a).
Ezuivmleht 4
system e&
m
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step (i)

B miz Grven
Aa, = % ¢ SgS{’Qm
et e

To f"m’\ the A"'"-ffmess a:F ‘e jiven s;,sl—em oX Iooi.-d’c

(ie- ae§l€C+l'Oﬂ (_aroc(uceci ok C by & fhee F %(aul

ok C), we use the following G- Afep process:

step 1: Confiden o contilener beonn wilk ,}(z.c:ﬁ
a.w(ud ok € (witkout support of B) ard
o\,kb.bﬁ'ms ok B amd C:

)
S(%)= f___’_‘.f("sl-—x) . :
E! ? F (o8 )(3-0'8)
. - Fa' (31’0—):__
Saz@cﬁ'x:@)_ __E_ETL T

= 00234'.7 F/EI ) ( ) (2)/
2
- FX’(ZQ).__ f_(1 DRSS = 0:3333 FEI
8c=<w1ﬂ: 'X:Q)—- _____.g..E—TI— ZET o
Ly = &
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¢ o condileaen beom avilh frce P
" UFWO-\'O‘ A(re,c,‘h'oy\> M_,‘ b’ir\oq

St‘:e,o 2: Canside

$(x) = I’xg' (30&;-‘?‘) (4)
GETL 5 ]
Faz (20-') ___.2?(0-8 ) - o~l'7f967 (s>
°B 6EI GEL ET
- Pa (3% )
SBC(“ GETL g o,)
ot x=0) = Pa (34"
S o 1P )
P(as®) (3-8 =o-23EL¢I
GEL
to camir
Sfer%: F.no\ the valus o’[, P aeeded To
S.B (;n Ea'($)> = - SB (;h E&(’Z))
i . 6 1 ¥, 023471 3
. | WZI : © (&>
e P= - [.3749 F
nevw cx‘—m
step 4: Find the volue of; ufwono\ J.og(; (ﬂ)wul:
L{’ PW Q)\' C ( Ly usfna Ez.(9> omn 8-
pa4 (-137A9FD _ _ 0:3227F (9)
- =1
8¢ ¥ 1 E )
e the e\eflech'ons of Sf’e’o 2 w

Sfer 5: SU—PQI"POSE

(‘r\ r(e.ce 01— l’) t obfatn Zero alet/&x/e;m

z;ewB 4 {0‘33315_ - 0-3227_[;_{ (Ei' c3) +
EL

Eg-(‘i7) = o0-0lo6 F = Slfﬁz}"

El o.’t\{' C Sc“
Thus we find i &L&C‘:/otw rfk kb ( >

'0'06 p— .
° ' EI
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step 6
as S<n=8|—-82'-'




The stiffness of the beom (given system) due L

f’-m'ceFaﬂM of C is
x = F - EI - 94-339¢E1
C

0-0\06
Scr\

3
. 05
Hevre E = 2017 % u')‘i POI ()n'l‘\-A I-= '—"2 (° 057 (o )

= 521 “;8 \'ﬂ45 EI-= o7, 847

Notunak [reguerey ot the W:

ke 94.3396 (107, 847
Pn* - 50
™m

- 451.0930 rad(z
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. A :
Kf—w_;-;(-ﬂﬂm-__._ﬁ;___ﬁ

Deb{.v.clfemSalu.v.‘bo F: )
83(‘*)=—FL" (z-fb 1)
A

el f
. - 0
At point B: _ F(o2)(er8) (or6t+0 oX )
SB cET(vo)
o-oo%‘S?:‘-}j
EX T
stiffness of beowrm o B = . = ——e33 T
B
e kB= “‘7.|275 EI3 ., y
122
Hene I = —"—2-(0_005) (cuo‘S) = 52.1 xlo
amd E=zo7x|o9n. X

(s2.1 % Y =107, gy7.-0 N-m
N

l2,638,920°3 —

q
EI:(ZO‘?X!O)

= 1875 (1o Bw‘l-o)::
’kB = 7 {8 ( J

NO_)(M W«-% (&'ﬂ:’e W:

J-/ fZGa? g20°3

_ so2-75 88 rad/s

1

('.5\‘\
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A

@ A
. o=0'8m

PN

B bt
b=0'2wm : o 1r~ -
—_— K
Fp = FLx {30«&-—:‘(3&‘%)}
AB cer A°?
y_ - r(oz)("’3 ){g(os)((o)_os(axos-fo?-)}
B °c’ (i) 1365 F
o256)(32) 900 Fo——
_ Flooz56)2 7~ = —
GEI
F - e = 732 4213 ET

m = 50““3 3
¢ 05
s or N CoD D)

= (0 734‘7'0 B o

= 732-4219 ((ovsqvoo)

65
\F \/?5’,98%50‘!

gq70 rad/A

N
78189504 65 —

=256
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B
L: o2 m

oy 5 L_—-vl
L=10wm I ;,c ‘

2
- >
-

2
— Fo*® a; — X
Yp= £2 (39-%)

GEI .
= F (o'g ) (3*0‘8 __O)8>
yB = yAB’x= 08 GETI
_ o-17067 F
B EI
ky = _E__ = E? - 5.85937 EI
B~ yB g:170 677

m= 50 kﬂ

3
(207 810 {—'—— (c+05) (o'o‘s) }

2

\

ET

= 1o 78471°

k., = 5:85937 (107,840 ) = 631915:-4764
B ] —

g [631,915- 4764
wh: P B J 50

- (12 4202 ""'J/A

3|z
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Qs =0:2™Mm < Js N\ D, JR—

L+ o :

—_— X

Beam on simple supports with overhang:

4 = __lj__o; (L+a?

3E1I
F(o2") (or8+22) _ o.04F
B 3ETL 3EI
& _ = _F_'__= ,3__5_1 = 7S EI
c Y 004
C

3
(0-05) (c:05) )

75 (207 x10) (&

N
75 (10 7,847-0) = 808,852:5 —

)

25.0
=f8,08 85 402+ 2070 md//g

50
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Ezu(\ra,lewl‘. &tﬂ'ﬂbﬂ o} ey & ok focotion of-

@ bl wmi ‘l/ c
A ™ ra .

¥ l B B

-~ - 0'§ ™ =0°‘2.m__%

>.;

< f=1m
beawm osgumed as rgid bar B c
A v . g
(H"M 8(‘: g
J
“a ;«f *

Assume tke beam ot « r:sa‘d ban ABC 41.'\-\3&4 ok
poink A to find the e,vz-i\ral.zmi A’ffgbnxd-f o} APFTY
k ok poist B (Hg). Lek fhe egpivaled 2pring
otk of & Whin Lreaded of B be kg

L - k2
e > 1‘3 = M Se ﬂ = % "—&Z é
-;B- o Oul
= | oof § = 15625 N/m
0o o_._,82>
SP\’l'n’ C.O\'\Stﬁ-“t d() the Lea.m ok Loccﬁm‘ 0'6'
medd m: | S 7
T e o Thet fhe Apring oF € =

For S:mP‘;CH‘y,

o utation of
ok o /Sl'mlole Aulpp the comp

ort: This permits
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e q,v,.,zvd,.,.i APy conihand of the beam ABC
.Su(U‘edea( to o fovce F of B.

« = F

beam B

Bﬂa-\'l‘\ ) B

beam, B

<« az0'8 — >< b —
m Zo0:2m

- (=4 m —

2 2
SAB (%) = i"_;{ga,l— x (3a,+1,)}

¢er f
) _ F (°'22)(°‘32) $ 308 ('-0)-0.8(3u.s+o-z)}
beam, B cet (1Y)
_ 0001365 F/e1
“heam,B - LA EI%5 = 732 -4219EI
’ SLeam, B 0-00!

9\ I 3 _ 9)(52-1::(;8
EL: on7 %10 ) 12 (0-05) (°'°5> ._<207 xi0 !

= 107,847 0

\i

- 732, 4219 (IO'I,QLI'T °>

kLm B
_ 78.9895 x10° N

Next, we consider the twe springs kg amsl Ko, B
t be Pana.ﬂ.ti ko fthat the eguivelent Apiuing

Mw\k of B, kegg » 'S given by )

6
4 Bz'kg.,.kbea 8 = 001562 x10 4+ 78-98995 xto
ez e
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€
7%9.00512 Xxto N/

1
l

. k% o
Dy

4

Ma—"tu.ra.k grezuencj of vibration of tHe S’js‘bem:

é
ke?B ?oo§l2 x 10
Sy,

= 45801024 rad /£
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A%—— o=038m %

Simlo\y supporteo! beawm with o overkang

F
2 - mam——
SC = __F-La(go;-f- L) s ’kbf- kbtama.k e sc
_ 3EI
b* (atb)

S
- 207 xt1o Pa

m
\

C )3 (xie o
. 1 (0.05) (0'05 = 52
1= 55 (o-05)

3 (207 xw Y(s2: lst)

'kl’- (o'o‘f)(“’)
- 80885259 N /rn
ok C
eopavalonk A& ggress conalank
1‘czzc = &

(0,000 0

L

kb-‘— %« = 8§,088,525-0+t

—-—
-

Noturok Freguency of vibration of the system:

’kez,c 8099 5250

= 402-4556 vad/%

8,0 98,5250 N/n-l
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For o mﬂwﬂ‘ beam, e
'kL: kl,eawna.*c = 3

3
1 (e-05) (0-05)
12

9
3 (207 x1o )

-
—

13

=ea,.;vMWv\j¢Mfa?htai'C

ke C
z Q"‘O _‘_(O)OOO'O

= K + k= 32 3,5
= 333,541:0 N/m
Naturah freguency of vibration of the

_ *eg C 333,54!'0
O ™ \J erz =y 50

= g1 151 rad/g

/Xj stem:
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1r‘§3

sy ¢tem

B
C
2 ==
= on‘gu‘noi

Egm'vdzw"
svsl:e m

NN VY
>

1
a
3

Oy

Assume the beam ot a rigid ban ABC hinged o.i: A

b Lind the eppivalet aliggress of aphing
poirk C (kcj We e&uail the moments creat

o*-dvom*Aby ’ct:exa,mngwem—l;ka.ka
M\J‘ttc.z!rrmgww't‘ 4‘ ok C:

eA

, k. = k8B .2 - %k 8o & = 1—‘—%
e c- ¢ | | 1
= (0000 (6:64) _ g4oo N/m
au*d

k= Kpeam ™ stiffness constant ol the beowm ok

Loca.ﬁcm o’b» mass m
36T _ 3 (207x10 ){'L' (o-05) (o os) }

g3 (Y
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-
' kl: -~ 323,541'0 N/m

Ezuiwlen{' Apiuing cosbamt ok ﬂ,vcata-n 1} masts (M)

‘kb'i' kC

’ke8
¢.yoo-o = 329,941°0 N/m

-

= 323,54l.0 +

Natural freguency of vibration of the systewm:

_ [*keg _ [329,94l0
Wn = m - \ 50

g1.-2331 rad/s

]
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,)c({-): ACOS (wht—'¢> (‘)
= 2000 N/m: ™= S"k‘g

(@) %,=20 mm, %= 200 —p:

(]
i
A:{(203+<22°o° )2}2 = 22.3607 wmwm
-1 200 _ —1 (6.5
¢= for 20(20)7 - -{:M (o )

= 26»5650" oxr 0+46 36 ro.J

Since ‘oaﬂ'\ x, omd ";(o one Fosi{-(ve,
n the ;Fa‘rs'l: Zua—a\ro.n't- Tl«us thke resd».:cmse age

the Sysfe.m is guven lp_\j Ee.(l);
x (t)= 22.3607 8 (2015-0'4

¢ w{l( (x‘e

636) M

(b) o= -20mm, %y = 200 mm [4

A:{Q-zo)z'f(%%g)z}é: 292.3607 wmm

¢: '{-@l:' ___2__5.__0—-_-—-' = o —o.g)

(—20) (20D

= _2c.5eso° (o-r — 0.4636 rad) &
(53- 4349° (ov 2° 6780 rod)

: ve, d Lees in the Aecond
Maxi' Thus the TW of thke /Sijf'em

(S

x(&>= 22.3607 sk (20t ~ 2.6780) tom
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L]

) *X,= 20 mm, KXo — ""2-Oa~mm//g

A= {(20)-!—("2 ) } 22.3607 wm
C#-"—'fw; (—Zoo>= fau: (-—o'E)

20(20)
_26-56‘50° (dv-o'lfé?é rad) or
233.4350° (or 58196 rad)
Since %, i negcuhve, é Lies in ke M
W~ Thus the respon se of He S’yshsm
s given by

x ()= 22-3607 <o (‘20'l:+o'4636) mm
) mm

QY

-—
=3

22.3607 CeoS (2ot - 5.2196

(J) 9C = — 20 ™M, ’;to' ~ 200 mw//f

A= fC20) +(C 25 >}

-1 - 200 _ - .5
4= tes' (X ) =t %

2¢.5656 (or 04636 rod )

or 206:-5650" (or 3-5952 rad)
Since botk =, amd %, ant mgot\ﬁ-e., & wll
be in the third Z“M - Hence the
response of the Sy stew will be

22.3607 ™M

x (£) = 22.36017 o8 (20‘(: ~ 3.5952) mm
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m= 0 kg, %= (000 N/,,,

\}’—‘ IOOO = lo ra.o\/,S

Ca’) =lo ™Mmm, = oo ™Mm /,g s
A= {(’O)',' (lOO ) } (oo+loo)z—|q;lq2[ mm
(5w - 7854 rad
gb"‘ am (l'oo(co) = lewn ()—45 ar O

cince both %, onmd ¢, ONKR ‘:osthve, d will be

% ﬁ?c -S:H’S"' UADJ\"—OJH* Hevce the PCJ'}DonS'E
of the Aystem s given l:y Eg - IDF

x ()= iy-142) c;:&(lof-o‘7gsq> ™

(L) X, = — (0 mm, 920: (00 MW /X
& 10° Y Ji ‘. | mm
A= {Qlo) +<.———-——-—-(w)) } — 1y 1y
tam (122 =t (-1) =45 o135
¢ (-10) (10) ( ) .
oY (—0-7?54 yed or 2,3562r >

clnce %, I$ neja,h've, @ Lies tn The Xe.c.onol

3ua.nlhcuv3\' Thus tke reg'oohse c’é tke /Sjsfe,m
(S 3fveh ‘oj
x (1) = -1y 21 cos (1ot ~2.3562) ™m
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€y %, = lo mm, %, = —1(00 mm/,g

( . (0o 2 % P
= lo = = 4L
- f09 + (Y 3 -

t

bt (555) = e (9

o (10)
= —45° or 315° (ar_o-785‘[ rad or 514978 rod)

Since %X, 1S Fasif\'ve mA ';to (S nesa.'h've,
¢ Lies in the Fourth W Hence the
response o} He /Sjs'{:em 'S given Ly

x ()= g2t At (lot — 5-43978) mm

.

(ah %, =-l0 MM , AN 5= — (0o 'mm/,g

N S G )8 AERTATITIR S

¢:tm~)(—(00.3: t“;l(iv-_— 4500\/2250

— 10 (19D
= (07854 vol o 2.3562 rad)
gince both %, omd  %g ONL nﬂgoﬁu&, ?5 Lies
o The ‘H-?iro\ z},u.:lJ'Lﬁ-mx Thw the T&(ﬂﬁm
of the A%Cm wll he

2 ()= g2t of (ot - 2.3562) mm
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Com]au’ra,h'on of |a|w.99 O«\Z&« g, in Ey. (2.23):
case ((): %, omd __’_‘_g one positive :
Wn

‘t’ms& = ,aosh':v've; hence ¢° lies in
o

frest guadnamt (as ghown in Fig-A)

Frqure A

v \ . [ = _ . e
Ca.«Se(H): K, = Posd:»ve, %o |O¥ wﬂ) = hejo:hv

Aecond ?/Aa.olho«d\f

Xo

tam ¢, = nega:l-(ve; d. lies in

MQ(;>“ 'XO: neja,’c{ve ) 920(57- Zn): nejo_:h'vc

tam ¢°= loosi%c've; 950 lies in third zuao\rom‘b

: : x Ll
case (i(¥): %= “eja"hve’ *o (or —CT!%») = positive

tam ¢,= negative; ¢ Lies in fourth 3uo.o\ra.n‘l’
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™= § k9, = 2000 N/m
() G - i v vg redf
(w) 7.0= 20 mm, ;’r,o: 200 mm/;{

Since %, amd Xy o btk |’°“ ive, & lres in TKe
fioest 3ua-4ra—“t ( From solution 0f Problem 2»6[):

be e (B0) 0D (2269) i (o

%o 200
=63~43‘f‘3° or GloTl yad

Resrons‘e given Ly Ea.(2-23)=

x () = Ao sin@nttde) L

. _ 2 s 2 N7 z

with Aoz fx (E )} - faott (555 )
= 22:3607 vm

© o (4) = 223607 Ain (20t & 1107 ) M

?e

X = too mm/l

G)) Ko = - 20 VM,
es
since %, iS neja—hve amd A IS r:as.hve, ?ﬂ |

in the —four'H- %ua-d‘t\'Mt ( Erom Ffro blem 2.61).
(‘X W . (-—‘20(20)

200
= am‘ (2) = —-63-4345" (—Moﬂ roJ) oY
296. 5651 (51760 rM\)

{'x:i' (%)1} {on) +("°° }

22.3607 vm
< (t) = 22.3607 sin (2t +5.1760) ™™

i
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(¢) =, = 20 mm, X = — 200 tnm/,f

(wo Or\ _ £, ( 20 (203)=+m;" (-2)

=200

= —63 4349 (w —1- 10Tl vod) or
llé-gésoo (ar 2. 0344 ra&)
Si'nce %, is Posih've omd Xo IS hesa,{'t've, )Ao
lies in the Aecond vA.a_oQ.h.w-t (From FroL‘em 2:6D.
2
ro= {xe+ () 1=+ C

2:.3607 wm

-
-

. 'x('l:): 22,3607 &in ('z_of -+ 2»031-;'-:») ™

(J) K, ~= — 20 ™™m, 7E°: - 200 mm//s
- 1 ((-20) 20\ _ ta.' (2 =63.H?H?a
&o- a/m (( —200,) A ( ) QA
o
o 1. 1071 rad (or 243~4sq? o 4-2487r )

{(_'zb)z-l- (" 292 }

22.3607 W™m

. x (t) = 22:3607 siv (20t + 42487 mm

(s\nce x, onmd %, one beth neja,h've, 2. lres
in the third Uuo-ﬂb'lvﬂmt, Fror solution of

F(’gL‘E\‘h 2.6 |) '
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m= 1o Kg, = 1000 N/m

o, = & "'\"‘c’ﬁﬁ = (o vad (4
solution (rGSPonSe) of ke Sjs"'e
() = A sin (wnt + 45) ™

m 1S §given Lg

with ' N ] . o
e £t (o) P ek e (357)

@) %X, =10 wm, =y = 100 \'ﬂrn//f

ho= L@+ (S2)H - (755 < weiar

4= b (L242) = R () = 45 or 07854 rod

(oo
. g A [ies in
Because xo M\p\ x, o \90"“7 Poﬂ{'tve, ¢o

the Sn‘rsfzuo..a\rom'\' ( from Problem 2.61).
.ok (t)= (4l 21 S (ot + 0:7854) mm

2o = om [ A
(b) %= - lo mm, %, = (00 /

Ao = fo + (5 12 = ezt we

T
8, = tax (120D = tam (71 = 45
° loo
_ 07854 rod (o 315° 0¥ 5.4978 rad)
'S neja,{:u've amd %, U rasi{:c’ve, do
Jiou'r‘H-\ %ua_o[rm'\ﬁt (frmm Problew 2:61).
in (cob + 5.4778) mm

Since Ko
lies in tke

x(t) = 412l s
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~

(c) ®e= lOM™, %Eo= —(00 mw /1
z _1o6\%217 32
Ao = § (19 +(7122) 3% o g2t e

E:'I - 35 . 2

rad
Since 2, S Posfh’ve nurJ\ '7"0 'S he3°~+"V€: Po
lies 1 the fLecond 3ua—o\ra-hf (from Problem 2.61).

mn
s (E) = 1y lh 21 sin (;o++2.3562) men

= - % = — (00 wmwm[A
(A) %o =-lo ™m> o

Ao = {Q—co)z—c- (—'—%,3)1}15 - 1414 21 yam

¢ = t““,('_;LE_(_‘_O—}> = 't'o.m (1)-— 225 ov .
° ~100 ad

§\nce Eo‘k‘\ %o M\.s\ ’;Co ong Ngo«t\l&, ¢° f;_‘,u’ ‘n
the ‘Hfu'ra\ %UG-AY'OA'I{’ (:From Prob(em 2:61).

(t) = 142! sin (1ot + 3,9270) mm
SO =
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B, = %:-— = 26?0 = 5o ra-al//s

g mm
7(0, 2 P

Ez. (2-23):@: w (€)= Ag an(wn{ +¢o>
. 2 %o \? ';_
wl‘H'T Ao = {7(.6 + __(E_r_'> }

- ac W
M‘A ¢o: M‘(__g——-—f—-

For tke given data,
A°={C2) +('°° } = 2.8284 m™m

(C—“(“’): taw (1)

(60

%, =

-—
-

— 45° or — 07854 rod
ot

ovr 514978 vod

omd :x. 'S posi’c{ve do lVes

315°

Since %, iS nega.'(:n\/e
in the fourth ?/u“"‘(““t (:f'rom Problem 2- 6.

Resfponse 'S §iven \’J
a (£)= 2-8284 sin (sot + 5:.4978) wem
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@) The anca moment of inerbia of The solid

circular cross —section oél 1ke tree (r) Xy
9given bj

4 I 4 4
=L xwd =L w(25) = o 191748 m
1 GQT 6y (e ) = 0-600

The axied lood O—cx‘-'-r\& on the f‘ot.» 0’6—11\”8

trunk 15

F=wm g9 =100 (9-81) = 981 N \

Asru\ming the 'f'ru.hk b !}"xep\- &’re.e Co umhL

under axiok foad , the lpuc.kin‘aﬂ Ao d com be

Jo 55 mined of p
| 'WZEI_ _ 'ITl Qc2 x,cq)(ﬂ7‘f7Xl° )

= . —7 T 4 (Kﬂz

1

- 5677:45 713 N

—

since the axioh force dua t the watt of- the
ccown (F) is smaller tham tke exiticar lood ,

tke tree trunk «wﬂ ot buckle -
covilfonk o’é, He Trunk (n swaoy ('f"remsverfe)

Fene

D) The /S’Jn"lﬁv-a
motion is given L] ( atbtwensng tee Frunie @b o
[xed - free b‘ea-\m) B
i 3EYI _ 3 (l-2xtoq> (l?h?quuo
ps Q? - ('0)3

=690 2928 N/m
Natureh freguency of vibration of the tree s

iven b ,
3|V n y - I:&_ — \{M = 2 6273 TQ-A/J
09“— ™ -

too
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@) Mmass of bicd = mp = 2 kg e
- T

Mats o l’%\ﬂ; (branch) = m = — X [4

m. = 7‘-:") (4> (700) = 21-9912 19

r

m-= fot’alM&kB: Md& bird + WVM

-2 + o0.23 (21v9912) = 7.0580 Ky
(gv,...va_h..k mmdk—oaco.mﬁﬂwﬁ beawm ok its et
eJ\‘\-o\: o273 ‘Err\-b‘ Zﬂ {'Oi—ol m""‘)
&= At“-nw O’L— condifinen beosm (Lram%) O~k€/r\9{B
3ET _ 3 (lost7 I(cu_\_)q
"Q’é‘ - gl
@)’
= 2301 0937 N/p
Thus the e_v;-afc'ﬂ o’B. motion of the bicd , in
free vibration, is given by

M';£+‘k‘¥-=O (LyoMMMvtﬁMc‘-Wﬁ)

e N
‘ 7.0580 * -+ 2301.0937 ®*x = O

(b) Notunah gwcy-wwog ol vibrofZom of the bird :
oom [ =[BT L nesen redls
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- Given: ma4s o’k bird (m) = 2 kg
height of branch (Iewjfk of cantilorer I’“W)

=4|= 2 m
density o braneh = f= 700 kg/ma
Young s rrodulet of bromeh = E- to GPRu
@) Buckln:nj {rad o’& o wy./t'/ewuv be o At
axsal %—gzuz, WMJQA- {)h.u. end 1 3iv.en Lj
P = 4 T_‘:.?;E—I )
A h okt d,
Asruming the ditomlin ofs b » The
e vmomerk of iranfie (I givenly

y
I-= E_"‘-— 2D

C
c4
when ouwlieak Aewd (Pow) 4 ek e,y.ul’(:z
tte weight of bird,
Pow= ™3 = 2 (q9:81) = 1962 N (3)

toin
Ev.;-nﬂ'ﬁg Ea'@) t Ep- (1), wWe ob

9 4
622 L T (loxio]) md >
> ¢4
4 2
9

=o"3029 Jq*lo N

1°€: _8
) q:..-—-(-i:—c-f-“'"; = G6-4735% lo
63028 x (0

1° @)

~-2
d= 159 54 ¥10 = 0.015954 ™

. Minimum diameter of the branch 1o owvei'd
Iauc,k(-‘v'ﬁ umden tke we\'3|n+ of tke bird
(ne;(.tcjfrg the we\'&“‘ ot tke (:rom'c/‘\) is
d= (1595 cm.
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(kD Na_ta‘»a.x M&.ﬂ.m—tjo 0’6 vibration o:f the ,gjg"('em
i bending (0.9"",) '

wWwhere w = 2 1(3 (n¢7&etn5 mogL o‘g- L)MU{'\) cun.a(
4= LenAtuj )VCW o’L_ r_p-trmﬂ‘fv" beorn o’&wl

3l 3 (Lo xt0 ){I (0'01595) }'
— {.3 =

2
= 1-9137 N/m

Thus (5 | = ’l¢'9'37, = 2.4407 fRad/x
h, 2

N otosed W 6()— vibration "(r the /Sjs{-e.m

in axiah wmotion (wh’w) .

=

m—'244-ga-m-°l 5

x - AE _ T (o o|-,-95') (toxt0)

0:9990 x |o‘ N/m

B 6
S - 0 9990 x1
The o = f 2 —

—
-—

= 706-753) rad/g
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m:z'kg, = 500G N/tn, x, =0 m, 7;-’0':-' 5""//j
Wy = ,/-1:—; = ,5%9 = 15.8114 rad/s
J)(‘slo(a.c.cmer-t of mats (93V€ﬁ "y Ez- (2'7-‘)> N
x(t)= A cA(W,t - ¢)
whaene i N
BN ZANEE: 2 5 272 . Joul
A = [xﬁ(ﬁ) ] = [on +<l=__.‘,,,,_,7 ] °

= 0.3%3l7 m

[ e ! (——‘/"“‘.)
= -V, = 1Gwm o’
P = .%o 5. QU4 *

= tom (3-]6 23) = 72-45’[40 or
(¢ wld be in the First M"’“"‘k becawse
bothk %o amd %, ok loosih've>

x(t) = 0.3317 o8 (15-8 14 t - r2645) ™
(1s-8nt £ —1.2645) m(A

126 45 rad

:-,;.(f) =

2
_gz.9231 «f (15814t _12645) ™/4

Datw: &, = 1o m-"‘/s: x,= 0:05mM, °."o= 1 w/s
Response of unJaLm{:eJ S‘ySfem:
x(t)= o, cos St + X2 sin w9,t

o wn

= 0+05 coS (ot +(.‘_'.o_) Sin ot
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““ x(t) = 0.05 cos (6t + o@-1 sin 10FE m (E-1)

»(t)= —0'5 sin 10t 4 cos 0t m™/s E-2)
% (t)= —5 cos 10t - 10 sin 1ot w/s? (&:3)

’Plo{:":inj of Egs. (E.1) to (E.3):

% Ex2_52.m
for 1 = 1: 1001
t(i) (1-1)*5/1000;
x(i) = 0.05 * cos(1l0*t(i)) + 0.1*sin(10*t(i));
dx(i) = -0.5*sin(10*t(i)) + cos(1l0*t(i));

ddx (i) = -5%*cos(10*t(i)) - 10*sin(l0*t(i));
end
plot(t, x);
hold on; .
plot(t, dx, '--');
plot(t, ddx, ':");
xlabel(’'t’);

yvlabel (‘x(t), dx(t), ddx(t)’);
title(’Solid line: x(t) Dashed line: dx(t) Dotted line: ddx(t)’);

Solid line: x(t) Dashed line: dx(t) Dotted line: ddx(t)

15 T T 1 1 T T
@
B A N r\‘ I Iy Y ,' 1
\ 4 \ ! [ \
10r Iy 1 i r O t H f ]
[ ) ;A o a o !
| 4 18 [ 1 !
| 1 t 1
A A A O O S
1 \ ! 1 ! 1 ' [
1 J 1 ! i i ! t
[ ¢ (R "ot I [ ;! b
5+ ! r P i o o P 1o S
1 1 1 r !
] | 1 1 1 1
= N [ P Py P ;oo - N
- T T A T A T
t i Lo 1 1 ' 1 |
3 l' ] i ! ! ' ! ! I ) ,' i [ i ,' !
i )\, t /k H 1 h P
S 0 VAN ) : \ 1 ™ ) ! 1 '
= i ! g i 1 i i
X i ] ) 1 ! ! | \ ! [N !
=] | 1 ! \ ) \ \ 1 1 1 i H H
= ! ! 1 ! ! i 1 ! ! i
= ! v I v Vo v . v
= ! | 1 ! H 1 [ \ ) \ i 1 ‘ 1
x ! 1 ! ' ' I 1 1 1
i ! \ 1 \ ' \ i 1 H H t 1l H
.5-| \ | | ] [} t 1 1 1 L
[ 1 ' i 1 | ]
[ . v v v Vo v [
1 ! ' '
1 (. V! . [ vy Vo o
Vo ' Vol ' Vot | 1 [
- Vot Vot v ] v Vo v
11 b [ Y v ) . [
11 ! [ ! v ! Vo i 1
=10 F L v ! J 1 -
1t ‘Y vl e : 1 h vy
v N 'y \f ', / %
_15 L 1 ] 1 1 L 1 K3 1
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Datw: &y = z \’a—a'/s, S=zo-1, Xa:o-oim)éziraj
Initial Tt 1

conditions

(-%° w, , “g /J1-%° =2/ fiTc.01

Egs. (2.73), (2:75) 1 =, i z'al:' lma/s E-1)
LR P e
Wy
-1 . X o
¢0: .{-G.T\ (—_ xo + T ‘n r.4 ) _ 1 (E.B)
O.S'A x,

EZS' (E-Z) and (E.‘;) lead to:

2
x . _,_( o + 0:2al0]) 'xa) = 0.0001 (E-4)

. x
- (xo+a 2010\ a) = tan 1 - 07954

2,

°r (%, +0.20101 %) = (5708 o (e.5)

Substitution of Ez-(E-b‘) into (E-LD _‘/a‘elo(s
o= g.007864 m (E-¢)
E&S (E 6) omsh &85> give

-~ —0.013933 w/s

.—‘chkou‘k Po.«SSengers,
L = 20 -raJ/s E-1)

rl‘— —‘\:1- => ’k:400m

(e:7)

With passengers,

((43 )2 = ‘}—‘5-_ = 1732 ra‘d/s 5 (E-Z)
m+ S50¢

szua\-inj Ez,(E.z), we set

———1_: o0 - (17:32 )z = 299.982¢4 (E-B)
™m

US_inj k= 400 ™M in (\':'03) gives
m= [499-648) K9
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@ @, = \[*4, =\I—3_2—0—°—7; = 40 rad/s
x

o= 0
. N
XO: ch—'- x, = o0:1
Wy
:.e' ’CO = 001 or ';f-o - O" wnz 4 m/s
Wn

@’Dau‘tau: D=o0.5625", G= -5 xi10° psi, ¢= o-z82 lb/in®
$= 193 Hz, k=264 u’/l'n

4 o . ¢
k= spring rate = _0_!___3‘@__ > ‘,14 (u-leo ) — g 4
g3 N 8 (c-5625°) N
4 3
26‘ 8 -‘;62 —6
or L. 4 () (%257 ) _  sis6 xion (641)
N 1.5 x6€

-4 [

2
Where W = 'LTZP_“_Z) TPN f = %f(o-Sé.zs)(o-zsz) N d

= 0:3913293 N 4=
26:4 (386.4)

Hence f__ A
z A Z = 193
©:331392 N A
or N d? = 0174925 (e.2)
Egs- €-V) and (E.2) yield
- “" _ o0:l74925
T 3.2686 xi6° T 42

or dé¢ = 0:8717¢4 x 16 ¢

. |
or d = 0.911037 %16 = 0:0911037 inch
0174925
Hence N = A" = 2l 075¢ 4|
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Datw : P=0'5625", G= Y x|06 psi, p=o0-1 Lb/l'ns

f= 193 H=z, k=26.4 M/{n

i 4
* = Spring rate = ﬁ__. = 44 (4 x/og)
g D3N

= 26.
.y 5’(0-56253)(\’ /
or 47 _ 26-4(8) (05625

N
4 xao6

. \/*_2-'

2V w

where yr = (EZ‘-’LZ)-,TDN-S, _ l:; (0.5525)(o.l> Nd®
= 0138792 N d

Hence §= sz \/26-4 (385.4)—‘

= 9:3972¢c¢ xogé (-1)

§= _-f-re?/uen cy =

0138752 ~ 42 - '%3
or Nd®>=0-493290 (E-2)
Egs- (- 1) and (E-2) yc'elat
_ Jq 0: 4 93230
T 9.397266 xi5° 42
A -6
gr 0(6:4-635‘37'-3 X% 16
or d = 0.129127 inch
Hence N = 0'4332230 - 29.584728
& Z
7]
By nejlech‘nj the effect A;e f $’

of self weight of the
beam, and us.‘nj - S\‘ngle Jejree of gcreecqom macee[,

the natural fre&uenCJ of the Syséem can be
e&Presseo( as s «

-— —
-

n m
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wWhere m= mass of the machine, and

= stiffness of the cantilever heam :

_ 3BEI
% = 7-3-

area moment of inertia of the beam section.
AS’Suminj

where [= lenjH-s, E = Youvnj}S moa'u.[us, and I =

- 6 .
E= 230 %10 psi for steel ond 105 Xloé
Psd Sor aluminum, we fave

(Sen = 2000y 2 g8

m (3

@ = o)1

m L’

Ratio of natural freauehcies:

(w")sfeel

— 30 )E 1
(w")a.(uminum {0,5 = €303 =

©.59 (e |
Thus the na.'burax ;Fre%u.enr.j 1S reduceoﬂ to 59-(6(7,
of its velue

f  aduminum is used instead of steel.
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W qppilibiin putition, et
M= Ma_d} %- T 500 %3 E%’u;l,‘br“um
=<'7rr V(=) (toSo) aia B S B

ki 1
(mets of @bt ot | J X
&MJ@_‘_\W@ 7T T~ '—__L

= W(c-s) X'(!Os'a)

» K~= Soo _
T (025 (059

9+ o063 MM

Lkt A be dimplaced by o venfr, 0 Lovtece x

8\',“_&;_" EO\.A-Z(EWU/M d’DO'S(\J‘T-'aﬂ,- Tﬁ_w mei'at‘ﬁw#

M x + tﬁ:._m-ffﬁﬁ:‘;‘g—/sdf = 0
wln Jusploced s

+= =

PR S

500 % + TV(O"S)iK ((o'so X ?,30:

w an
x + ©+25 TF(IOSox‘i-a’Dz

Seo

= 0O
*+ (6.8 X = o
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;From?«ﬂxi—o“ e watimed Wcj /28 vibration can~ be
WW%LJ 73 {

wYI: lé'/g — 4‘.0227 ra‘(//g
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.3
9,81 ©:025 > -6
2 soo (98 ( = ¢ gul ¥ 1o

'xé*‘ - |[oo°
oY -2
%A-&: 4:2¢77 x10 = 004248 m

(L) The Loncesuged Aphey conkbnt, %, abok The

A g@,:{:f&'u*u/w. dpcrf—-f?cn ('zs+> AL 54’%51

’TC :Ef-t = .____—-—_30003 %2/
7‘=K${' @:025)

—
-—

e = st
o
= ooe) (w2417 1o
B 15'.'625' St
S @) Ly
T e
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CC> Natinal Hwyuqu d% Vi braion oo Armall

L

\F Q ‘-{GYQ X!O) = 2¢6.322/9 Y'G-’Q//g

) Naju.rw-ﬁ Wcj Q%Vfb*ra«%a\/\ - nnlf
WM when = coo kg 1
T this Cege, B AL ?_"f‘m“*d’m“
Five by
3 3
—3% _ 6oo (9:81) (0025 ) _  gre xlo02D

st - |000

x = L8055 r 0025 = 0.045 14 m
A€ _

lad

ﬂhwgu%wﬁ,k,wm
Adale e&giiuw- rdaﬁ&'(_;h:D o Eﬁwaig7

o A F 3000
Foodn X
A= 2= 7(/{&' Co 025_>3 C Xb>

- 30060 —2-
= 292 (wsixis®)

Q .0 zb‘)

f.{
20.37Y8 X0 7 5
3000 ( ©. — — = 3.9126 X |0 &;

5. €25 X Io
Romce to retunel  (reppe—cy Nvibweln (5v
M MAG—(-ZM
3. ‘?t’Z—OXl5 —Lz s
= s/ = ° = 95 .53y2
G%‘ T <; oo :> 1 /2
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2.78

a,oce,@mifén:a,:_la Th//ga- "Q.C. Azx (;)

= = :L;;:
I:Y"t'za"’a'ﬁ?“ of Eg- (1) wrt- Gme géues

. _ dx

X O(t = —lo {: -+ CI C‘Z)
A o bt ane gk 65 0 and 00 K

. _ _ 0o x10 m™m
wz % (¥=0) = reo A D 217778 =

dxp- _iot + 277778

¥ 7
dx b Ha \F@{\.La&- /S’f'oa;/g a‘M‘Lh 4wv:c.e,
-— =° f:-tg\“/lu'bez /Wq%;fo)u?/tmﬁ
5 = o fc + 27.7779’

g
or {:of, 2.7778 A

. b
b dilnce Traneled bage H AT
g by i
£ = u{:o—f—'é@fo 2
_ 27.7173 (g.?’l??)-f' ’76 (-lo) (2-77’759

— 38 .5903 ™M
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For Ina“@ w Ct‘rcu‘a.r

laoSf,
Lox = Tyy= 7‘[:' (r\ow_r"q)
= zr‘—'—(o-osq-— o~c)‘1'5‘l>

_6 4
= 16878 %10 m

E g Qz,,\g& of oSt
?Lkwa* 7 P).‘s v c];'/
(£or ben ‘ng W i

‘qez'('°‘2=l'8 \'\oc

le: 2,0-—0.2:”8‘“

Be,m&cnﬂ M:W 015 the Posfin w}_,alane,-

‘kzg/-'— 3ELyy 3 (207 %10%°)(1-6878 x13 )
e —————— —
3
fe (-8)3

= 179 7194 XIOB N/m
Mats o} the post = m= W(roz—r;z)zf

_ 2
=M = 7 (s005 —o-oHSz)(l)(-’é.s_._oo) = 23.273% Kg
9.8 -

Mass of E%c Aign =M = bd ty

=M = 6.75@4) (0:005) 75_.5.‘1‘.’)-.: 16972 Kg
9-81

EWVMWO}@W%,M beam of mats m
with am emd mass M ( from I:a-c—ka’[y Hinmt cover):
Meg = M+0:23 m = 1.697246.23 (23-2738 )
= t7:6502 *kqg
Notu ral aere&uencj for v:l:raul'mn " 'x} Plcu\e:
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!
Wn = ( = (179719 x10° 2
Tnez

I7-0502
= 102 g6 74 T'G.J/g

Benal.‘ng A‘h’}fne:f c/k the ‘oosf " 33_F|ane:

3E — 6
‘ky%: Lo _ 3(2077"0?)(1-69781”@ )

— =
ﬂe ("5’)3
= |79-7194 XlOB N/‘l‘ﬂ
Nalisod vawwa :ﬁaf Vibration in y3 —plane:

1
W, = (*93 (79-719% xi0° \?
Meg |7:0502

= (026674 ra.a(/z
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For hollow cireular
POS'&)

I = Iy, = 7:— (r‘oq—h-")

i 4 9
- 2 . 5.—0.()(15
(o0 )

' _€
= 1-687% »io m“f
Egedove “’fﬂﬁf’;t"f "";‘ VL
N 3 s 2
(—_(—’or L‘e J W .@e=!-o~2 Ls)\’\
=18 TNy

£€= 2.0 —-0+2 = |8 ™

Ben&inﬂ /(CW 0’{3— the loo_S'f.' in 1%~F'ane:

-6
4 = 3ELgy 3 (111 w02)(1-6878 %10 )
T R (-)3
e

= 96.3727 ¥ 10 N/m
Mats o} the post = m .'n'(roz-rz)ﬂ-f

=W = T (005 — o oqsz)(z)(‘s’:';‘;> = 24.3690 K3

Mass of Kaﬁ;—cc Aign=M = bdtey

=M = 0.75(4) (0:005) (890;‘)0) = 122476 Ka
' &)

EWVQMM.Q’B_QW»&M beam of mets m
with om end wmasts M ( from l:a.c,k.db, Hiont Cov€r>=

me?/ = M+0:23 WM = [2:2476 +0.23 (24-3690 )

= 17-§525 kg
No.{:urd :?re(o/uentj for v;lgra.:h'cn TN vc} pla.he:
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%
3
"

3\ +
( ) (.96-372"%(:0 )2
Meg 17- 8525

= 734729 ra.o'/g

Beno(«‘ng &tigfnegss a’k the ‘aosf " ya-)oia.ne:

- 6
3ET . & 3(1” X 10 )(l6973 x 16 )
-/Q% - 1.8)°

. (¢
3
= 96.3727 %XIl0 N/’m

Naftr oA chy aao\’ vibrafiom in g%__klame:

1
W, = (%93 96-3727 v 10> \?
"‘"ez 17.8525

73.-472% ra,al/x

‘ky% =

\

i\
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Avy opplied moment My ok the disk will be ol

LJ every poiat o.)\.w.a e Ab’f’l’ed /gﬁ,a,{,’{-. Ag Auch,
the fwo Alps of diomedu di amd 4, (witk
kengths Xy omd Qa.) ack as sevies foreionak Aprings.

Torsionral /‘t}aﬂng constants of Xh—las { anrd 2 oxe
9iven by

2

. Im = |oo(a..r momehﬁ‘c'& inexh'a-/
J

of shatt1
. w4
32
) Ky, = G Loz . I,, = peler moment of inertie
2 of S“\a..;fz'l.' z
_ rdy!
3%
EUJVM torsionel ﬂ(&’ﬁ\‘\ﬂ fardt | /kte&)
i b
given by I . 0
kteg ki kip
oY k{:g - Ky Kee
b Ky + Kez
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Natural greguency of heary itk , of mass

moment of inertia ¥, Can be founol of

Lar; = 'kt.__ez - / k'&‘ kf?. ‘

J

wheye ki omnd K¢, ave given by Eag. ) o.rn-al(Z)
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(Gu) EZ)A—QECN\ O’k moh‘or\ og S’t‘m‘o‘e. Penwum ﬁy Mﬂ_ﬁ_f
o«joloh wmolions is given by

é -+ 90‘"!.1"9 -] =06 (l)

g
ava hence the natural Jrgwcj g vib rotion is

W, = ?mmf - [©0:376 (981
T 1 = 1.9206 voi|s

b)) Solution of EZ.(I) cam be e,xPre:geol , Aimilar o
g (2.23)5 as
()= Ao sin (Wnt + $o)
with Ao = {e:_‘_(%,;\)?-}‘i = J@-og'n"l)z‘t-gi
= 0-08727 vod
since g = 5°= 5.0¢727 rad avmd g =o.

- ()

amd - S - ‘ ¢
= &k ( o TN _ M’C)-o&’?zv*l-320>

o

(25

=tam' (o) = 90° or 1:5708 rad

0(t)= 008727 4un (1-9206 % + 1'570p) rad

6(t)= 008727 (1r9206) caf (1r92061 + (-s-zos)
= 0 676 cof (19206t + :57079) red |4

Moxi rtam \/e.locH-y - érna-& = 0 1676 voklA
O 9(&) = -0 6776 (!-92 06) Ain (1»9206{' + ps-yag)
= -0-32(9 Ain (19206t + 1'5708) rcsu:!/,qz
Maximum accelenalion = 6m = 03219 red /g%
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- D) EZU‘-‘-”'!'GY) af’ motion of sfrn‘o|e }"enc\ulum Jor
semall o.th«.JaJn, motions s

@ + L"‘;‘“ @ = o D)
Natuwnad bfu-&uwf-y 6’6— vibrafion (g

(ash= gmoon = "Gicg - '-2753 pag‘//‘
\ "1 v

(b) Solution of Ep- (1D com be writhen as (similen &
Eg- (2:23)):
@ (t)Y= Ao Ain (6.9"“3 + ¢o> (2)
where 5, %1% 2 i
o= fot (B} 1 - forotrsn + o}

= 008727 rad
osnd
_ k=1 [ @ @Pr -1 0
foz o’ (B7) = o (o) = 9 o 15728,

 @(t)= 0:08727 Sin (112753 t + (-570%8) rad
6 (£) = 008727 (1-2753) cos (112753t + (-5708)
=0 1113 cos (12753t + 1-5708) vad/s

O oy = O 1113 rod /g

©) B (+)=-0-1113(1-2753) sin (1r2753 t + (:5708)
= -~ 01419 sin (1-2753 t «+ 1.5'-708) Y“‘V/X

5(m = o419 vrad /4%

2
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@ For free vibration, “"d’d"j Newfon's
second faw of wmotion:

mYé' + mjsn‘nezq (E-l>
lacements, &g .(E-1)

For smad o:n-ju(a.r OL'S[:’

re.alu.ces fb
mlé+mge =o (e-2)
of 8 + Wr e =0 E-3)

where W, = J’? . (5.4)

Solution e; EZ' (E-3) is:

g(t) = 6, cos w,t + €0 sin W, t (e-5)

m——

r
where 8, and éo Senote the angu

a-vta& a.ngula\” Veloc:"fj a.f t=-o. T{ne a.w\FlffuolE o_-F
motion s given by
PO
® = {GZT-F (?.E’_B }z (e-6)
n
US“"j ® = 0.5 ra.af, 68,=0 and e, = i ra.ol/g, Ea.
(E-6) gives
0‘5: ea - _._ﬂ:—— or wﬂ_:‘ 2 ra'J/s

£
n Wn

[t dis f:(a»ce ment
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The system of Fig.(A) Driver Driven
can be drawn in
eaun'va.lent form as

ghown im Fig-(B) where
both F“"”ej’ have the fowme
radius 1y. we rotice in 250 mm & 1000 v &
Fig:(B) that vibraton can fake J Fig. A 7y
place in only one way with one

pulley moving clockwise and

. T
the other T"'OVlnj counter clockwise:
When Pu“ey: rotate in ‘

The spring force , which has the r‘k{.= amy (;Force in J}an’njs)ﬁ_
i 20
'

osite directions, 61 _ %,
w 5 7 5o FB__ oo
Same value on either Pul(ej 8 - Ky (64""92,) a6 due to” A€

wheve +y = torsional spring constant of =@k Ae)—:—';: 2 4ev
= 24 (2ZV = */42 n-m/rad

the Aystem:- Ev..a.&'r\ of motion & 125

'7;-9: -+ k.e (ei’f‘ez)=0 St J‘,_'ez ‘("k.t(ef"ez):o:.'. Ep- (E,) gives’ for = lzTrraa,

- . - - - - .- —— e - S e - a0

Either of these eguations gives it The other possible motion (s
o= {'kt ( M) }% o (E,) E rotation of the tuo ra(ley: as ov
- 3 J2 ! whole (as Y{g(& Lo&y) n Bame
Here Ji= o-ﬁ’/’_ =005 ky- mt, y direction. This will heve o natural

1 " 3
ai’= J;_('SPEEG' m.b‘.a)z-__ 0'2(“’;>2= o.olzg ‘*j—l‘ﬂ 'zf‘.eaugng] Of Bero' &e ,Ser.t«on 5'-7.
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ml é.+*m;5?n9::o
/ For small o, wmlé + mgo =0
Z

L, = 7

L
e o= 20 - 2T _ 4.41485 fec
n o, 5814

: wiie + () +mgl) =0

6 + xa*sin e+ 'mjg Me =0 ;

(k) ml’
wn = ‘/—*'a'z‘f‘ ""'ZE'
mi*
wh & +(ka-mel) e=0

) m!z'é + «kaf' Sn & —\mgi sin € =0

Kat - m .f.
“n = \/' m!z}

configuration (b) has the highest natural freguency.

P«\um\‘nu.m roc’

d-H &‘_“'

_6_._\‘..._...___. < & . 5 5 - —
N "
12 ‘A'\ |
I 1
/ f "
i—: 5 >J‘ thickness=z=a=14

m = mass of a panel = (5 x 12) (3 x 12) (1) (% = 1.5820
386.4
Jo = mass moment of inertia of panel about x—axis = ) (a? +b?)

_ 1.?8220 (12 + 362) = 170.9878

Iy = polar moment of inertia of rod = —?g- &t = % (1)* = 0.098175 in*
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_ GL _ (3.8(10°%) (0.098175) _ 31089 (10¢) Ib—in/rad

v 12
1 1
1 w3
e = _1&'- 2 = E.l_(_)g?—(—lq—)— = 13.4841 ra.d/sec
2 = 1T, 170.9878

I, = polar moment of inertia of cross section of shaft AB
= ?”2- dt = ?“2- (1)* = 0.08175 in*
Gl

k; = torsional stiffness of shaft AB = —7

(¢}
_ (12 (10%)) (0.098175) _ 19 635 (10*) Ib—in/rad

J, = mass moment of inertia of the three blades about y—axis

1 2
=3J0‘PQ =3 ——mfz =m6’2=

2
= 0.745
3 386.4 (12) 453

Torsional natural frequency:
1

1 —
W, = .lfi- 7 = Mj— ? = 513.2747 rad [sec
=17, 0.7453

J, = mass morment of inertia of the ring = 1.0 keg—m?.
I, = polar moment of inertia of the cross section of steel shaft

= % (44 —di) = —:- (0.05* = 0.04*) = 36.2266 (10~°) m*
1, = polar moment of inertia of cross section of brass shaft
T (a4 — db) = (0.04* —0.03%) = 17.1806 (107%) m?*
32 32
ki = torsional stiffness of steel shaft

_ GiLs _ (80 (10%) (36.2266 (197%)) _ 14490.64 N—m/rad
¢ 2 |

ky, = torsional stiffness of brass shaft

_S Lo _ (40 (10°)) (17.1806 (107°)) _ 5436 12 N—m frad
4 2 )
ke, =k + ki, = 17,926.76 N—m /rad

Torsional natural frequency:

ks
wy = '\/_Ji =\/ _11%‘3'-7-6— — 133.8908 rad/sec
0

Natural time period:

r _2m 27
B wy 133.8908

= 0.04693 sec
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Kinetic enerqgy of sy stem s
- T - 1 1 7- 52. .L 2 - 2
\ _ T Tod T Tbob "Z—(Tmi )9 +_ZM/E e

Potential energy of sys{'em- is ,
(s:’nce mats dL the rod acls "f'f{'mujl-s by Cen‘bef> ;

0= Urnd + Yiak = gl 8 18 ) L0429

|
!
!

Eauaifoh oj-’ motion : | T i__-—
d _ |
E(T+ V) =0
he. (M+ %")21 e +<M+“m{>5ﬂ Sime =0
For small angles, - (M+3) P
e T o
: (m+3y 1
o, = [(M+F)g
(M+ )1
4+
For the shaft, 7= T;; = W——lg:'os . 61-3594 xig " w
g &, = Qz—‘T = (0.793 x«o“)(ii-sﬁsq- x5 %) _ 24329002 N-m/rad
For the disc.

%

"

mo* _ (£ wD N p* _ pmoth

§ 4 s 8 T T3z
3

= @'83 xi0°) T (1) (o:i) _ 2
32 =76 8710 'kj—m

: £ 24329- 002\ /2
> __t _ (____.—-—- — . Y s
n= 5 - AT > 17-7902 vad /sec

Eguation of motion
‘ . ¢ N2
L6 =-W de-z«(?aj :

=4
Kx ["'"“"x‘se

3 3
Wl‘lere _-——..'l_.=_’!-
z z 17' €
J-A= J-G~+md =T':Tﬂ£ +m—3—6-
= -;—miz LA
., ﬂ x = m
%Le+(m9A+zk9+g !+k«{:>9=0
W,, = ("‘9“'1“'25*11“‘—;-*114-@)? _ /9M§J+lo’1<lz+9kt‘
m L% mi*
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For 9iven data.,

5(10) (9 9\)(5/5) +10 (z000) (5)° +9 (1000 ) 45547 ol

rad
n = sec
1o (5)2
\ 1 V,
2 2 /] \ - [/
&L=5m rR® > 9 =2—'mR +mR 2 ¥ (R+2) € “/J_A\\"‘z(g ) © A
AN W= & \/\/\/\/\/———5
” Let a.ngu,la,r dc‘sp'a.cement = 6 2 %, 2
/ /
Ezu.a-ffon of motion: 2 ;
. 2 2 4 %
J; o + ’kl (R+ GJ> e + kz (R+ OJ) @ =0 )///.////// T i

/ o '}) (R+o _ f o+ k) (R+a) cy

|+ m R?

Ezua.ft'o*n (Ev) shows that (s, increases with the value
of -

o WOn will be maximum when @ = R.

\ WNet )2 a.,c{:lnj on the kem?u(um 2 9.814-5= 4-81 m/sed = F
Wn= j?;-= /i_g_} = 3.1016 ro,;!/zec

Ta= 2“-/6.9 = 2.0259 fec

Ezua.{‘aon a} motion: L3
J-o 9 = "'kt (tia-'6>a‘ * QG) 2 _________________

2
Where 7 = '«1?.”‘" m(_) -_-_mﬂ f— )
rnl 8 ‘*’(kt"‘ kia-%-“‘zl )e ) z %,
i
3(k_e,-f- k,_a. -i-“g_Iz‘) /2
Wy, = { =
mi

L= I +~mb? = -’zjmaf'-l- mb*
Eguation of motion:
I, o +mgb 6 =o
one [TE /—;‘;F
2 b*
3_&1 — (236 >“é‘{(a"+zb}(29)-ng(qb)}

2 2 \g*+2b* (@*+ 2b™)?
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e b= = J-’E'JE_

@
wn)b— o/ a = 4
= + 2 oF + Z(CL%_> V7' v

b= - aa/\[{ gives ima.ginary value for @9,.

Since Wn,=0 When b=o , we have wn/mm ot b= %2

e 3L

3 (o) w(o

) T _—"1/ T

(_....—..’__‘..{ﬂ-.___ . . ——e——]

" %%
L " 3
) 3% —

Let 0 be measured from static equilibrium position so that gravity force need not
be considered.

(a) Newton's second law of motion:
“ ¢, ¢ 3¢,,3¢ w3
=— § )=~ —-%k(@ —)(— B+ ko=
(b) D’Alembert’s principle:
M) —Jo B=0 or —3k(B5)(E) -k (0 36y34 5 6=0
o4 2 4 4 4
or Jp 9+zk€2 =0
(c) Principle of virtual work:
Virtual work done by spring force:
€., ¢ 3¢,,3¢
=—3k(0 ) (— 80—k (0 —)(— &
Virtual work done by inertia moment = - (Jo 9) o0
Setting total virtual work done by all forces/moments equal to zero, we

obtain

Jo'é+%k€29=o
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Torsionad Agtiffness of
the FOS'L' (Gu‘:ou{'é’_a,x“s):

'k_é__—. ™G (r\ -Y‘:‘)
2 fe

4 Y
i} (79~3x|o?)(0-05 -0-045 )

2 (19 §=120

oy

3
= 148. 7161 %10 N-m

Mmais moment of inertia | _| -

of the sign about the \Q’;‘\
z-axis:® o= h-02= 18
T = o (D

with

mass o TRaffic Aign =M = bel t ¢

M = 0-75(4) (0:005) ‘L%_Eﬁf) = 11-6972 K9
2

Hence T - Hh-e372 (o.qoa+ o-7§2> =z 0:7043 Kg-m

sign 12

Moss mamem& c§ nertio cf the Pos{- ot the
2 - A%V S ¢
2 2
m »
g_fest = g (do + d; )
Wim o(o': ZY‘o:ovlom, °q£=2r£:2(0~6‘(5>-‘—0009m

and
Ma/ucfl, the POS{T = m= W(Toz—-r‘.2>£.f

= = TF(OO';T —0:045 >(2_)(765_____00> = 23,273°% kj
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Hence

2

. 2 z
_ 23.2738 (O,,O + 0:09 )_-:0.052657 kg -m

8
Eau"vaalenf mofts moment of mertia of the ‘raosi'

(J’%) oot the Llocation of the Aign:

J.Pos{:

To, = Jpest _ 0052657 o cc, kg -
St 3 3 -

( Derivation 9 iven below)

Naturel Ocre@“e""j of torsiomal vibration o § the
‘h‘a—fffc $rgn about the }—axfs:

£ ¢ Ji
W, = >
J-S'c'jh + €fs

1

3 —

148 . 7161 %10 F
0.7043 4+ 6.0175 52

= 453.8945 ra.d/,g

L]

Derivetion :
Effect of the mass et of- inerfea of the
l:as{- af/'f(-vﬂ-‘[fr (J;“,> on the nakinrnal JC*“’-W"“‘j’
of vibralion of o Aoyt cornging end mass
yr srrewt o’lr renlio (Tsf3n> :
Let @ be ftke Qm?uj(ah velocity of the end
mats memend ol manlia (T ) dwring vibration.
Assume a fernearn vasruiofion s The M?A,Jah
\Aaﬂrutg o the %a,,g{_ (post) Ao fhat of o
dishamee x Prowm the Fixed ewd , the afn?,da_ﬂ-
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’

velocity is given by 8 x

—

1
The totad Kinehic enthgy ofy the AI-.a,gf‘ (}aosf)

'S 3|‘Ven bj ﬂ

= ' ] J ost
 bost = L (9_3(. (__E__S_) d =
pes 2 YG . > i

2
= —'2 J-F;sf (e)
This S[»ows ot tke %‘icﬁt—v&z Yo 44 M
o’& renlia 0’6, tre M (}:a$f> ok the exmd

'S Tpost
3
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Torsional Atiffness of
the post (akout 3-axis):

v, —-rt‘
z,f ( )

4 y
T (Lu-‘-f KIOQ)GJ-OS -0:-045 )

2 (1-8) (=20
3 1‘ 3
l

I

77-£399 1o N-m

Moss moment of imertia

Y ‘
of the Aign about the LJ(
.
Z2-a&Ri8: ~/3€=;_o.2= 8T~
;o= ModF b))
Sl‘sh 12
with

mass of Troqfic Aign =M = bdt f
=M= o6.75(0y) (0:005) (8" 190 N = 2. 2476 K9

9-81
Hence J_,. = 122476 (o-lfo -+ 0-7‘52) = 6. 7374 Kg-—mz
sign 12
Mass moment of inertia of the post shbout fhe
2- AXis:

' 2 2
M .
J_feS‘f = 9 (c‘o + d; > ‘
W;”‘_.olo: 27‘0'-‘-0-!_017;, GQ“:ZY":Z(O.Q'-(G)=O-09M

£

and
Mats o} the post = m= 7 (‘raz-‘r;?) Lg

s = T (05 —orous ) (2) (16592 - 243690 K9
9>
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Hence 2
. o 2

24-36%0 (o-|02+ 009 ) = 0-055135 Kg-m
8

‘Tpo st

Egun‘vw(enf ma4s moment of mertia of the (oosi'

(J—%) okt the location of the Aign:

eyt

J 0055135 2
= ‘;St = 3 - o.018378 kg-m

(:Deriv:uh'oh 3|‘ven in tke Selution of Preblem 2.79)

Naturel :Fre?/uencj of torsvonal vibration of the
'tt‘a—fft‘c s'gn about The }—ax;‘s:

%L F
W, = - =
S‘:’an + efs

!

‘3 —

776399 xi0 z
07374+ 0-0 18378

320-5]27 ra—a'/,g

L]

"
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A SSume the end mosz m, tvo be o }Oefn'l' mass - Then

the oy moment o’k inedia, sfp ™, about tha pivet
Fox‘v\t (s 9fv2n bj

2
I\:mtﬁ

v s i o Lva(gﬁ,for
XWMmz;M\MW
f(y /h,uﬁta_w ﬁﬁrf?t‘w:'f‘ @)

= _ QQ Ze 2 2
L, = 77 T2 “f‘mz(—g):—}-m?f

M W QJU’?T‘*’{— d?l'\/d’f" obﬁh—d"o:us 51.%’;’7

I,6 + mg.- L gio + wy dae=c GO
where

Io = I+ TZ: 7771/(2”" é‘“’lz /(2, C‘f)
fr sl grpdon Lerplocorent, B g O od Ep-(3)
con fe exprettd a5

@,lz-f- »§—sz2> pA m,gl +mzjz)7 Ve = o

aYy

é‘ + 3((2.?"12—'( -+ mg_jﬂ)
2(3‘")12-!- m,_/(z’)

g = °
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o ,(- jﬂ (6m,+3’”’z> e = ©

2
L* (6mi + 22D

Toe g(emeim o= ®)

_/Q_ "E‘*m,-(-sz_
e
By exprtiy 6. (5D s &+ Wn 050 tz::mﬁm
e o<y %v‘»wmﬁﬁ/%mgf e,o‘ﬁgﬂ,&g(a(

i (érn,’f'gmz \ )

wh’ /Q Gm,+ 2m2
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ggpadion of-motion fov the amgudon molion of
ggeanm okout” tRE pivet point O
Io é.{_ L myg b ocose, + m.j-i- cos €4
- F,o+ Fe, =o ()
where g, is the total amgulan displa corment of
the féwanm , I, is the mass woment of ineilia
of the fheanm amd fhe mats cawnied :
I,= mzlol.‘,-‘g—l;lm, @)
ord the forces in the biceps amd ﬁfcedar?
muscles (F, amd Fi ) ane given by

Fz - - CZ eé (g)
F' = C’ i = C‘ Q..«' GL- (‘f )
whevre the linear velocity of the triceps con

be exP\-es’seal o8
G

Using Egs- (2) — ), Ep- (1) can be rewritten

a3
I, .9‘£_+(m,_3L+izm.?,|=) Cos 6,
2 ™
+ CoG, 04 + Covy 8, = O )

et the Sorearm underjo smell o.m?u.la.&
a\u.fyl.a,czrrw-vt (e ) oJDC'WL' the stalx evauih'bf‘l’um
position , & , So thak
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&y = & + 6 @
US‘\'na Ta.ﬁ(or's’ series exréa.nfl'on of cos = a)aeru:{?

& , the alalic eDw.LEJ'I-Cw\—n pesition, can be
ex.daw %] (OGEY /S'rrw-ﬂve deﬂ.{d?—@)f

Cos 6y = cos (6+8) ~ cos& - 8 sing (8D
USt'nj 5-& = 6 avd éé =6, EZ' & ) can be
exFresseol as

I, 6 + (my9b + L mghb) (58~ 4in G &)

- 2 o
+Cra, (6+8)+ca, 8 =0

oY

I, 6 + (‘“‘z?b"'"'im'?l’) ¢t 8

CsinB (maghtim3b) @ + 20,8
+ C,0v5 © + C o-,z 6 =o ®
Noting that the static ezu.:(.'b vl eZua.«h'on o ¥
the Qorecnwm ok 64 =8 is §iven by
(m231=+—‘2-m,g£>us§+caa,25 =o (o)
Inview of Eg. (10), Ep. (9) becomes

2 7 ee 2 2
(g b+ 4 b ™ )6+ ca, ©

+{C2012— S’"ng 56("‘24‘%"‘!1)}@ = O
ap.
which denotes the e&ua.ffch of motion of tre

Sorearm.
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The undam ]aé!-a( natural &rezum«cy of the

forearm can be e,xloresseA as

Cpg— Sind gb (wa+fm)
WOn = (’2)

b (o + J-; m;)
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2.103

@) 1oo V 4+ 20V =0
using a solution gimilar 15 Eps- (2:52) amd (2.53))
we :Fino'f 26 L

1o
Free Vibration response » ()= v(0). € °

Tiéme constant: 2= 122 = 5 Ace.

5Y W)= VD 4 v (8D

s

- - 22 ¢t
VAL (UA(-&-)_—_- a.© Joo ’BA\-U‘-‘ A
w% (tH = C = cortliont™

}a
2 e LgGETe w S Eymbma’;m Gives

oo (e)4goc =10 & c= 7
26 t—-
' ~ Tes ,
- O .
f\j(g): Ae '+Jé_ - P v A: __’_Z_
Totod Tesponie :
_ 2° ¢
viHr= 2 g 0 4+ &
2
_2° 4
Free vibration response: g oe
2o ¢

Q

Hcmogerleous So{u‘h‘on; '_2_ e— P

Time consfa—“t" T <= -‘—29?:—: § Jec
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Let t=o when force is released -

Be Jore the fovce is released, the system is of rest
so that

T@Leép-’(b“\/\x—%@t>o be e
cx 4 kA = o € )
The dIZor o) & - () & %A"“‘*I’fo
Soonr:_l_
x o+ - —c

—

"X(t>:f\.e ” = A-C

b tmo, w(E) Zorl avh A

— O

cooe t
/ - /C—___-
=t = o\ e 5 t » 0 (EZ>

USs‘rﬁ x(t=10) = 0:0] M CEg):

— (So%e /. Yo _(5O)OGO/C)
e e =0

ar ]

6: 01 = 0+

- 2., - SO:OO = an ol = —~2.2026¢

Hence C= 217147 N=5/,
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2.105

oy = F-D - m3

1000 ¥ = ©§oogo 2000 V - 10°°(7’9‘>

1]

1000 ¥ 4 2000V = 4 0,190

3

o.;qj 4+ = 2_0.095 (E)>

: _oajc{-:o:
Coluts om c%gz.(g,)wﬁ' ()=

-4t
w(t)= 20095 (a— e’ >

oy _2%> (E23

qu;({‘:) - 20-.-095 (1"9
d+t

Iadegnalzor ol gy (E2) 3ives

I —2t o
o ("T): 20-.-095 't — 20,695 (_2__ R ) + |

-1t
— 2..095t 4 100475 € + <y
-y_(o) = 0
2
> o= lo.0475 & + <
™ ¢, = — to o415
—2t

t % (¥) = 20.095 1 + lo-o4T5 € - 100475

2-96

© 2017 Pearson Education, Inc., Hoboken, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.




f beamn (m) at middle. Thus vibratory inertia
Assume a deflection shape:
deflection shape due to load at

Let meg = effective part of mass o
force “2t middle is due to (M -+ meg)-

y(x,t) =Y(x) cos (wp t — ¢) where Y(x) = static
middle given by:
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X X X ﬁ
Y(x) = Yo [3—6’—_475_] ; nggz

. _F &
where Yy = maximum deflection of the beam at middle = BEI
1
Maximum strain energy of beam = maximum work done by force F = 3 F Y,.

Maximum kinetic energy due to distributed mass of beam:

4

2 1 (. )2
= .2 = M
=L B ] ) e ] * 5 o]

0

¢
mw? 2 2
-— sz(x)dX—l-—wnYmaxM
¢
2 2 8 4
=m;un IY%[QX +16%_24’;4 dx+%Y%Mw§
0
_men¥§ |9 2 16 xT X7 Lysye
- £ 32 3 [5 7 6’4 5 2
_ 15 o |17 M
_E_YO “ 35m+

17
This shows that m.g = 55 2= 0.4857 m

‘ FOr smeall a,ngu(a.r ro{'o:hon of bar P& about P,
(kll)ee’ (6 23) = ?_ k\ (92) -+ ‘L 'k?_ (9 £2>
(*k,z) - 5K 15+ * 1

Since (knbe_a aJ'lA ‘kg axe in Series,

2
4. = (km)ea k3 ®y K3 17+ %% 1,

(*.z)ez+ k3 W L+ wy AE+ %3 b3

z
T = kinetic energy = L m %% , U= potenfia.i energy= o keg x

o == X cos Wnt,

2 —
Towax = ‘;_‘mwnzx ’ Uma.x"z"kezx
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W, = ) z
i} ““(k, U+ kel + K3 15 )

when mass m moves bj %, o

e\
T = kKinetic energy =-;: ™m (x)

U= Po'\l:en{'!‘ai energy = 2{_{_(7_*) (%>7-} Tm
2 x
) é- kox =2k
For tar monic tnotion, ,
T'ma..x = Jz‘m &9"7- XL > Uma_x = ‘;ﬁ 13 x
) 3
—r'rno.x = Um“ grves 69“ = _Z;;n-

Refer to +the figure of solution of problem 2.24. z
2- °
T= tmx* | U=—7':[21<,(st45°)+11<7_<x cosl3'5>J

2

For fharmonic motion,

2
= 4 (®’+ X
—’;na_x = —;:-m LB:' x?. s Uma.t -z ( 1 2.)
i K+ K2
= N1-3) o
Tmex Umax 9 C'Sn ™m

.2
N\, Kinetic energy (k)= Lt m= |
Potential energy (P~E-) = + Tyx+ LT, = = work done 'n

displacing mass m by distance x against The total force
(tension) of T + Ta.

T = % T, T2= -’;‘—T from Solution of Pproblem 2J._26 2
{
Max. K-E- = +m w72 x* , Max. PE-=LtT(+F)X

fMox. K-E. = Max. P-E. gives

@, = T(a+by [ TZ

—

mab 77‘0-'(1"”)

2 . 2 1 2 -!: *2

T=k.g,=%a‘;é2=—'i-(a'€+md)e =-'E('2m1+m3‘)9
2

_.L('m! éz )

- - 2 ) 2 2 Ly
U-P-E-=m34(1_cas 9)+2-(é"kx(+’7!:’k7‘z>+z t
) 2 = 22
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- L 6 1% 2 g* 2 L z
U=mgg & +kge+* Lo +5 k0
1N o 2
Tma.x=’7’_‘ (%—>® > Um-ém6£@+%00k£)@+Lké®
Tma.x— Uma.x 9"Ves' .
x {0 4(2 &
w,= |TEer T %6 uoisar = sor given
mi* data

Refer to the Figure in the solution of problem 2.75
| S Ak, (e2)
=Ly et Fra) *
e

(‘f:) = ® cos &Sn‘t, ,
> 2
=-‘z—_sr,caf®1, Unax = é—(kta- K+ kL )e

- i . 1
Ky, + kg &+ kI [3(kpx kg4 1 L)
W, = J-_% = 2
" ; Jo m [

since Jdy = mlz/a_

@
wWhen prism is displaced by = -‘z( fe— =
from eau.x‘lm‘larium Pos‘ition, the T
weight of oil displaced E%u_;{;[‘.,,.fum 1] —4‘

= J: 7 abx = res{-or.'ng force pos:.tlon —1'1 —-.“_ ‘1‘
Mass of prism= m = JZ_G;LL.
Ezua;bran of motion:
mx 4 restoring force =o
Jo
F (E')

Since 9, is ino!e};enJcnt of cross—section of the prism, (n
remains same cven for o Cu'rcu.l.a.r wooc'en ‘PrCSm.

1 .2 1 .2 1 2 1 2| 22
s'mcex=RGa.ndJo=%mR2.
1 2 1 2l e LR 2 g2
U='2'k1x1'f"2—k2x1"3(1+ 2) (R +a)
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where x; = {R + a) 0. Using % (T + U) =0, we obtain

(%mR2)§+(k1 +ky) (R+2)20=0

Let x(t) be measured from static equilibrium position of mass. T = kinetic energy
of the system:

1 .2 1 _ .2 1 Jo | .2
T = —_— 9 = — —
3 mx -+ 3 Jo z m + z X
since § = %— = angular velocity of pulley. U = potential energy of the system:
1 1
U=_—ky?==k(16 x
g k¥ =5 k(16x")

since y = 0 (4 r) = 4 x = deflection of spring. % (T + U) =0 leads to:

. Jo ..
mx+—21c+16kx=0
P

This gives the natural frequency:

2-101

© 2017 Pearson Education, Inc., Hoboken, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.



ASsSume: No /;Lohng o;f— the c:{(fho(er.
jaralie erangy o oy ledn (T) = g of
torideZmal ord Adalinel (onelic evehgies

e
= Lmi 4+ 45 T8 (€1 )

Since
2= R or 9"'% (Ezj

Using Eq. (E2), the Kinetic emarngy can be

ex)mz/ma( alt

.z s 2 J aQ-
T= L - =S ,__> =
z T é J'—’—zz SO (et R® 5 @3)
2z
N 2

+ & e = L ('mkz—l- :/")éz (EL,)
Tﬁl ag@h:mtq} (ar &Wmn) QJY\.U'%,U, Huse & f‘l‘{e
Seflo cliom o) Uk Kgiiy i glven by

U = "é’k ‘zQ CE;)
Z 2 CE6>

= Lxgs
Tafp_ﬁe/\—% & Codlot mum&%
¥ abge t .

T+ U = ¢ = conskant CE7 >
T Gp B2 ) ok (B 4 B (BqD ,w Mlean
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Eg

$>26%HLAL-[:4L£532§ (E; j> wore . B épc¢4;8
"Z'@—f ‘,3:)(27) = + S 4 (2x4)=o0

Flmt Z )34 Lown® o o (g

oY
(r2)% + ex] 3 =0 @)

E;W\ce_ % :F: 0 KBY CLQL t— 2

m+»—~>fx—t~9<’k o CE’°>

T wliinst 644&t2}»L-<{7 0{3 ' bralienn , t{;aqa E%? '(’E;h;>,
b 2}{@4« Ej
Gdan = (?;t;i:>

Saice (G m il Mdb'wﬂ—ﬂa'
L?Lhm fonn be Wa as

J = L m RZ G?'lj)

Z

@?la ) and (Ej;j) lﬂic5ﬂ7x£

-22 ™ 2‘" + 4 2 = g CE,;)
wh-: ‘2_;_1;__ (Ellf>
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Using Egs. (£, ) ol (Es ), The Aotad
CEGE ol the Ayilem cam be expressed ai

2 <

-?z—(mR2+J'>éz+—'ii<R 8 = ¢ = corifont
(ErsD

Ame gives

(mrz'u&r)é’-% kR 6 =0 Ep)

Ohe ratinel [Fope—cy ot
M%'CE{QDJ o ywé’j

Z
(s, =/k AR Ei5D

2 -—
mR td

U'?»-—'I Eg @lz); Eﬁ‘ @lf)‘”’"’( @I?) # Come

3me” 6 4 xfe =0  Eeo)
z
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tn EpS: (E,,_{) O (Ez/D.
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Egpation of motion: mi + ck ¢ kx =0 (E1)
@) st units{ kg, N-g/m, N/m Sor m,c, k)resFed‘ive‘g)
m= 2 #9, = 800 N-A/m, K= 4000 N/m
Eg- E-1) becomnes
2‘3c'+8001§+4§oo X =0 (&-2)
(b) British enginee€ ring unil-s(élusa by -4/ ‘j/}'{- For

7C k
m: 1 k§=o0.06852 Alug ™

C: JN-8/wm =0.06852 uoe-zS/ﬁ:
(since o-4 Uy-s/st = 5s.837 N-5/m)
®: IN/m = 0-06852 Mgkt

Eg- (E-2) becormes
. : 06852)% =0

2 (o-06852) % + 900 (0:06852)% 4 4000 (c:06 25.3)

o 2% 4+ 800 % 4 4000 X =0 Ce-2)

C"') Brit/sh aloselute units (ﬂ,, &cuhdd——,x/bt > Pdwn.o'd/gif

for wm, C, 4;)
m: 1 %9 = 2.2045 b

c: 4 N-4 _ 7.233 Pounflal—_f = 22045 Pouno\»‘"/‘/;{-

™ 3.291 §t
%: 4 N - 7-233 PO(mJ‘&_x _ 2.2045 loouanJ./Ff’
” 3.281 §t
Ey: (E-2) becomes
x : x 4 4000 2.2045>x=o
2(2.2045) % + goo( 2 2045 ) * + ( ety

wWhich com be Jfeen o be Aowme ok Eg.(E-2).

(d) Metrec engineering units (""3;-—*‘7** > Kgg= A/ e >
kge/m Sor m,c, k)
m: LK) = o.l0197 Kg;-Sa/m
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CO 1 ——— = R - —-4
o (9 8073 g — 0. 10197 Kgg /h1
m

) N [ "

k:o4 m - (M = 00197 “ﬂf/m
™m

EZ‘(E'l) becomes

2 (e:10197) % + 8co (e10197) % + 4000 (°'lo|77)’ZE=:)
which cam be ASeen fo be same as €. (E-2).

) Metrrc absolute or cgs s:,s{'em (gra\ﬂ, dvne—/f/c.m)
dyne /o Sor m, C amad 1<)

wm: 1 kg = [000 Jram4

c: 4 N2E _ (o° dyne-s tooo J~5ne—/‘/‘~""

™ 2

to* cm
e ; N (05 d ne
P s O | oo dyne/em
(02 Cm

Eg: (E-2) becomes
2 (1000) % + %00 (1000) % + 4000 (1000) % =0 (&€)

which com be seen to be Same as Ep. (£-2).

G’) us Cusf'omory units ( W, Uﬂ;-,t/_;,t 5 U»;/;t— for
m, ¢ amd %)

_ &
m: 4 kg = 0.06852 Alug = 0r06252 los /&t

= 2:204 u’f/{zg.z P2
Cc: 4 N-4

- o-224¢§ M.;..J 52 u’f"/ft
m YYIN = 0r0 68

- Leg /st
k!i%: 0:2248 %;_—5/3.28' §+—o~0685‘2 f/;’

Eg: (€:2) becomes i
2 (0-06252) % + goo (¢0-06252) % + 4ooe (o-o 625’2)(:;)0
which com be (dentified o be some at Ep: (£.2).
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™m =5 kﬂ3 c= 800 M"’g/m » k= 5000 N/m
" Uno\a_mreoq natural ffezueth‘;
Wn = \/—% = JS;‘M = 3(-6228 ra«cf/,g

cr{'h'co\x a\a»mr:n'nj constant: C = 2J4<m

c.: 2 \[b‘ooo (5D

=316 2278 N-A/m

Dawp .’nj ratdo:
oo
=L = 2 = 5811

- —

Ce 3lg. 2278
Cimee it (s overo\a.mloee(, the system will pnot have

dawm ped reguency of vibration.

m= 5 #9, ¢ = 500 N-2/m;, %= 50,000 N/m
Umlo.mloeo‘ poturod grezuency :
WBp= \’—:k;‘— = ,l'ig-eg—gg T 106 \“o:o\//!

critical dam Pt‘n‘j constant :

I
C. = 2ikm = 2 (50000 ¥5)2 = l,OOON"/S/\'n

Da.m \vinj rotio: \s - < 500 =05
Cc, (000

System is underd am]neal.

Da..\mloe_a\ natural -fre-%uenr.j:

2 ]

OSJ.: G, 1-%* = 0o \[l—@-s)z

- 86-6025 rac\//s
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W= § kg, ¢= 1000 N-A/m> %= 50000 N/m

‘ Undamped natural ;f're%uencyz
=  _ [5000
W \f-;;:' '\/7-—------""5 © = 100 TG,J//S
criticel dam p-‘uj constant :
Cc= 2Vkm = 2\/'5000°C'5) = 1000 N-5/m

<

Damping ratio :

v= S - logo
c, looe

System i cr.‘+c'cwuj ola.sz.J,

Q’J= W, \ll—-‘g" = 100 {—12 =0
Damped natureh gre@uency is zero.
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Da.m’oec’ single d.o-f- system :
h'\‘-'- {o kg’ = (0O 00O N/m ’ r: ol (uno'erolampeo‘)
- [ _ [toocco
“n7 ’\/T—,;:—:ahezzs rod [5

Displocement of mass is given by Eg. @.'70{1).-

xw(t) = Xérw"{- coS (@J%-g&) (E")

where

@ = o, JZ5® = 31-6228 \T—o-al = 314647 rod/8

X = (oc: W, + Jf-:—f 2 % ';‘o‘fwh)_i/ﬁ-{' (2-73)

amd 4= tan (920-4- gwnx,7 @15
) %, 63y

() Kog= 02w, fno-o
{@ 2)* (31-6228) }/gl 4641 =o0.2010 M

4 -t (o1 (31:6228)(0.2) ! (o 1008)
¢ = fam ( 6-2 (31 4647)
5.7391° or 0.1002 vad

—3.1¢228t
S x(t)= o-20l0 & coS (3!-4547f-o»lool)
™m

W

(-b) Xo =_0-2 , ';‘o =0
{Q‘“'z)z (st ‘?23)1;2 /31.464'7 = o-20l0m
- : . —o0-2)
oot (er(Br6a22) ( oz> to (o 1005)
# ( GCe2)@l-4647) - (
= 195.7391° or 2.241p rod
(Since ’:aﬂ( numevrator Ofr\d &Mnmulno.*er N EZ.
@2:75) ove negative, ¢ lies in third 8uao\ram't)
~-3.1623t

~ x(t)= o2010 @ Cos(at-qeqv-l:-a-qus)
™
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) *x,=0, o= 02 m/fg

] 2
X = -2 = 0.068 6356 wm

346477
p= oo 'o'ai) = tam (90) = 90" or 1.5708 rod
- 3.1623 1
s % (t)= 0.006356 € ot (3|.ng—: t-uson)
™m
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Da.mpe.al Sn’nsle- J'o'f- sy stem :
m= (0 kﬂ’ 4 = to,ooo N/"., ‘;: e (Cl"”’f&:l% Jampecl)
- [®* _ [to,000
Wy = \F.;: '\’-——T;——' = 31,6228 rod /s

'D(‘sp(a-ceww\«i' of maks given L_y Eg. (2.80):

w(t)= §axo + (2 + aynx°>.b} e-wnt

(@) *,=o0'2m, 'JE-O'_—.O
_31. 6228t
{o~2+ 316228 (0‘2) t } c
—31.6228 t
=(orz + 632456 %) G2

1

% ()

by .= —0:.2m, 2y, =0
) o > ®o _31.c228t

x (£) = {-o'z-(- 31-6228 (—-°'7-71'}‘ e
_31'52281':
_ —(ee2+6:32456 ) € ™
(c) mg=o:2wm/5, Ko =0
31,6228t
x(t)= {o2tT e
_31.6228 t

=0'2£e m
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Single do-§- system :
m:(o kg, 4= (0000 N/wm , T =20 (over oQa,mPe,&)
@, = ’ﬂi = /‘°°°° = 31,6228 rad /X
m (o

TD('SF'o.c-eme.nt of mats given b_t’ Eg - (2:81):

Cx +ls2-1 ) w,t (-v-J32-1 ) ont
e

x(t)= C, € + <,

where

Ko Wn (T+\[§—i—t'7)+o'¢o
2 ot -1
_xg won (-d5%-1) =%,
27 2 Wy J5*—I
@) %o=0:2m, 2,=0
o2 (31-628)(2+13)

C':. — 002155
2 (31-6228) {3

C, =

—0.2 (316228)(2-V3)
2(316228) V3
e("2+ﬁ)(3!~629_8)f

x(t)= o0.21855
—2-J3) (316223t
—0:01 547 QC ) ( )

- 8. 4749t _ llg.eté3 t

m

(") L —0'/2 wm, r;cozo

—0:2 (3]-g228) (2+1V3
C = ¢ ) ( % = —0.2155

2 (31-6228) V3

0.2 (31-622%) (2-Y3) 0. 01547
2 (31-6228) V3

C, =
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(-2+¢3)(31-6228) €

x(t)= —o0-2155 e

(-2-J3)(31-r6228) t

+ 0+ 01547
—8-41491t

—18. 0163 ¢t

= —-o0:2(55 e + o0-0l547 € m

€Y x,=0,%,= 02"/

0.2

= = . |18 26
C, 0:00

2 (316228) V3

C
2 2 (31-¢228) V2

x(t)= 0001826 { c

- e

= - o - —o0r00l1826

—2473) 31- 6228t

(_2_ﬁ) 3(.6228t }

_g- 4749t - 118.0163%
bom

:o-oolBZG{e = &
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Torsfonal stifforess 0’6 e %.n.gt' c‘&clm-mwjﬁh d omd

Qwﬂ»ﬂiﬂ is given by

%, = GﬂIe _ T 37;4‘* (1
Since the shafts on the fwo sides of the disk act
(oW Pma-lu {'Ori’lono.x /Slarmjs CLE_C;UU.&Q. the
is Ahoned by the twe Tvvmal

i’or?ju-e on the
A’F?Lu%‘); the J'lﬂ.u/u?:m* A]ama\sﬂ coniland iz
given Lj o\"' a d 4
G T q, 2
= K & =
'k*’eﬂ A 22k, 324,

Jq
gl G
= Gﬂdq(ﬂl’*x") (2>

32 L1z

Using { = ='}? > Eg- (2D becomes

4
& cmdt A+ _ ord &)
teg = T3q ( ) 3 {
Ol

Nedustad WU‘“"“’U of the dusk in tFronak
vibrodion @fVeh Ly

/«éez _|ma d4
T g LT
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n

.For pendulum; s, % n Vecum = @S Hz = T ra.el/sec
| ,Z: %/ﬂ‘?’ - 7'8‘/‘{?2 = 9+9940 TR
¥ [ { = — 09T ra_a?/Sec
Gy = @, [1-¥* in viscous medium 0. 45 Hz = 09
d n oy '

= - 2/ 1~ g8
TZ: _ﬂ___—-w”—w‘; = Tl"( T >= a.19

2
(3% T
T
2_ e . I3 “ £ 9 =O
Egum’:‘l‘an of motion: mi” @ 4+ cp @+ ™

C, = 2.(1?‘22} 6, = z_(c)(o-??l{)z'(ﬂ) = . 2080

c<

T= St o= 5. 4359

Stnee W9, = f_cr;_ = T, /‘i

C.é. = ¢ Cc*& :‘g’(z)(mllz)w,,
- 2.7061 N-wm-5/rad

1

= ‘. 2"' . 8\91
‘?AL,':— = 9 8!/7r = ¢.99 "

0.4359(2)(t* 0.9939°)( )

From Ez.(2-85'),
) 3
@ Lm %) = L. (18) > \/—'ﬂ{_—f = 2.9%04
;.-H —

A
‘5‘={(2'8904')2 }z = 0:4179

2
G-g904) +4 T
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() If damping is doubled ., Tew = 0-9358
2m Thm 211"(0'3353)

("“ ) Ji- T2 " Vi= (0.8358)%

4 - 14265.362
x}'.,q
(L) If cla.mlm‘nj is faa,LVe,J,

= 9-565¢

v

¥ = 0-2090
27 (0:2090) — {3428

> Toew
( kAL \]—:—i: \/i'- (o-za.?o>2'
= 3.-829¢

s
X+ |
where W = Ji— 7% w,

-7
Tt i w,t

o x(t)Y= X e
For maximum Of minimum of x(t),
%:- x e—Twnt (—T(‘Sn sSin (1.91‘(: + CSJ cos CL%[&) =

S—Tw"t =+ o for finite t,
— T, sin Wyt + w5, cos wyt

ST /s

=0

i-e. tan Wt =
Using the relation
tan Wt (Ji— TZ/T> _
sin Wt = * = T = - = &+ J1-T
\/71-1- tan @yt Ji-T2
4 1+ (25
we obtain
stn Wyt = JLi-x* , cos Wyt =
q,nc]
sin Wyt = - Ji-T* , cos Wwt= -7
-5—%’-:— = -T6, t [T @ sin wdt -7 W, Wy cos C‘S" sm G{ltj
when sin Wt = J1- T* and cos Wt =7,
t
4% ~7 W L =
Iﬁ = -Xe€ Wy Ji-7* < o
. Sin wd'l: = \Ji-—T" ccrresPonJr to maximum of =(t).
when sinwt=—Jt-T* and cos Cgt= -7,
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2 —yuw,t
dx - X e T W i-yt > o

L sin Gyt = = J1- T* e;orresFana’s to minimum of w=(t).

. ) ()R-
Enveloping curves: < - \/‘9?_ )
Let the curve l' - e G
pasSing through the 0 l e ’7:?_-%
Maximum (or minimum) N /]
oints be I
Z(‘E): C' e
-1
For maximum points, tmas = S\n (Ji'Tf___
&3
and TP S - T, thax
C e " = X e Sin C@J tmo.x
ve ¢c = X Ji-73*
. vt
SX (f = X Ji-T7T e _ %
S.’mila—flﬂ fo'f minimum FOuntS, ‘Emin = wd
and _
i =T, toin
ce’ Gnfuin _ x ¢ T i 63 Ermin

e o= =X o7t .
—Tw,
vax, ()= - X Vi-7" €

’ )= [ x,+ (%, + WOp X )t S Wt
' [ror (e ) ]f-- (e1)

For xo >0, graph of Eg~(51>
is shown for different x, -

we assume %, >0 as it is the
onlj case that gives a moXimum.

For maximum of =x=(t),

%E: é’wnt {‘(io_’_wn zo)wﬂt + ‘.F'lo} =0
b, = % - ®

wh (*o + wﬂ xo)
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£§ = - éwnf {269" io + w,’; Ky — (5: (,20+¢,9nxa>t }-—---(E;)
dt

) and (&) give

. e W %) t
dt’. ‘t’—'*m
L) ) o 2 (E )
= —e—wh( U"(ito-i-w,,xo) { X, + o, xo} -—— 4
y cl =
For %g>0 and X, >0 =z < o
Hence +. given b Ez. (Ee) corresponds o a wmaximum of =(£) -
-, tm
- 7.(0 + @n x°) 1(9 - } e
zlt_—”&’" - {xo - ( . w (xa"f’ Sy ‘Ko)

- (x + * )e (‘ﬁ_&.‘_) S (-7

-
o\ Eguation (2:92) can be exprcssed as - L, (_._
For haly uf&, m= % and hence

S"'Z/ZM(———' =2'£“(015'

. . =3.7942
Necessary dawmping ratio T, is
T s =y 3‘794’22
N (7o e e
= 05169
@)

I, T° ___“Yg - 0-3877, the overshoot can be deter mined !pj
fmdma s from Ep-(2:85):

x
ZTl'T 2T (o 3877) _ 26427 =2 Zn( 0 )

v - Jiooasitt
L(-xﬁ— = 1.32135

XL
2

= 'Z/ +32135 = 2.26G775 X,
x.{.— o/ e

-/
Overshoox‘: is 26-@775[

(?35 =227 = 0-6461, S is given Ej
) .
s. TS _ 2T (o:éleél), c.3189 = 2 Z*(T;)
1-v* - (0-646\)2'
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Xo - 14.2888 s %, = 0°0700 %o
xy z
z

. overshoot = 7/,

(i) (a) Viscous damping, (b) Coulomb damping.
i) (2) 74 = 0.2 sec, fg = 5 Hz, wy = 31.416 rad/sec.
() Eb)) Ti — 0.2 sec, f;, = 5 Hz, w, = 31.416 rad/sec.

.o f")n Tq
1 a
) @ 5=
X 2m¢
In {— =|n 2 =0.693]1 = ——==
[Xi+1 Vi-¢

or 39.9590 3'2 =0.4804 or ¢ =0.1096
Since wy =wp, V1 —¢, we find

wg 31416

Vi-g Mossres

Wy = = 31.6065 rad /sec

c

Hence c =2 m wy ¢ =2 (—592-) (31.6065) (0.1096) = 353.1164 N—s /m

(b) From Eq. (2.135):

k=mwl = :—O'l (31.416)? = 5.0304 (10*) N/m

Using N = W = 500 IN,

0.002 k _ (0.002) (5.0304 (10%)) _
TTAwW 4 (500)

= 0.0503

@) ¢c.=2Vkm =2 {sc00x50 = 1000 N-A/m
[
(by €= Cf2= 500 N =4/ m

N A o TRy

= 86603 vad/sec

2 (e - 2T (222
€) From Ez-(2-85): g = "Gy (zm) 3.6¢€03 ( 2x 50
=3.6276
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! lE

To find the maximum of x(t), we set the derivative of x(t) with respect to time t equal to zero.
Using Eq. (2.70),

()= X e % sin(w, t ~¢)

d);lit) =-Xgo, e sin(w; t-f+o, Xe *> cos (@, t - =0 (Bl
ie.,

Xe %' [-g o, sin (@, t-§)+o,c0 @, 1-$]=0 E2)
Since X e ™' #0, ,

we set the quantity inside the square brackets equal to zero. This yields

o _ JI-¢ o, _ Ji-¢? E3)
g

g &, G 0,

tan (w, t ~ ¢) =

or

o, t—¢=tan"[‘-—1;—g—] | (B4)

A

(@)

In the present case, m = 2000 kg, x0=0, v = %, =10 mv/s, k= 80,000 N/m and ¢ = 20,000

N-s/m and hence

\/‘ \/30 990 _ 63245 radss, ¢, =2k m =2 |[(B0000)(2000) = 25,298,221

N-sfm, ¢ =clc, = 0.7906, @, = w, 1 — ¢* = (6.3245) {1 - (0.7906)* = 3.8727 rads,

/ J1 - 0.7906*
tan = {_\'_1___] [—l—-q-LJ = tan "' (0.7745) = 0.6590 rad.
g

0.7906
For the given initial conditions, Eqs. (2.75) and (2.73) give

b= tan“[loo) tan ~' (o) = —é- =1.5708 rad and X = %2—7 =2.5822 m
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(b) Equation (E4) can be rewritten as
3.8727 t = ¢ + 0.6590 = 1.5708 + 0.6590 = 2.2298
which gives t = tiax 88 frp = 0.5758s.

(a) Using the value of tmax , Eq. (2.7 0) gives the maximum displacement of the car after
eﬁgaging the springs and damper as

X ) = Xy = 2.5822 ¢ O EIITED o5 (3.8727%0.5758 ~ 1.5708)

— 2.5822 (0.0562) cos (0.6591) = 2.5822 (0.0562) cos (37.7635°)

= (0.1147 m.

Note: The condition used in Eq. (E1) is also valid for the minimum of x(t). As such, the
sufﬁciency.condition for the maximum of x(t) is to be verified. This implies that the second

2 ny a
derivative d l,l([) at t = tmax, should be negative for maximum of x(t). ‘
at
. rad
w,= 200 cycles/min = 20-944 rad/sec , =180 cycles/min = 18-8496 o2
2
L= 02 kg-m / W 185416 &
=4 2o, - [ ———— = 0.4359
Since WY = Ji-x% Gn, T i—( wn) . \/i (20-94—4— o
- Ct gr Ct

Ceri 2 T, W
23, 9,3z 2(0.2)(20-944)@'4359>

3.6518 N-rn—f!_/mc! .
Ea.(2-72) can be used to obtain a(t) for §, =0, =2 = 0:034951

Ce

rod and t= T = }CS%_ = ©.3333 sec,
T ont Wt + 1&‘22 Sm G9, t };
9({:) = € Ga {Cﬂs d O 3

-(0-4-35'9)(20-94/4)(0-33;3) (0003491) {ccg 188496 x 0-3333
e

4+ 04359 x 20944 . g40¢ xq-3333 }
18-3496

— 0.,001665 Tad = 0.09541°

Assume that the bicycle and the bo{r fall as a rigid body b.y 5 cm at point A. Tglu_s
the mass (m.q) will be subjected to an initial downward displacement of 5 cm (t =

0 assumed at point A):

xp =0.05m, Xg =0

keq _ VTWOOO) (9'81) = 24.7614 rad/sec
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Cc=2mwy =2 800 (24.7614) = 4038.5566 N—s/m

=& - 10000 _ 49476 (underd
4038 5566 (underdamping)

Wy = Wy ‘\/ 1—¢& =247614 V1 —0.2476% = 23.9905 rad /sec

Response of the system:
x(t) =X e £“** sin (wy t + ¢)
21 L
. 2
Xg + § Wy Xg

where X =1ix% +
Wa

. 2
(0.2476) (24.7614) (0.05) | | _ 5 051607 m
23.9905

=1(0.05)% +

%o Wq -1 0.05 (23.9905)

—tan~)l | ———— | =
and ¢ =tan™ | tan | 0.2476 (24.7614) (0.05)

= 75.6645°

Thus the displacement of the boy (positive downward) in vertical direction is given
by
x(t) = 0.051607 e~ 81309 ¢ gin (23.9905 t + 75.8645°) m

Reduction in amplitude of viscously damped free vibration in one cycle = 0.5 in.

2.135
x
X _ 80 _ ;0008 ln =~ =0.08701 __27¢
Xo 5.5 Xo A/ 1 —
Le, 0.007571 (1 —¢%) =39.478602 ¢ or ¢ =0.013847
Ty = 0.2 sec = H- 9y = 31416 rad/rec

. oy
From Eg. (2.92) S = ELE @10 = 0:04605
8 0-046C5

T= ‘j——-—r——;_\ = = 0+00732°2
2T -+ l
(zm) 8 \/(7-"') + 0.04¢05%

hen damping lected,
When a.rnpnj S neglecte -

Wp= O /fTo78 = 31-417 rad/fsec s Tw= 5, = 0:19999 sec
= (0-2— 0-19999

?rapcm‘:?ona'( decrease n per.od ): 000005

o2
; ~ For Crifn'ca.l,(j Ja,mped system EZ.(2-80> gives
= (t) = {x°+ (9.‘0 + 8, "o)t } e-u"t (E1>
'3(('(:):: e—wﬂt { io - i‘o Cﬁnt - (.S: x,t } (Ez)
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.

L,e,:‘: ‘{7 = ffme 6&",’ wArcl-. = ?(m‘,_x a.nal X =C gceur,

™m

Here 2, =0 and %, = initial recoil veloeity. By setting

r;c(%) =0, EZ'(EZ) gives

L _ o . 9':0 ! (e )
[ = _ —= e 3
", (%o + €9, %0) 3, %o “
With E@ (E;) For %m a.ncq Xp=0 (E(> gives
. _G_} (, e —i
x‘ma_x = % {‘-1‘-’ € i = %o & (E"‘)
. wh

Us(nﬁ ’.‘CM: 015 M omd m‘o = (o h‘g/X) Eg. (E‘f) 5;V€5’

Wa = fz‘c /(fac,mx e)= to/(o.s # 2:7(6’3):7-35'?5 "“"?//S’
when wats of gun is 500 l§, stiffness of Apring IS
g=E m= (7.3578) ®(500) = 27,066+ 403 N/mm
Note: Ofher velues of =, pnd m tan olss be used fo Find
~— Finally, the fﬁxffness correspording o least st

can be chosen.

/ 4 = 50c0 N/'m ’ C.= o-2 N_g/m,,, =200 N_,g/m
@ =Z\/1<'m = 25000 m

M:Zkg.

Wnz [kfm = = \/s5000/2 = 50 ra,d/s'ec

Loga,réfhm(c decrement = § = _2T Tz 2.0
1-'5
<

., — — . 3

te€n T C 0-303 a;n.‘! cC= o 2033 (OtZ) = @O~ 66 N—f/fﬂ
ASsuming x,=0 and =, = m/s;

. .t ,i :
'X(‘b) = e s 2 3 {— Tz wﬂt
w, {1—-71%
. = ~

For Tomax, gt x W and s VT @t x s

° 4 "r
o _ —o3033( /2 i (1) = 001303 m

max = € 50 V4= 0.3033

’ For an overdamped system, Eg. (2. 8I) gives
@ —TGS t eﬁ’dt —

x(t)= e (<, + C, € 4t (1)

Using the relations eT™® = cosh x = sinh x E2)

EZ,(E,) can be rewritten a.s

x (%) = é-Twnt (CB cosh wyt + C’4_ sinh 0-94'&> (E;)
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where C3=¢+¢, and c, =0 -c,.

foferen fl'a.,‘h.ﬂj (Eg) )

@ - w t -
x (—(;-) = e T n [C3 aSJ sinh C'SJ'L' -+ C“' Cdel COSA 5541'.' ]

~ 70, € “nt [_C3 cosh Syt + C4 sinh € ] (E4>

Initial conditions x(t=0) =%, and %(t=0) = x, with (g3)
and (E4) give

C3 = Xy , C4 = (xo + T, 'xa)/agd (E;)
Thus (E3) becomes
-y W, t
x(t)= =, e . g@sA Wyt + T:;" sink cadt>
x -Jw,t
t 5 sink a5t (E)
x ()= *T‘”“J‘( hat + 20 cinh et (
= z, € | cosh &t + X sinh &, > E7>

: - T, t
Since @ ) cosh wt _T%,__ and sinh @&t do not
Cl‘\ a_nje S‘,‘sn (a-lWG.gS FoSC‘fa'v‘e) am.:ll - T@hf

‘ . e ap roa.ches
3ero with (ncreasing ¢ x () will not cha.nJI sign .

(i) when =z5=o0, &g . (E¢) gives
x(t) = % e—Ta}"t sinb a3t <E:'8>
Here alie, w,, & 7% o d sinh @yt do not change sign
(@lvays positive) and & T 4piraches zero with
increasing €, x(t) will not change sign.

Newton's second law of motion: , ™ X
o e
. ) — K, K, XK
YF=mXx=—-kx—cx+F (1)

SM=I f=—FR (2) @ :
% x < = cx

/]
where F; = friction force. R %6
E,
: R? . % f
Using J; = o and 6 = %, Eq. (2) gives
_ 1 2] ¥ 1 ..
F¢ = TR [mR]E——me (3)
Substitution of Eq. (3) into (1) yields:
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-32—mii+cfc-|—kx=0 (4)
. B 2k 5)
The undamped natural frequency 18:  «h = o

Newton'’s second law of motion: (measuring x from static equilibrium position of
cylinder)

2F=m§=—kx-—cf;-—kx+Ff (1)

PM=J 6=—FR (2)

. 1 2 A — }‘_ .
where Fy = friction force. Using Jo = 7= R? and 0 7 Eq. (2) gives

1 . (3)
=——mX
F{ B m
Substitution of Eq. (3) into (1) gives
P mgtekt2kx=0 (4)
Undamped natural {requency of the system:
4k (4)
“o = dm
34
« (e %)

Consider a small angular displacement of the bar § about its static equilibrium
position. Newton's second law gives:
j se|(3e) . [o2][e] —sifoc] (¢
ZM:he:*kff]Qj—°F4HJ 3k[4 4

e c » 2
i Zkéfb6=0
ie, Jo0+ 7 g + 1 k
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7
where Jg = Ty m ¢¢. The undamped natural frequency of torsional vibration is

given by:
[ ]
N ____o\/3k6’2 _A /36 k
z 4 J, 7m
Let &x = virtual displacement given to cylinder. Virtual work done by various
forces:

lnertia forces: §W; = — (3o B) (66) — (m %) & = = (3o 9) (%) —(m¥) &

Spring force: W, = — (k x) ox
Damping force: 6Wgq = — (¢ X) &x
By setting the sum of virtual works equal to zero, we obtain:

Jo | % e . . .
-7 {%]—-mx—kx—-cx=0 or %mx+cx+kx=0

Let &x = virtual displlacement given to cyllinder from its static equillibrium
position. Virtualll works done by various forces:

Certia forces: OWi = — (Jo §) 8 — (m ) 88 == (o ) (%‘-) — (m) &

Spring force: dW =—(kx)5x—(kx)5x=—2kx6x

Damping force: (Wq = — (e x) &x
By setting the sum of virtual works equal to zero, we find

Jo x .. .
-2 = —9kx—cx=0
R mX kx—cx (1)

Using Jp = —;- m R?, Eq. (1) can be rewritten as

%m§+ci+2kx=0 (2)

~as:

See figure given in the solution of Problem2.114. Let 59 be virtuall angular
displacement given to the bar about its static equilibrium position. Virtual works
done by various forces:

Inertia force: 6W; = — (Jo 0) 60

Spring forces:

3¢,,3¢ e, ¢ 3
&Ns=—(k6T)(T59)—(3k6-;-)(z66)=—lz-k€2 9} 50

Damping force: Wq = — (ch %—) ({— 66)
By setting the sum of virtual works equal to zero, we get the equation of motion

Jo'é+cff-é+§-k£26=o
16 4
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B See solution of Problem2.93. When wooden prism is given a displacement x,

2.146 ) equation of motion becomes: m X + restoring force = 0 o
where m = mass of prism = 40 kg and restoring force = weight of fluid displaced

= pg g abx=p(9-81) (0.4) (0.6) x = 2.3544 po X where pg is the density of the
fluid. Thus the equation of motion becomes:

40 % +2.3544 pg x =0

2.3544 po
Natural frequency = Wy = 0
Since 7, = L. 0.5,we find
Wn
9 7 -\/ 2.3544 pg
Hence po = 2682.8816 kg/m®.
Let ¥ — displacement of mass and P = tension in rope on the left of mass.
Bguations of motion: _ .
S F=mi=—kx—F or P=-mx—kx (1)
ZM':JQ 6=-'PI'2-'C(61’1)T'1 (2)
Using Eq. (1) in (2), we obtain ‘ ’
0 . ——(mic'—.i—kx)rz—céf}z:‘foy (3)
With x = 8 ry, Bq. (3) can be written as: . ‘
To -{-J:ctrg)'fj'-l-crl2 04kl d=0 (4)

For given data, Eq. (4) becomes ¢

(5 + 10 (0:25)%] & +¢ (0.1} O+ L (0.25)* § =0

or 5.625 4 +0.01 c 4-0.0625k 6 =0 (5)

Since amplitude is reduced by 80% in 10 cycles,
,.El_. = ._1_:2- =5 ,—__-e]‘o;unrd
X311 0
Zy
11 .

Since the natural frequency (assumed to be undainped torsiomal vibration

frequency) is 5 Hz, w, =2 7 (5) = 31.416 rad/sec. Also
2w 2w

=L _ _ 02
iy Vi-g Vi-¢g

Y

Eq. (6) gives
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62.832 ¢

. 0.2
1.6094 = 10 ¢ (31.416) ——] L
05500 (570 | - 22
e, Vi—=¢ = 62.352 ¢ = 39.0406 ¢

1.6004
— . . fe, ¢=0.02561
Tc(né) Thus we obtain:

NN e ‘
W, = -9'—29—62255-11 =31.416 or k = 8.8827 (10°) N/m

e e c. 0.0 ¢

: = 00256l = —%- =4 =

¢=0 Gy 2y @, 2 (5.625) (31416D)

or ¢=905.1342 N-s/m

— 3
‘ Torzu-e = 2% 10 N -m

a-nsle = 50° = o divisions _ .
. For o torsional system EZ'(Z'G‘]') gives

6 _ T W, (E,)
8, °© |
(L) For one cgcl.e) Z;‘ = 2 Sec and (E1> gives
30 _ JT%n or v, = L fn (16) = 13963 €2)
T =
-
Since TA = Z = 2 3 p)
stﬂ - T W,
2 . . 3 2 -
2 2% ) v 2 _ 4T L (.33¢3 = (17915
wn = ( z -+ T wn 4
o (e3)
tre. WS, = 3., 4339 ra.,d\/sec

@) Since angular displacement of rotor under appled torgue

= 50 = 0.8727 rad,

-3 /
’kt = tor&ue/a-"‘j‘*'a.r dl'SP’a-Ce.men‘L' = X0 /0’377-7 (E>
4

= 2.2917 <3 N-m/rad

t inerticc of rotor is
O s e i, T JU
T = Rt~ 2.29(7 x 0 /H-‘??’s = 194
° wn (8¢)
() ¢ = 2 Jp T ©On o
. - n _ [-3863 _ . 7
Egs- (Ez) amd (E3) give T T T 4339 ° 403
Eg- (E¢) gives Ce = 5.3887 x 64 N-m-4£/rad.
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(b) m= Jo Kﬁ
€= 200 N-5/m
= (000 N/m

) m=10 Ky
c =280 N“'-s/m
= l0oc N/m

‘ () m=lo Kj
_ C'—'I‘SO N- s/m

= 1000 N/

w ’ looco _ % L
\l lo “n = ™ @On =\
= 1o rad/s =10 rad/s = 1o rad/s
c ¢
‘S‘: __C___ - —
r 2m Wn 2 m USn
150 o
= .65 =_%9° _ (.0 =_2%2%° _ .25
2 (1) (10) 2 (1) (1e) 2 (1e) (o)

2

Cdd: 10 \Ji—- l-oaz

= 0

‘-'-9& = not a,‘:/:/fca..ue
(over-da—m[oeab

G'go(:w“ - %

2
= |o,l|- 0.15

6-¢1438 rad /s
(under- Ja.mpe.d)

w
n

\

(Cr«' fl’C&L(j - a(a.mPEﬂ()‘

!
|
|
|
|
|
|
|
|
I
|
Zh‘\wn :
|
|
|
|
}
|
!
|
I
|
|
}
i

(@) Underdamped system: Response: gg. (2:70)
) e it 1 (Fer Tz 4 e

US\'nj ¥o= 0l X, =10, T = 075, W9, = lo, wA_-_ 6.6 1438

EZ- (E“> 31‘\[95 Xo: 1+62832 m .

¢o= cwﬂ(,. xo"'Twn"O)
Cdd ‘xa

’ (-4
= tau (__ to + 075 (©) (1D \ _ - 86. 47908

6:61438 (0. = - 150935 rad

Ee. (2:70 \VeSs:

1/ ( ) 3 _7.5 ¢ -

x(t) = (-62832 ¢ cos(cs-é«‘f’s'gf*"s”’”)m

() critically damped system: Response: Eg. (2-80)
1((6):{9(0-(-(5:04-&9 °>t}_wt
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—io t
{ol—i-(lo-f—(O*O\)f}e’
:(oi-i—nif:)emt ™

() overdawmped system: Response: Ea,(z.s;)

USiag \l‘gz-—l =\’;-2‘52—'1 = 6.75, we obfain
¢, = %o wn{‘;+\l‘§2‘1 }"' %, Eg.(2'82)

2 &, '52—1

i

o1 (16) {!*2'5-!—0-"75}‘-'—‘0
z (10) (0+75)
C = - Kg 9, g‘s-'-\l*;z._]}_,_ ;‘o

2 © Eg.(2-82)
2 Wy 2o

\
Q
o

—o.t (10) §1-25 —0:15} —

= = —~0:7
2('0) (0'7‘5>
Eg. (2. 381) 9r'ves

t
J=*- t _y-yr-1) W,
(—3’+ i1 ) W, . c, (
- 0.8 e(-l-zs-ko-'iS)(w)t ) 0*7-9(_‘ 25 -0 75>(,,,)-t

-5t -20t
= 0:8 € - 07 €

x(t) = C!

. » Ehe‘rgy sts:]pa;be_a[ in o cycle of mo‘{:l'on,
7‘(%): X sin 09&{: > is given b‘y

AW = T ¢ wy xz E-D
@) wn"\l% = 'szo = (o ra.o(/g
¢
3= = 20 = 0.25

2m Wy 2 (1e) (10D

J = W, ‘/;-— Tz = 10 \{1-— 0-251 = 9.682458 ra.al/s

For X =02 wm, Eg. (E.1) gives
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AW = T(50) (9-682458) (02" ) = 60-83682 Joules

(B) 6s,= \p; lo rad /g

- ¢ |50
y=—— = - 018

2m Wn 2 (10) (10)

P
0.9‘!= w“‘,(— Tz = lo \{1—0'75 = 6:.614378 rGLO(/s

Fory X = 0.2 m, EZ’(E"> gives
AW = T0(150) (6.614378) (0.2 ) = 124.678385 Joules

"
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E?/J-a.ta'n of motion: .

|06 % + 5060 % + loooe x + 400 X

@) Static e?j,..,ﬂla)um }oosﬁ':t'on is given Lj 7= o
A0 thot , For the nonlinear /?Fro'nja

3
10000 KXo + 400 Ay Tng = 00 (?'81):98'

=0

The velue c'g_ x, 4 3;‘ven bj ke root O’&

400 x. +4 10000 %g =981 =0

@oo’i's from MATLAB:
Koz 0098\ ™ ; other roots: —-o-oLHo:t 5-ooo7A>

ONE

Can bhe focty\o‘ af follows:

F(e)= hoox 4 logaex

3 2
I ' - af — 1200 %, + (0000
l’,x‘near do | 2= 20,
2
= (200 (0:6981) + 10000
= |00l 5483 N/m
L?ﬁeaarfze,a( ?_%Mfcm,o’& rﬂo‘{'aOn:
= O

2 4+ 100115483 ¥

fCca 2 + 5ag =
@d NaxEJioi bhz.vdmcg c‘[j— vibraffon for fn'(mu
digplocerments : e gad
ey T Y
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@) static ?_Z‘u(‘a'l:n'um Fasi{:foh s given bqj x= 7,
such that
; = - 2%
- 400 %, + 10000 Xy, = MJ = (00 (9-81) =

or
-h4oo %?4—(00009(0—98{:0 )

Roots of Ep-(1) ane: (from MATLAB)

®, = 0.0981 ; other vools: 49502, ~ S.0483

U’) USff\j H:se /%TWM ’aac{Hve reet o & Ezr(')

a4 ‘H\'e (%+OJ'4'C e,&u.ll{t:rc'um FOS’{'E"OY\) KL= 00781 M,
the lincanized Aping (ontbant ahowt %,

can be found af fotlow s

3
E(z)= =400 = + (Oede %

AF | 2

K opon © =—|. = _lgeo 2, + ld0de
L ’ é\’z vge ’

- 99884517 N/m
Lineorized e@,ﬁoﬁ of motion:
oo % + 506 % +9928.4517 = =0 (2

ec> Naturad f""—i}*‘g’*"ﬁ ol vibration far grall
M%W :

9994 517T\2
Wy = (q — ) = 9:994 2 ra-e?/)s
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E.?,ua-{:(on of motion :

Jaé.-rcké-i- k,eg =Q

with J,= 2% l<.3-m2 and K&y = loo N-m/rad.
For Cr)’{:fcal Aa,m,on‘ns, EZ‘ (2, (oS) 3.‘ves’
c= C. = 2 \[Jp ke = 2 \izs (160D

‘00 N—m—S/ra'J‘

I
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@ 2 +8 % + (6% = o

m=2, C=8, k=16

S‘ince Cc < C_, Syg’l’em IS uhc‘ero{ampea{.

C
T= -_ = 3 —_
= o: 71
c, 11,3137 70

Wn= \I_—"g =\/—'——§_‘: 2.828Y ra.d//s

Wy= W9, (I-T* = 2.8284 \/(—0'70'712 = 2.0 rad /s

Ez- (2.72) gives the solution:
‘Twn% 2 + T Wax
x(t)= e {xo cos Wyt + = = - sin (4.96[1’:}
d

~0-707! (2:8284) t D
e {o—'—E sin 2t }-

-2t
ée sin 2.‘}:

I

B) 3% +12% £ 9= =0
m=3, Czlz, = 9

xX@)=0, x(e) =1

Ce=2Vkm = 29(3> = 10.3923

Since € > C., system is overdamped.

= c {2 _
r C - fO ?322 = ' l547

S, = , / [-73 20

SOlU-'hO“ 1S !Ve‘n bj EZ, (2 8')
C = Xo@n (r+~l~s*—")+ %o

i
2 wnJ;
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1
2 (-7320) /i-1547%~1)

C,= '7‘°w“(§“432”>"io
2 Wy (3%— )

Solution is:
CT+ls-1 ) wat

%« (E) = C( €
(-5 -T2 ) et

+C2_e

= o+5

— 4 -3t
= oS e — 0+5 €

Since

—
-vtdsi-1)= - HECLESVATT
= — (-1547+ 0:577173
= — |+732 3 —0-57TTH
D) Q.‘;£+89‘C+3‘X.=O
wm=2,¢C=8, £=8
S=%, = Yalewm ) = 8/ (al5G> ) = 4
S‘njs tem is cra‘{:n'caJLj ola.rnlpeol-
- ]«‘ =\[§‘ =
S L - 2 red/xs

Solution is given by Eg. (2:80):

2 ()= 0, x (0) =1

- —wnt
x(£) = {x°+ (%o + W xo)z‘:} ©

f\

{0+('+O)f}§2f

~at
t e

!

2-137

© 2017 Pearson Education, Inc., Hoboken, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.



(\0—)2%'1‘9’}—1-’61—0 ; w:z)c:2)k=l5
KCO):{) ')‘((-o)—:_d

c = ok m' = 2\(“6—_(’7—3(: vr- 3137

Since ¢ < Cc, &?/VC:.,- 9 M&MW
D e e L R A
T_ C - » Y 7

MA = 4! - *K-r‘" W, = 2-0
golukion is given by Eg. (27 2) -
TW,.t 'io-\'rc"’nxa

S ﬁ./rq:_wt}
x ()= & {'Xo cA Wyt F y 4

_ o761 (2-8284) t{ ot
= e

L oaTeT [2‘8'28@(1) sfnaf}
2
= e Zt(cdfz-ﬁ + A 2+>

(Y 3% +12 4 + 9% =0

n(e)= 1, z(e) = o

grrlC..e, cC > C¢ . W- 5 Q Q‘
‘S' =

} m=— 2%, C = |2

c
c = = 1.1547

Wn = = \’j_ = |.73%20
4] 3 .
\J'Y"—'l = \/("l'-""f"lz—! =05 7713
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C Ly B (s + \!”Sz"’ ) 1(!-732-°> (l~l‘5&'7 +a-‘5’l73>

|

2 W, (T 2(1-7320) (05773
= -5
2
C —-’)(OC‘S\G (?—\J‘S ”’)
2:
2W0n ,52.__,

— 1 (1-7320) (11547 - 05735 o

\

2 (1-7320) (o~5‘773>

Solution is:

P wht
(-5+ 52— ) @t (—s-\s2-1)

x(t)= 15 € _ 0.5 €
—0-5774 (i-732) ¢t — 732 (10732 t
= l's e _ouse
—t -3t
= 1:-5¢€ - 0'5 €
e 9—';':-\'8’;&—&-8%:0 £ m=2, ¢ =8, = 8
w(@d= |, %(0) =0
C, = g k™ = 2Nf (2> = 8
Since Cc= €., sgSfem 'S Cf‘f{'t'caiﬁj ola.mpe,ol-
¢ 3
= — =z — = {
i Ce g8

Solution is given by Eg- (2.80):

—Wnt
® (t)= {?‘o‘(' ('io+wn10>":} c
—2t
= §4 +(o+2x1)t‘}€
-2t
= (1+9-f>8
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@) 2% +8 % 4 (6 x=0

-

m=2,¢c=8 k=163 x(@)=1, % (06)=~|

¢, = 2Vkm =z\{16(2) = 11.3137

Since c< ¢, system is underdamped .

C. = ——— = 0.7071I

2.8284

ol

Cr=Nl-%* w,= 20
Eg- (2:72) gives the solution oz

- % W, 9&°+?wnxo

t
'X(f): e {xo cos 6.9&{: + < Sie “Sdlb}’
d

—(o7071) (2.82 84t
= ) {chs wdf

W

-t + a.vo’ﬂ(z.s 2.3’-!)(') cin fﬂt}
2
-2t

il
(]

(C"s 2t & "ZL Stn 2‘t>

;i_*-!az‘-l-?'l:b) c=12, =7

'}((D) - () ‘;‘ CO) = -1
= 2w = 2J9(3) =1(5-1961) = 0.39273
Sivee ¢ > C., W AS WWA

Ce 03923 |
A ,—E :\/—_j—/: 1« 7382
m 3
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Ry

= Visy7? o)

= .57273
s T = (732
3-"Jﬁ§7;:7\ = 0-577Y%
C = (')wh(l"?BZ) - \ a ’
| T = = pumml
20.9n (0'5-'773> 2
C, = W e
zc&n(o»5773> 2

Sulubion §ovem by B (280
(—x+ [T Dwnt (—v-dr=1)w,t
()= ¢ e +c, ©

—6.5774 (1-732) T
- @

(!
O

(¢) 2 ¥ —)-8";‘-+9:::o"
9‘-(07':') F;‘("—):-—/
.= elkm =2 (8)(2) = ¥

‘;:’ /C":
cC

i
Hremes s omifially ot
o - -
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selidtom & B/L\P‘M b’y EZ' (z.?o);
. P

.XC'(:)': [_‘Ofo-(-(xo"l" Q9y,'xo>‘l:' ew

_2t

=+ (-tq4z2e0)t] &

(1 -(-'67 e._Zt

\l
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Frezuer\cy N alr = |20 %OQ%/W.',,, — 129 (2“—) = 4T ra.cl//g
6O
Fre.&u.emy in ,((‘Zu\‘d = |00 c,a{c,’es/m;hz l_%% (2.T\">
= 33333 v rad/4
ASSuming a\wmru‘nj To be nejln'jtlale in air, we have

wn"‘fﬂ-z\r‘{; = 4e = (L’me:@ﬂ')z(to)
= 15791441 N/m
I dawping ratio in ,L«'Zu;a\ is T, amd afsuming
umnden darmping ; we hons

2
W = 33333 70 = s \I— T
2
or - = (m____%_%..:'_‘") = 66344
4 ™

(e

-1

w
"

@—o-esaz,‘w)Lz = 0.5528

(o
et s
c 2 wm O,
c
or 0:8828 =z —m

2 (1e) (4 ™

or

c = 05528 (80 T) = 138.93 4! N-f/m
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@ x +2%x49%=0
=2, %=9; c .= 2(km ':—ZJ‘?('):

m= 1, cC

AS ¢ < c., system is underdamped.

C
s = 'C"‘-?"——o 3333

\]T—:? = 0.95428 1 9= (o N 1-5% = 2.8284

Solution is given loj Eﬁ (2+70):
® () = éo’”%(%)f cos (02428 x3 L — %)

o -t
=X e s (2.82841~ )

whene ¥ oxd ¢ o\eremﬁ on the initiod condilionses
3?ven bfj EZg. (2,73> omd 275D s 9"5-5[95"{-"\’8[':{- .
Since tke rvesponse (ox solukiown) vedues as e -
we Camn O—jor’(g e CmﬁLdJ of the time constant (7)
o5 the neja.i'fve inverse of the ex)aonen'l‘a'a.) F"-"'i.

Hence the time constant ¢ 7- 1.

) &+gi+?z:o; ‘m:),C:S,"‘:'?
. -
< = 24 m —_-z\lq(|> = 6 5 Wap= ;‘—-3
‘g:—c—':é_:lng??B;H-eﬂ-“ =
C_ €
—
({E:T‘: 1'32?39'—] = 0. 3819
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—x - &2 = - 2252
—3 + V%% = —- 6.y51Yy
So\ufEom is Fiver by E. (2.817) :

(t — o ysiy (2Dt _so2s2 (3DT
Z4 7—’: C' © . Cz ©
- 135y t — 6.6456¢T
- ¢ e + € €

Since the respense is given by the sum of fwe

&Ponenh'alﬁj CQLCW func’rrons, “‘w@ ‘h’me
contdondZ  cam fre ogtvecadid wifh the Two Pa’"ﬁ
-]
! {
- — = a. 50 Ty = ——— = 0[5 05
2 3512 7384 2 ceuse

© z—(-ex 4 9 =eo * m=1,c= 6, K=79

J
— ’41 9
C&n—‘ -—'r;' — T—-_;_g
EICEEREE == =1
c, = 9_! Ky =2 g (O 5 S c,

The s7s+em is Crc'h'r.a.QQy o!.a...mfz&d. The s’o(ujtia'ﬂ ¥4
given b:j Eg - (2:80)1 et

x (b= { oo+ (Fot Gama) €} €
-3
:%7(04- (’éo+39‘°)t}e

Since the Solulion decseoss W‘L&%’ fhe
(,me,‘ofc*& frme comslant (7)) cam be aﬂvw t

find 7= —'—3— - 0.3333.
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@) Pericd of vibafion = o

£s, = *t

J
T
’Z“—Z’-—‘—i’- 2T 7:
— P T - - t_
5,7 @
PN 4
('E{—T k¢
2

2T

k> =054
Ki= soco N“'“/ﬂuq

2
5= 5000 (22 > = 5Looo (o.ca 6332>
2™

2 2
= 316627 N—m-£ = kg-m
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Gc'ven: m= 2 g, c= 3 N-8/ms k= 40 N/m

Nad'urd :frez“eﬂCj: wh: ";E - {f_?—g - 4.4—,2' %ﬂfl
< cridreed o\ou-vlainﬁ = 2 Jkm = 2m

= (78886 N-£/m

]

< = cla.mp.‘nara.h'o: -3 . o- 677

Ce 17-89 85

'13,-e of hes’aonce n geree vibration: olamjz—u-'z

oSci LLa-{‘o’o nsS

For Cru‘t':o'CO-R o\aml:.'nj, we mneed to add
14.8885 N"/‘/\-n to tke exish‘n’ value o’br

c= 3 N-/‘/'m-

Response of fte S'jsfem:
/ -iot —tot
, 2(t)= 005 € 4+ 10-6t €

This can be [denti fred Corres'{:cno( 5 critceally
damped system -

From the ex’aonen‘h'oi terms, we fiad

Wn= (0 rod/z
From Eps. (279), we find c,= 0'05 = %o
oA C, = ’;'o + W Xo oFf 105 = = + 10 (0:05)
X, = 0'05m, x_= lo-5—o0'F =10 m/ 4

'Do.mPCna Con Stant () (*g:{>

CrCc = meh :2m(lo) = 20yymais.
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) /S,z':_lf':ﬁ-ga:

(B +u+ 5:)(A+4-5¢) = Qs+y)2_(5,:)2

2
= 4%+ 98416 +25 = 8 + 88+ 4 =0

Chara,cfera'sh‘c Ezua.‘h'one:

ON A= 4= 54
2
G4 -5DCh-p+5D = (E-4) =GO

= %416 — 88425 =  ®_ g5 4i=o

(C) /32:—4)—5

>

2
B+4) (S+5)= A +95+ 2o

Ad) £,,= —4>—4
AB+9D Ca+4)

s+ gh+ 16 =o

Undamped natural freguencies

®) wm=1, c= 8, k= &I
w,,:ﬂ%f ’—:\ﬁ{-’—: 6. .4yo03!

G? wm=, c=-8, k=4

F ‘H ¢ -yo3)

(e> m=1, C= 9, k=

= ‘,_ :ﬁ—a =C(’lf—72)
m

2-148

© 2017 Pearson Education, Inc., Hoboken, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.



@) m=1, c=g, k=16
- (&. _ .
= | =1 = ko

Dam)oing ratios

mA+ c A4 K =

< ]

5= Q"‘IZ’:\—'\: 2 ykwm

a - 8 — &
<>3” = 0-42¢¢

= 9
2\,4!(') 2\ yy

by T= 25— = = F = —0-6246
2 | 41D 2 \fzf—l

) 3:/?_. = et 2 |-00 62

o (2ot 8.9uy3

2160

Damped £ reguencres

Cdd{: \/:_TS-?'CL}“ !‘6 T < !

—_— 7
,._.0,62?62- l@ll{d?') = 5'0004

@") wol- =
¢G> Wy : Not O—’O‘W(«éca.b[e

(c) W, : Not a«mveiw-«b'e

@y @i =0
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T«‘me coén ija.h‘t S

@) ! = 0'2500 (Uno‘era\a.m]’@J)
©- 6246 (6-4031)

p |
by v = = —0:2500

—0'6246 (6-4631)

Not aﬁ,r&c@)zle 3 neaa.l’ fve o\a.mping-

RZSPOY‘)SQ Frows ex-looneni'l'a,ulj.

CC) T = 1 = 02222 (Over‘AOvh"Feoi)
oo 62 (4-4721)
@) T = 3 = ©0.25 CUnO\@mPe‘J )
1o (4°0)
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2.164

(a_,) Im
y, 8
@ 54
4 |0
I3 —SL'
Stable.

underdamped.

(b)

oscillatory response .,

)

Im
A
SA‘ =3 @
r = Re
© 4
-5i 7t ®
Unstable.

Response grows

exponentially.

}Em (A) Im
N
—@—e—s b 5 > Re & S —> Re
""‘l)"q
stable. stakble.
Response will nof 1l wok
Aate RQSPOnSe will no
ofciliake. oscy llate,
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c":a.ra.ctern‘sh‘c ezua.tu'on:
A%+ A+ b =0

where
o = C/m

b= */m

Roots of Eg.(1D:
2
—a*+ o' —4b
A =
2

o.:n.el

o
__3i

J(§) -+

)
(2D

(3)

CY)

amd /i‘ amd By QN2 i g,em.ﬂh.-al, comP'ex numberg-

Solution of Ep. (1) com ke exlores're,cl oA

At At
w((t)= C e + C, €

where C,a.m.al C, ane c_:.m.&ﬁfrvti

]

when £, omd 3, ane both real amd

(5

‘\Aa,‘HTe

selution in E? CS') wﬂnroa,ches Zere a.Sij{'o'l:n‘caL%.

3overnecl "j the reeald chi’ ot the

f S QJ'I'\-A 52 o cc'mFIex) fl’\e rsm of s‘olu‘k'g‘oh (s

Yeots. I.f read

port 5 negalive , the solution m Ep. (57) I

osc(“w‘forb amd a.dvdarea—dmu Zero
The stability of

M‘tq o<,

Lm (/5)

\\\\\\\\\“‘:\4K , , y,
the swjdzem m SOONO N NN K /, // )
. . \\ ~ N \\ / V; Vi Y /
{"'\e S-Pla\'\e i S Agymro- N / / Uns{—o‘hle ,
. —t.ca.uj\ Lo 4y
shown in table ~ 0,0, 0 Rets
Sta N v /oy e )
. o N N S~ L, o s s
Fls' - \\ - ~ P 7 / 77
~ N \ ~N ~ 4 / ) /
~ N N / 7 / 7 /
~ ~ \ N P / / , ’
Baunala.rg of N \\/ R AR
stable rejmn\ A
~ / ’
i ~ O S \\/ A A A
Fljﬂf’e Qv L \‘ \\\\ \\ /, // / / / VA4
\‘ . ~ J
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The stahility of the system in the parameter
space cam be indicedtd oy shorn fa Fig - b.
,When a<0 amd b>0o (fourth guadrant), tThe

curve (%:_)z_b =0 ,se,apma.iig the &Aaﬁha.mf
into fwo regions. Tn the top pant (above the
Fa.ra,LoLa,), thke reots 4, amd 3, will be complex
conjugate with positive real pant . Hence the
motion will be dt’vergt’nj escillations,
In the bottom part ( below the Fa,robola. curve)
both s, amA s, will be real witt ok foast one
pesitive root. Hence the mation A:‘verﬁeg

without oscillation.

s When a>0 amd bs>o (Sirst v,..a.abmam*.‘n F.'j-B):

The curve given by (;}){_ b = o (Pa,ra, bola)

Se perates the U.w.clh.awv‘: wte Two regions . In
the top region, (%"’_— > k) A amd 3, will be
read amd nejcui::ve- Hevice the motion decays

witkout escillations (a..‘aerz‘oali'c Aeca.g).
2

In the Y‘ega‘c_m % <b, A omal 5, will be
Com F‘e.x conjugates with ne_jaﬂ:(ve real Pani‘
Hence the response is osc(((o.i-o\:tj omd decays
as time increases. .

Along the boundary curve (% ~b =0), the
voots £, amd S, will be dentical with s, = £,= 5.

Hence the motion cieca—gs with time +.
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When o=o o*.m.ﬂ‘ b >o 5 the roots A, amrd /92 wi”

be pure imaginary complex conjugalss . Hence the

motion is escillotory (formonic) amd stoble.
. When b<o (second amd third guadrants),

4, and £, will be Fosf‘l:u‘ve omeal hence the response

diverges with no oscillations ; +hus the motion

is unstable.

& (&)’ 5 )
R N N VNN 2
O S AN N
vN N v N N ML Regponse =< N
\ e ~
\\ N \\\\\\ \\\ \__c(eca,yg : ;‘\_.-\\ \\\ .
AP RN \\_ with na N ' o
\\ NN \\\\-oic.lla-j—\ ‘(Q')<b\ \
\ AU NN Np-HionSyt
NN C
\\ \\ '\ \\ Moo N ///\\ \2\ A\S?‘h’i e\f'kﬂ{‘%
\ AN ‘ o b
Y N A — — - o N\
\ \)n s‘f'ab”\g AR ST z)
\

AN Eoscw\“ﬂfow dieog)
(D'V\erﬁehge S & NN > > > b
N\ = : N i\

. N \ Wl+h N < \\ . \sta&( za,: O)\
L] \ ..'
N r\b\of‘c i Nq}hQng}\ b>o
NN N NN Ung{"a)p \\
N NN NN
A NN s
N AN \ N ~ A
~ \ N N N AN
N AS AN \
« NN v NN
NN A N
AN \ N\
N b ~ \ N N A} A
\
NN\ \\ \\ N \\ >
\ N\ ~ Y N N

2-154

© 2017 Pearson Education, Inc., Hoboken, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.



Cf'sa.ra.c'):e ri'stie ezua-h'on :

24°+ cs5+ 18 =0 (D
Roots of EZ'('>’

s = -cz Py (25

I, 2
4

At c=0, the roofs ane given by A2 = + 34,
These roots ome Showm as dots in Frg. a. By

increasing the value of €, the roots cam fre Foumd
ot Showm in the _fro“eun‘nﬁ Table .

G Aa A

o + 3 £ —34

2 - 0:5 4 2.964 —0:5 - 2.9¢ 4
4 - 10 4 2:-83;

- {+r0—- 2-83 ¢

- 2:0 4 2:24 + -2.0-2:24 <

— 2S5+ 1-20 4 - 2.75 —(-20 4

—-3.0 — 30
' -3:5+1§0= -1'70 | _3.5 _|.§0=_5.30
20 -850+ {ro= -0 - 50— 40 = — %0
loo | _95. 0424 92z—-0'18| -25-6~-24-82=—49.82
l0oco | _ 250 +250 ~ 0 — 250 —250 £ - 59059

Root locus is shown ir Fl'3= o .
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- Re

Problem 2166 Root locus plot with variation of damping constant (c).

Fl'ﬁ . (@)
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2.167

—

Characteristic ezucuh'on :

I
2/‘>z+t2/s+4<’—'o (>
Roots of Ep- (1D
_ -2 Jigu - 8K 2)
Ay, T
4
oY ()
- _ ' 3
AT TREANI- Lk

Since K cannot be negative, we vary « frem o
tt co. When =19, both 4, ard 2, arve
redwwﬁ—s. In the range o< ® <18,
both £, amd £, will be real amd negative.

When &= o0, A= 0 and A= —@. The variation

of voots with increasing values of 4« is Shown
. the following Tokle amd alio in F"j' .

* A Al

@) o — 60

{0 —1-6 -~ 50

18 -3.0 — 3.0

20 —3 4+ 4 -3 -«

40 -3 +3.322% —3 —-3'324
loo -3 4+ 640 < -3 — 640«
looo -3 4+ 22164 -3 - 22.16«
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k= iop

Problem 2.167 Root locus plot with variation of spring constant (k).

Fig. (&)
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Chavacteristic egu ation:

m A 41248 4+ 4 =0 €
Roots of Eg-('>‘
2+ Jl4y— 16 m
/xl"z" \/ (2)

2vn

Since negahve omd 3ero volies s’l; m oare noft
possible, we Vel in the range 1»5 ™ < Co -

The roots given by Eg- @) ene gliowm i the
fo“owl\nj Tokle omd olso Plof{:&al ' F,'a. o .

m A A,

1 —0:-345 ~ 11-655

4 -0-38 - 2:62

8 —o0-50 -l a0

S — 067 -0*'67

10 -0:6 4+ 024 —0'6 —0-2 4

20 | ~0:3 4+ 0-33 ¢ - 0:3 ~0+33

160 | —0:06+0-19< — 006 — 0:1%<
500 | -~ c.012 466894 — 0012~ 0:089 ¢
1000 -0.006+0063(| — @006 — 0:063 ¢
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Migration of s; as
m increases

/31:ng

-0:67
for m= g

Migration of s,
as m Increases

Problem 2-168

Root locus plot with variation of mass (m).

F ‘.3 (@)
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@ m=20 kg, k= 4000 N/m

Gy = J—f; = ;i%%"- = i4- 421 rad [sec

Ampli{:u.ales of Successive cycles : 50, 45, 40, 35 mm 3
Amplitudes of successive cycles diminish by Swmm=s5x0 " m

System has Coulomb c’aﬂ'np.‘ng. 5
-3 - 5 X0 ) (4-000)
4N - 5% #/‘*N-{( % }:51\1

*

=o‘a—mpinﬂ force
Fre?/u.ehcj of Ja_mpeo[ vibration - 14-14 2] ra,ol/sec.

@ m= 20 ‘kg; 4= 10000 N/rn > 4":” = 150; 100 mwm = lZ'SxISB m

p= (12.5 x10” %) (10 000)

= 0-1593
4(20x9.81)
Time elapsed = 4 Ta=4 x 5= = 8T |30 = 1.424 sec
m= 10 ¥k , K= 3000 N/m , P=012, X =400 mm
N .
i,t—: 4'(0 ‘2-)((Oxﬂogi) 0-04ST ™m = (57 mm
* 3000

As 6(4&“‘“) = 94.1 mm, T™ass comes to rest at Qoo-94.2)=5-8 mm

' mg = 25N, 4« = tooco Nfm , da.*mpfnj force = constant
Mass rveleased with x

o = 10 am and Ko = O,

. : 5
Static deflection of spring due to self weight of maess = l_zcgo
= 0:025 m

ak t=o: X=9g«Lm , 2 =0

xof-Ov'
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}:N _ g MN _
13—; a’o— 64( 2 'xq’— zo—‘ ————"}; ....O
Y- ‘Xo.—. 8 Z N - o-|
- . N XoK _ (o- 1) (1cc0)
Ma.jnf‘l:uo(e o;e o‘aam]unj _-Forceg-, /-4 = _——8-- 3
= {2:5 N

-

4= 10,000 N/m MN = 50 N, X,= 0-05 m

’ m= 20 1:9 5
Q») Number of half cycles e’wpse::' before mass comes to

s given b
rest (r) is giv y (50 )
L o } 0:05 = \6600/ _ 4.5
s
2 }AN |o§oo>
r=5

Q) Tme elmpsea' before mass C.omeS‘ to rest -
= 2'”'\) =2T [Ts000 = @-2810 sec

Time taken = (2-‘5 cgrlo!) tP = 07025 sec
) Final extension of Spring a.ffer 5 ﬁa,Lf-c,gc.{_cs:

50

- _ 5 [zMN -

Xg = 005 __ﬁ"__ =05 . 5(2 loooa> o
mPoSLtton—o

(d.grla,cemen& from s{:a.t;c eguilibriu

1
But static deflection = T& = 2o0x %8l _ 4. .01962m
= lo ooo

.+ Final extemsion of spring = [.9620 cm.

@) Ezunifoh ok mdion  for o.rru.}u.ﬂ-GJ’- ovcllolions o Fendu.‘.um=
3;6-#-\’“31/:%6_“013—#‘4-(9%6:0

This shows that the am—gzl- m-.; eonnses
Thie, % 5? (-z)

(b) For wotion from right {;, left : s
B(k) = A, wh Gt + Ay #n ot + 5T

where 5 - [mg!

%,
Let gle=0)= 6, amd 8(t=0)=0- Then Ay= 6, - 77
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d
= - luA t + P
8 (t) (9, ,2_2_3 cos G, £
For wmotion from legt to right: ]
8(t) = A; cos 3t + A, sin Gt — /;_2
At w"tz ™ e= -6, t _225-;- > 6 =0 from Pr‘e.vious solution
- g - 3pd _

9) = (o, - 2E4Y cos 5,t - ﬁ;‘[

d
_m 4pd £
e, n T )< T
les.
2x(t)= X sinwt (unaler sinusoidal Fforce F, sin cat)
Da.mpmj force = /uN

Total digplacement per cycle = 4 X
Energy d.s's«pa_ted per cyele = Aw = 44N X (Ey)
if CeZ = ezw‘va,(en't viscous damping constant,
dissipated per c#o&_ is given by Ep. (2.98):
aw = T g0 x° _ (E2)
Ezua;\‘:{nj (E,) and (Ez) gives

©) The wmotion ceases when (

where n denotes the number of eue

energy

C, = i[l_ﬁi_ - —_j-_/b\_'\-l__ . (E.?)
33 ™S XZ & T @9 X
Due to viscous damping : i
&= Z“ (Xm-u = 2Ty

3, = Percenf decrease in amplitude per cycle at Xp

Xm = Xme X+t -2TTY
= 100( X0 =100(1-'—>'<‘;‘ —(oo(i—e )

Due to Coulomb dampn‘ng

3. - ercenf decrease in a_rnpl itude per cycle at X..
Xen = Xm et 4' Z N
= 100 X ) = |jQ@0O
When both types of cla.mp.‘nj are preSent.

?. = .
o+ 2|x,,,= 20 mm 25 37-’-5'7'\)('

]
W

m= o mm
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ve-

? N
-2TY 400 M _
100 ("‘ 4 )+ 0. 02 ( "‘) = 2
-2 T 400 N _
feo (1—6 >+ ool (ﬂt > = 3

The solution of these eguations 9gives

€
-2 N _
50 (1—ezwr)=o-5 omd /‘7‘"0'5"” ™

\ Coulomb damping.
l 9 .
/ (a) Natural frequency = uwp = 2T - = 6.2832 rad/sec. Reduction in

Tn
amplitude in each cycle:

_4uN _ m _4pg _ 9.81
= =dve = 4“[6.28322

=95 =0.005 m
100

Kinetic coefficient of friction = g = 0.00503
(b) Number of half-cycles executed (r) is:

(Xo—%\l) (r0 — =)

n

r> =
ELN)  (2EE

Wwn

0.1

6.28322

[2 (0.00503) (9.81)]

_ 0.00503 (9.81) ]

6.2832?%
> 39.5032

> 40
Thus the block stops oscillating after 20 cycles.
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* 16,000 = _ . 359 rad/s
ooy 44.72135 /
27r 27T
= — = = o.l4o4 97 A
W 44.721359 Ho4

Time '("ovi‘en 1’o COmFIP{:e (o Cg,cles = 10 'Z."h
= (40497 s

h"\ = x (£)
(w) o=30 |

= N % x
Nz mg cos & o e
Ne' ___LLL~_
mJ
mys.‘ne
ca ke {: Wken Xz + and = = + or x:—wnﬂ(%:-(-

m"wz =~21<7(-—/UN+m?sin9
“°0w - . '(
oy mx 4+ 2 kx = -t mg cos © + mgme (E )

case 2 yhen x= + amd Xx= = of  x= - amd 2= -

M = —24x+ PN + MGSsin g

(e-2)

or m¥ 4 24Hx = pmg cose + mj sin 9
EZS (E- 1D ares, (e 2) can be written as o S\'nj(e
e&ua}tloﬂ a’ .

N + pmg cos e /th(?()-{- 2 4 x + ™9 5\29:)
E:3
(b) x- o\ m, 'xoz Sm/,

! ,/mzo: 7.071068 vad/s

Selubron of Eg - (E-1 fmy cos o
x(t)= A, cos Wt + Az Sim Wht — %

+ m9 Sin © (2’4)

te
Solukion of Eg. (E-2):
- mg Sin &
7‘('&)= A?, os Wat + Agf Sin C&nf + /‘miCo + j'k
(e 5)

2-165

© 2017 Pearson Education, Inc., Hoboken, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.



Using the initirad conditions in each /ﬁaif c;tcle, the
Asand Ay, are 5 be found.

constants A, and A, or

For example, in the first halg cyele, the motion
S.fa,r"lis from le:ﬂ: toward r‘.‘akt with x°=0-la—nﬂ(
x,= 5. These values can be used in Eg. (E-‘!)

£md A, and A, .

Friction force = puN= 0.2 () = 1 N. k = %— 250 N/m. Reduction in
~ amplitude in each cycle = 4 iN = 423)) = 0.016 m. Number of half-cycles

executed before the motion ceases (r):

_uN
>x° k| _01-0004 5
T=|T 24N 0.008

k

Thus after 6 cycles, the mass stops at a distance of 0.1 - 6 (0.016) = 0.004 m from
the unstressed position of the spring.

Wy = ‘\/-——- \ / 230 (9 81). _ 99,1472 rad feec

= 0. 2837 sec

Thus total time of wbratxon = 6 7, = 1.7022 sec.

\ Energy dissipated in each full load cycle is given by the area
enclesed by the hysteresis !ooP-

The area can be found By coun\‘:t'ng the sguarers enclosed by
the hysteresis Ioop» In Fig. 27117 , the number of spuares is

~ 33. Since each sguare = !2.%010-‘ = 0.l N-m, the
ener dissipated in a cycle

31-{ 1P e in cg- £8 .

AW = 33 x 0r{= 33 N-wm -_-.-'n’kpx

Since the maximum deflection = X = 4:3 mm, and the

slope of the force-deflection curve is

- |8co N 5
k= —;T—r—n-; = 16364 x o0 N/!’ﬂ,

the -‘\jsteresrs da:m’pu'nj constant F is given l:j
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AW 3.3
P— TV £ xz

= 3472
T (1:€364 x10°) (.,.0043>2 0-34
8= TR = lcja.rh':krm'c decrement = T (0-3472) = [.0908

Ezu.a'\/a.-len{' viscous o{a.-rr\ru'ng ratio

= 3—3@ = /3/2 = O"736.
/

§t1 -

Ceg = P Jmk = o0-03032 Jixz = 0-04288 N-%/m

2 —
AW= T kf x2 = 7 (2) (c-03032) (':,':o = 19:05% 165 ¢ N-m
Loao_r;-&hm.‘c decrement = § =. !M (X;- ),:._, -K(g,
. Xivd
2.183 For n cycles, § = __4.,"_\_ I %) ~ :P

=5 L"('z—o) = 0-004 2

\

DA

. = '—c')—gﬂ.,z-s.—_o.oosuezs
e= T b
<
, 2060
o 4. Sk _ (po0081629) @0 wa
T ™
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@) Eaua,h'on of molion:
é. + 35—- Sin® =20 )
Linearizokion of sin 8 abkoul am o.wb.‘h—a:vg_ volue

9, using Taylors series expansion (and refatning

cr\ly u.go[”o tte Ainear Term) :
Stn @ = Sin 65 + CoSO,- (8= 85 + (2)

Bjdef.‘nt‘ns Q/ = 9-9‘:5 Ae 'Hﬁ'a-'f 8 = %1-eo w;f‘ﬁ'

6 = g ard @ = % , We can express Eg. (1) of
.o 9 )
g + _:q_ (Sm 0, + 6, co$ 90> =0 (3)

where 9/ , sin @, amd of @, are constants. Ep- ()
is the desined  linaon e?/u,al::—ah-

(b)Y At fke E‘UM/LL"‘-W (r‘egcerence) positions indicated

Ge= MW ; n=0,=L T, £2T,... CD

Sin g = Sin 6, = O Hence Ez(i) teres the form

é+%cosee§v =0 (s
The chonaclincalee e&ua.:l'con COrrechnJ:‘ns te Ep- CP)
'S

51+__%',cosee =0 (¢)

The roots of Ep- (6D axe

A= :t\/—- 3(’;‘6;‘ 7>
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For 8 =0, 4= :L—_i\/;’? )
!

Both the values "Z S ane “ma.aairwm# . Hence the
s’gsf'em s neufra,ll:, stable.

et

)2
Here one value of 4 & pesitive od the other

Value a’é A s neﬁaﬂw (l,o'#,’ one m.a-l) Hence
the system is unstakble.

For Oe= T, 4£L= + F (9)

ALTERNATIVE APPROACH:

The potential energy of the pendulum is given by
V)=V - ™9 os 6 (19

e

where V, is o constant- The e—U.u?L.b’u:wm /Sfom,
0= e , of Ep-Qo) ane given by the Atofeonary velue
6’& V(e) :

é_Y_ = Ti Siné =0 o
de g
Roots of Eg. (1) give the eppilibrium states af
Ge= NT ; m=0,% 1, £2,. - 25
Second derivative of V(e) is
V. _ m3 (13)
do? i cos &

positive for g =0,2T7, 4T >---
{hescuh've for o: ™, 310, ...

T('ms the Fotenfta} ene)% IS minimtm oJ’ ee = Q)ZT‘-—)

4 T, . amnd Maximum gk @€= T, 3T,..
Hence the pendulum is stakle ok 6,z0 amd wnibole ok
B = T
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@) Eeua—‘t‘\'ov\ of motion:
Mass moment of nertia of the circular d sk about
point O is T+ ML= Jy. (1)
Mass moment of inertia of TKe rod akbout pa.‘fvt' 0

s Je= ','.{""lz"‘m(_y‘{)z _ %m£2 (2)

For small a.m-?wla)-

disp(a—cemenfs (8) of He
rigid bar sheukt tre jp ivet
point O, ke free body

otia-‘?/"—a-m iS Shown F"j'c“'

The eg/-»nifan of motion for
the c.mg‘.d.ah motion of the

\“t'gfot bo.r using Newton's

second Laws of motion,is:

(‘Tr*'a;() 6 —mg-’i— Sin ©

F—‘;g ure ov-

-MgL sSine ¢+ cx Lete
+ k2x Lt e (3D
Stnce 0 (s small, Sin O ¥ 6 omd WSO =1. Thus

Ej-(3) cam be expressed as
Q'r*'Ja)é‘—"_‘%g.e-—MgLe-(-cLl.p «L* =0 “)
Eg ) com be written o

J'oé'.q-c',ce'-(- %, @ = o ()

where
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Jo: J-r-f- Jc' (6>

Cp=clL’ 7)
k%=_m3L_M3L+k‘—z (8)
2
d’) The characteristic eaua«h‘on 3Cor tke W“’"
Wa“ (5) is given by
J'OA?'-f- CE/S+ 'kt -0 (?)
Wheose roots ore given By
Z
- C, £ C, — )
A (o)
2 J,

It can be shown (see Section 3.11-1) that fthe
system will be stable if Cp amd 4y are positive:

In Ezocft‘), C{_7O sk J'o >0 Wl";le k‘b Z 0
onlywhen k12 5 mal Ly (e, when the

3

moment due 1 Hoe ?-;Ma'unﬁ £ree a'L, Hz /Yp-"“ﬂg

is Lg-"'-?"" tham the moment due to the 3ra..vi+5
Force)
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N % Ex2 187.m
2.187 % This program will use dfuncl.m
tspan = [0: 0.05: 8];
x0 = [0.4; 0.0];
[, x] = ode23(’'dfuncl’, tspan, x0);
plot(t, x(:, 1))
xlabel('t");
ylabel (‘x(t)’);

% dfuncl.m

function £ = dfuncl(t, x)

u = 0.5;

k = 100;

m=5;

£ zeros (2,1);

£(1) x(2);

£(2) = -u * 9.81 * sign(x(2)) - k * x(1) / m;

T T R R T A T TP TR TR T T
: | - X3

% Ex2_188.m

wn = 10;
dx0 = 07
x0 = 10;

for 1 = 1:101
£(i) = 2*(i-1)/100; . .
x1(i) = (x0 + ( dx0 + wn*x0)*t(1) ) *exp (-wn*t (1))
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x0 = 50;
for i = 1:101
t(i) = 2*(i-1)/100;
x2(1) = (x0 + ( Ax0 + wn*x0)*t(i) )*exp(-wn*t(i));
end
x0 = 100;
for i = 1:101
t(i) = 2*(1i-1)/100;
x3(1) = (x0 + ( dx0 + wn*x0)*t (i) )*exp(-wn*t(i));

end
x0 = 0;
dx0 = 10;

for i = 1:101
t(i) = 2*(i-1)/100;
x4(i) = (x0 + ( dx0 + wn*x0)*t (i) )*exp(-wn*t(i));

end .

dx0 = 50;

for 1 = 1:101
t({i) = 2*(1i-1)/100;
x5(1) = (x0 + ( d&x0 + wn*x0)*t (i) )*exp(-wn*t(i));

end

dx0 = 100;

for i = 1:101
t(i) = 2*(i-1)/100;
x6(i) = (x0 + ( dx0 + wn*x0)*t (i) )*exp(-wn*t(i));

end

subplot (231);

plot(t,xl1);

title(’x0=10 dx0=0’);

xlabel('t’);

yvlabel ('x(t)’);

subplot(232);

plot(t,x2);

title(’x0=50 dx0=0");

xlabel('t’);

ylabel ('x(t)');

subplot (233);

plot(t,x3);

title(’'x0=100 dx0=0"');

xlabel(’t’);

vliabel ('x(t)’);

subplot (234);

plot(t,x4});

title(’'x0=0 dx0=10');

xlabel('t’);

ylabel ('x(t)’);

subplot (235);

plot(t,x5);

title(’x0=0 dx0=50');

xlabel (’'t’):;

ylabel (‘x(t)’);

subplot (236);

plot(t,x6);

title('x0=0 dx0=100");

xlabel(’'t’);

ylabel (‘x(t)’);
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x0=10 dx0=0 x0=50 dx0=0 x0=100 dx0=0

10 50 100
8 40 80
6 30 _ 60
g 2 g
~ 4 20 40
2 10 20
0
00 1 2 00 1 2 0 1 2
{
x0=0 dx0=10 x0=0 dx0=50 x0=0 dx0=100
0.4 2 - : 4
0.3t 1.5 3H
Zo.2 g1 g2
0.1 0.5 1
0
00 1 2 00 1 2 0 1 2
t

0, Ex2 189.m

wn = i-O;

zeta = 2.0;

dx0 = 50;

x0 = 20; X .
cl = ( xO*wn*( zeta + sgrt(zeta”2-1) ) + dx0 )/( 2*wn*sqgrt(zeta”2-1) )i

c2 = ( -x0*wn*( zeta - sgrt(zeta”2-1) ) - dx0 )/ ( 2*wn*sqrt(zeta”2-1) );
for i = 1:101
£{(i) = 5*(i-1)/100; .
x(i) = cl*exp( (-zeta + sqgrt{zeta”~2-1)) *wn*t (i) )
+ c2*exp( (-zeta - sqgrt(zeta”2-1)) *wn*t (i) );

end )
plot (t,x};
xlabel{'t’);

ylabel ('x(t)’);
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20 T T T T T T T T T

18F -

Results of Ex2_190.m

kkkkkkkkkkn anmRRRAKRI TN KT R ok

>> program?2

/ Free vibration analysis

of a single degree of freedom analysis

Data:

m= 4.00000000e+000

k= 2.50000000e+003

c= 0.00000000e+000

x0= 1.00000000e+002

xd0= -1.00000000e+001
n= 50

delt= 1.00000000e-002

system is undamped

Results:

i time (i) x (i) xd (1) xdd (i)

1 1.000000e-002 9.679228e+001 -6.282079e+002 -6.049518e+004
2 2.000000e-002 8.756649%e+001 ~1.207348e+003 -5.472905e+004
3 3.000000e-002 7.289623e+001 -1.711420e+003 -4.556014e+004
4 4.000000e-002 5.369364e+001 -2.109085e+003 ~3.355853e+004
5 5.000000e-002 3.115264e+001 -2.375618e+003 -1.947040e+004
6 6.000000e-002 6.674722e+000 -2.494445e+003 -4.171701e+003
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44 4.400000e-001 8.425659e-001 2.499931e+003 -5.266037e+002
45 4.500000e-001 2.555609e+001 2.417001e+003 -1.597256e+004
46 4.600000e-001 4.868066e+001 2.183793e+003 -3.042541e+004
47 4.700000e-001 6.877850e+001 1.814807e+003 -4.298656e+004
48 4.800000e-001 8.460003e+001 1.332986e+003 -5.287502e+004
49 4.900000e-001 9.516153e+001 7.68285%9e+002 -5.947596e+004
50 5.000000e-001 9.980636e+001 1.558176e+002 -6.237897e+004
x104
8 T i ] ] ) )
61 xdd(t) ~
41 B
2+ 4
g
=0 -
3 ] x(0) 7
g
2 R
A -
6 -
-8 I ! - ! ) 1 ]
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Results of Ex2_191.m
**************;*************

>> program?2

Free vibration analysis

of a single degree of freedom analysis

Data:

m= 4.00000000e+000
k= 2.50000000e+003
c= 1.00000000e+002
x0= 1.00000000e+002
xdO= -1.00000000e+001
n= 50

delt= 1.00000000e-002

system is under damped

Results:
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i time (i) x(1i) xd (i) xdd (i)
1 1.000000e-002 9.704707e+001 ~-5.547860e+002 -4.678477e+004
2 2.000000e-002 8.940851e+001 -9.485455e+002 -3.216668e+004
3 3.000000e-002 7.854100e+001 ~1.203024e+003 -1.901253e+004
4 4.000000e-002 6.575661e+001 -1.335030e+003 -7.722135e+003
5 5.000000e-002 5.218268e+001 -1.364393e+003 1.495649e+003
6 6.000000e-002 3.874058e+001 -1.312202e+003 8.592187e+QQ3
4.5 4.500000e-001 -4.071590e-001 3.283U84e+000 1.723973e+002
46 4.600000e-001 -3.667451e-001 4.698554e+000 1.117518e+002
47 4.700000e-001 ~3.150951e-001 5.542443e+000 5.837337e+001
48 4.800000e-001 -2.575358e-001 5.894760e+000 1.359090e+001
49 4.900000e-001 ~-1.985409e-001 5.844858e+000 -2.203340e+001
50 5.000000e-001 -1.416733e-001 5.484453e+000 -4,.856551e+001
x10
100 T 400 T 2 T
200 I
1L 4
80 -. 1 xd(t) xdd(t)
o_ -
0_ -
60 4 -200f .
-400F 17 1
40- -
-600 7 oM -
201 4 ~800ft 7
3 .
x(t) -1000; .
of . 4 il
-1200-U 7
-20 L -1400 t -5 L
0 0.5 1 0 0.5 1 0 0.5 1
t t t
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-Results of Ex2_192.m
hkkhkhkkkkhkrkk kXX XAXTXRTTT s ko kdkhkk

>> program?2

Free vibration analysis _
of a single degree of freedom analysis

Data:

m= 4.00000000e+000

k= 2.50000000e+003

c= 2.00000000e+002

x0= 1.00000000e+002

xd0= -1.00000000e+001
n= 50

delt= 1.00000000e-002

system is critically damped

Results:
4
100 . 0 . (X10 |
%0 e I T 1 05F xdd(t)
8o 4 -200} 1 ok ]
x(t)
70} { -300f 4 -05H .
60} {1 -a00f 1 a4 _
50 4 500} Y i
40t 4 800} 1 2 i
30F 4 -700 1 25 i
20+ 4 -8004 - 3l i
10F 4 -g00f { -85} 1
0 : -1000 t 4 L
0 0.5 1 0 0.5 1 0 0.5 1
t t t
i time (i) x (1) xd (i) xdd (i)

.727222e+001 -4.925915e+002 ~3.616556e+004
.085829e+001 ~7.611960e+002 -1.872663e+004
.252244e+001 -8.868682e+002 -7.233113e+003
.342874e+001 -9.196986e+002 9.196986e+001
.432033e+001 -8.946112e+002 4.530357e+003

.000000e-002
.000000e-002
.000000e-002
.000000e-002
.000000e-002

eo o UNIihWNPE
kW
O\~ 00 W\WO
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44 4.400000e-001 1.996855e-002 -4.576266e-001 1.040098e+001
45 4.500000e-001 1.587541e-002 -3.644970e-001 8.302721e+000
46 4.600000e-001 1.261602e-002 -2.901765e-001 6.623815e+000
47 4.700000e-001 1.002181e-002 -2.309008e-001 5.281410e+000
48 4.800000e-001 7.957984e-003 -1.836505e-001 4.208785e+000
49 4.900000e-001 6.316833e-003 -1.460059e-001 3.352274e+000
50 5.000000e-001 5.012349e-003 -1.160293e~-001 2.668750e+000
Results of Ex2_193.m
***********xn—xa_ nnnnnn khkkkk Kk
>> programa2
Free vibration analysis
of a single degree of freedom analysis
Data:
m= 4.00000000e+000
k= 2.50000000e+003
c= 4.00000000e+002
x0= 1.00000000e+002
xd0= -1.00000000e+001
n= 50
delt= 1.00000000e-002
system is over damped
Results:
x 10"
100 T 0 T 0.5 T
xdd(t)
90 - (\
-100F xd(t) i oh i
80 .
70 b
=200 . -0.5(1 .
60 -
50 4 -300f - ) |
40 .
-400 4 -15f -
30 .
20 .
-500 . 2 1
10 8
0 L -600 ! 25 L
0 0.5 1 0 0.5 1 0 0.5 1
t t t
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i time (i) x (1) xd (i) xdd (1)

1 1.000000e-002 9.764929e+001 ~3.945541e+002 -2.157540e+004
2 2.000000e-002 9.294636e+001 -5.205155e+002 -6.039927e+003
3 3.000000e-002 8.756294e+001 -5.463949e+002 -8.734340e+001
4 4.000000e-002 8.214078e+001 -5.344391e+002 2.105923e+003

5 5.000000e-002 7.691749e+001 -5.090344e+002 2.830006e+003

A5 4.500000e-001 5.281309e+000 -3.537806e+001 2.369881e+002

46 4.600000e-001 4.939118e+000 -3.308581e+001 2.216329e+002

47 4.700000e-001 4.619098e+000 -3.094208%e+001 2.072727e+002

48 4.800000e-001 4.319813e+000 -2.893726e+001 1.938429e+002

49 4.900000e-001 4.039920e+000 -2.706233e+001 1.812832e+002

50 5.000000e-001 3.778161e+000 -2.530888e+001 1.695374e+002

% Ex2_194.m
$ This program will use dfunc2 194.m

tspan = [0: 0.05: 12];
x0 = [0.1; 51;
(t, x] = ode23 (‘dfunc2_194’, tspan, x0);

plot(t, x(:, 1));
xlabel('t’);
ylabel ('x(t)’);

% dfunc2_194.m
function f=dfunc2_194(t, x)

u=20.1;
k = 1000;
m = 20;

g = 9.81;

theta = 30 * pi/180;

f = zeros(2,1);

£(1) = x(2);

£(2) -u*g*cos (theta)*sign(x(2))
06 T T T

- 2*k*x(1)/m - g*sin(theta);

T T

0.4 -

021

x(t)

=
N
T

.
[=
e

T

-

L

=

[32]
T

1

o
Y

10 12
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The eguations for the naturel freguencies of vibration were
Jerc’veol in Problem 2.35.

ore,ra,'l:fng spee.c' of turbine is -
_ 2T
Iy = (2400) =

= 251.328 rod/sec
Thus

we need o satisfy:

w"la.m’»l.:{ 31AEw)}'/z g

Ww(f—

()

-] (Ei)

se1 fg A
{W a} ( l_ 04)3 } Z CJO (EZ)

X I
P ltransverse

QT /1 i Va
) = (— + —
" ct'rCumferen‘i'fa-L Jdo o [—w)} P4 &3, (E?')
2
where
A= 11'_40[ ) W = (000 x7-81 = 9810 N,
Aq ¢ d?—
L= _-6'4- P J = ﬂ;z p) Jdo = Soo kg - mz,
and. E =

= 207 x10 N/m’- S

The wunknowns

G= 793 xto” N/m% (For steel),
d, 2 Q.rru:? o Can be determined to

satisfy the inegualities E), (Ee) onmd (E3z) using =
trial awrd error procedure.
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t
From solution of ProHem 2.38 , the
reZ“iremer‘tS can be stated af:
12 ET )
%) J , -
n f,.vo‘l: ends ‘/;3 ( .%T— . m%,> = o, (E,)

. 4
Where E = 3oxlos}:$f s I:-z—,-;-_- [44—- (J—zt) ]

9 \ 48ETL '
n . - (49 (Ez)
:anea’ ends 23 (% + mqu) = A
with
Meff 1 ,
2
m = mais O‘E each column = %_r—[clz“ (4"7-1&) ]'—‘2& P

=(0-2357 M), Mgy, = (0:3714 ™),

F = 0293 u//bng, 2= 3864 &‘/secz:

Q’: g‘"‘zﬁ‘- o‘g— column = 96 in.,

W = Wweight of Llooy = 4000 4,
> E
% = wefs‘ﬁ"' O‘.F calumhs' - 4{:4"_‘—. [&1_ (4—2.'*3) ] lf} (- 3)

Frg%ueth Q:W:t = C‘ﬂo = BpxaT = 314 -6 ro-ﬂl/sec .

Problem - Frnd d and t s« ch that W given By
-------- EZ‘ (EB) s m;nl'mi3eal W"ll‘le Saffsfy IINj the
fnezua.l-‘-&?es (D) arnd (E2).

This Prcblem can be solved either Ly gmfhfcp.l, oph'm:'ja,h'on
or by using a trial and error Proceo!ure.

(=]

~ z 2 2 2 : M
= mb ml L mpPatmd e mlL m
T R e e/
/(i) Viscous ala,mpflqi;. 9 :‘ .
..................... ‘ |
.k —
wn= i(-—.b— —] t - e =]
Y % ';‘.‘mfz-l- mAl --- (E2)

(Cf)cri = 23,0, = 2K kg --- (€3)

For critical damping , E5. (2:80) gives
. -, t L (E )
o(t) = {60-1-(601-&5,.9,)'&}& 4
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Fox ©,= 75° = 1309 vad oamd 6, =0,
s, t
e(ty= (1-309 + 1309 Wnt) e n

—— (Eg>

For @ = 5 = 008727 Y‘O—J; Eg - (E;) becomes
— S, t

0:08727 = (:309 (1+ Wyt) e --- (EG>
Let time to veturn = 3, ec. Then Eg . (Eg) gives
0-03'77.7 — ’-307 (' + 2 C_Jn e_zwh _—— - (E7>

Solve (E'-y > Ly trial and e rror to Fornd 3y . Then
choose the values of wm, M a~d i to get the
desired value of @, - Find  the afa:mpfng constant

COP using Eg. (Ez).
() -f;c-:“ow the procedure of part(i) to find the value

of W,
(b) Derive expression for the ezm‘va,lenf: torsional viscous

Ola-T"‘P"ﬂg e_anﬁ:a.n‘t' (C*)QZ for Cou[omb a[a'm;n'ng. Thes

expression , for small oarmounts of oﬂa:h-«kn‘ng, is
<°f>ez={4—':t/‘rrw,,®} --- (&)

where T, = Friction (clﬂ-Y'thl'l3> torgue and
® = a.mph'éude of angular oscillations.

(@ T (4)ey is to be egual to (Ct),; = 2V % ki
we find

T= T2l (2n &) --- (&)
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f the mass (lunar excursion module), X, =

Let x = vertical displacement o ] :
@ resulting deflection of each inclined leg (spring). From equivalence of potential

energy, we find: ,
L= stiffness of each leg in vertical direction = k cos® o

Hence for the four legs, the equivalent stiffness in vertical direction is:

ke =4k cos® a
Similarly, the equivalent damping coefficient of the four legs in vertical direction is:
Cq =4 ¢ cos® o

where ¢ = damping constant of each leg (in axial motion). Modeling the system as
a single degree of freedom system, the equation of motion is:

Meg X +Coq X T keg x=0
and the damped period of vibration is:
_2m _ 27 —

2T
- _%V.l-gz '\//-k:_'\/ |
e ‘ln:a;]

2

Using meq = 2000 kg, keg =4k cos® @, Coq =4 ¢ cos® @, and o = 20°, the values
of k and ¢ can be determined (by trial and error) so as to achieve a value of 74
between 1 s and 2 s. Once k and ¢ are known, the spring (helical) and damper

(viscous) can be designed suitably.

e Assume no damping. Neglect masses of telescoping boom and strut. Find stiffness
) of telescoping boom in vertical direction (see Example 2.5). Find the equivalent

stiffness of telescoping boom together with the strut in vertical direction. Model
the system as a single degree of freedom system with natural time period:

2T Meq
Ty =———=2T —_—
n (JJn kﬁ
W, + W
Using 7, = 1 s and meq = AL 3?;%0 g determine the axial stiffness of
g o
the strut (k,). Once k, is known, the cross section of the strut (A,) can be found
from:
A, E,
k’ = T

with E; = 30 (10%) psi and €, = length of strut (known).
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