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CHAPTER 2

Sinusoids

2-1 Problems

1
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Time ¢ (ms)
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P-2.2 DSP First 2e

In the plot the period can be measured, 7 = 12.5ms = wy = 27/(12.5 X 1073) = 272(80) rad.
Positive peak closest tor = Oisatf; = 2.5ms = ¢ = —27(2.5x 1073)/(12.5 x 1073) = 27/5 = —0.4x rad.

Amplitude is A = 8.
x(t) = 8cos(160mt — 0.47)
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(a) Plot of cocA
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Thus, ¢/? = cos6 + j sin@
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(a) Real part of complex exponential is cosine.

cos(f) +6,) =R {ej(9'+92)} =R {eje] ej‘92}
=R {(cos b + jsinO;)(cos O + jsin6r)}

= R {(cos O cos O — sin By sin @) + j(sinHy cos O, + cos O sin )}

cos(6y + 6) = cos 81 cos O, — sin 0 sin O,

(b) Change the sign of 6;.

cos(f1 —6) =R {ej(HI_OZ)} =R {ejele_jgz}
=R {(cos B + jsinO;)(cos O, — jsin6,)}

= R {(cos 61 cos B, + sin By sinH,) + j(sin O; cos @, — cos O sinH)}

cos(8; — 6,) = cos B cos b, + sinfy sin O,
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(cosf + jsinf)" = (ejg)n = ¢/"% = cos(nb) + j sin(nb)

3, 4\ _ (j0.927\100 _ ¢ 302951677100
(3+48)" = () 7 = (e )

— 6129.51677r

_ ej1.5167nf}'2%{1
= cos(1.5167) + j sin(1.5167)
= 0.0525 - j0.9986
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(@) 3e/7/3 4 4e7I7/6 = 501012 = 49641 + j0.5981

(b) (V3 -j3)10 = (\/ﬁe—fﬂﬂ)]o = 248,832 710713 = 124,416 + j215,494.83
————

eti2n/3
. -1 . .
(©) (V3-j3)' = (VI2Ze7™B3) " = (1/V12)e™™/3 = 0.2887*/7/3 = 0.14434 + j0.25

(@) (V3= j3)172 = (VIZeimei2nt) ' = ((12)1/6emim/9ei2tl3) for ¢ = 0,1,2.
There are 3 answers:
1.513¢7/7/% = 1.422 — j0.5175
1.513¢7 777/ = —1.159 - j0.9726
1.513¢7/137/9 = 1 513¢+/57/% = —0.2627 + j1.49

() R {jemP} = R {e/2e7im3} = R {e/7/6} = cos(n/6) = V3/2 = 0.866
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CHAPTER 2. SINUSOIDS

P-2.8 DSP First 2e
The variable zz defines z(r), and xx defines x(r) = R{z(¢)}.
2(t) = 15e/CTDUH0ET)  — (1) = 15 cos(2n(7)(t + 0.875))
The period of x(¢) is 1/7 = 0.1429, so the time interval —0.15 < ¢ < 0.15is (0.3)(7) = 2.1 periods.
There will be positive peaks of the cosine wave at t = —0.1607 s and t = —0.0179s.
SECTION of a SINUSOID
N / "\ 7\
10 \ / / \
O\ [\ /
N/ \ /
TN/
-10 \\/
-15
-0.15 -0.1 -0.05 0 0.05 0.1 0.15
TIME (s)
©J. H. McClellan, R. W. Schafer, & M. A. Yoder November 22, 2015

© 2016 Pearson Education, Inc., Hoboken, NJ. All rights reserved. This material is protected under all copyright laws as they currently

exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.



CHAPTER 2. SINUSOIDS
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A=9
T=8x1073s = wy=20007/8 = 2507 rad/s

t1=-3%x1073s = ¢=-2n(-3/8) = 3x/4rad

2(t) = 9¢/20m+0.73m) % — 90757 "and x(¢) = 9 cos(250nt + 0.757)
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(a) Add complex amps: 3¢ 723 41 =2.646e717%1 = x(r) = 2.646 cos(wot — 1.761)

(b) x(1) = R{z(t)} = R{2.646¢ /1761 /o)
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Add complex amps: e/ + /™3 4 273 = oI 4 QI3 T3 4 pmiT IS = omin 3

= x(t) = cos(wt —/3)

Here is the MaTLAB plot of the vectors.
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Find angles satisfying —m < 6 < m; all others are obtained by adding integer multiples of 27.

R{(1+ /) =0
R{V2e/™/4e1%) = 0
%{\/Eej(9+ﬂ'/4)} — O
V2cos(0 + /4) =0

2 4 . 1+5)/V2

= 0+n/d= 7/ = 0= 7/ = o? = (1+)/V2

—n/2 —3n/4 (1= j)/V2
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Three periods of the signal will be 3(1/250) = 12 ms.

(a) Plot s;(t) = R{js(t)} = R{0.8¢/7/2i7/4¢i500n1}y = 0.8 cos(2m(250)t + 31/4).

si(1)

Time ¢ (ms)

(b) Plot g(r) = R{<Ls(r)} = R{0.8¢/™/4(j500m)e/300%} = R{400me/>™/4¢/30071} = 4007 cos(500nt + 37/4)
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(@) If z1(t) = V5e77Rei7 then x1 () = R{z1(1)}.
(b) If z5(r) = V5e/7 e/ then x,(t) = R{z2(1))}.
() If 2(¢) = 21 () + 22(r) = V5¢&/ 7! (e_j”/3 + ej”) = V5e 727367 then x(1) = R{z(t)} = V5 cos(7r — 27/3).
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Need to add complex amps: 2¢/5 + 8¢/° + 4¢/0 = 3.051¢/2673

Here is the plot of vectors representing the complex amplitudes:
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t -2 4
(@ ¢= —271?l = —ZN% = % = g = True.
t 3 3
®) ¢ = —27r% = -2z = _Tﬂ = False.
(c) In this case a multiple of 27 must be added.
t 7 =7 -7
<p:—27r71:—27r§: Tﬂ — Tn+27r:;_r = True.
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(a) Need to plot five vectors: (1, &I27/3 4713 oi6n1S o815y

Note: one is NOT missing; these are the five “5™ roots of unity.”
4
(b) The sum is zero: x(t) = Z cos(wt + %nk) =0.
k=0

If the upper limit were 3 instead of 4,

3 4
then x(¢) = Z cos(wt + %ﬂ'k) =x() = Z cos(wt + %ﬂ'k) — cos(wt + %ﬂ') = —cos(wt + %ﬂ')
k=0 k=0
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(a) Inverse Euler formula:

w=38radls, A=9/2, ¢=-2n/3
(b) 30-60-90 triangle:

w=9radls, ¢=0, A=8.66
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(@) 9¢/05 = 3A46/727%) + 4

(b) 96793 =3 Ae/¥ % + 4
N——
V4
9705 — 4
T3¢
(d) A=1.938and ¢ =2.836

(© z= (1/3)e/2 (9€705 — 4) = 3¢/25 — (4/3)¢/2 = 1.938¢/25%
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(a) Convert to complex amplitudes (phasors):

1= A% + Aye!®

e J72 = 2A1ej‘p' + Azejsﬂz
(b) Write complex amplitudes as z; and z;:

l=z1+22

e =271+ 25

(c) 71 = ™2 — 1 = \2e7737/% and 75 = 2 — €772 = 2.236¢/0-404

d A = V2, ¢1 = —0.75xrrad, and A, = 2.236 = V5, @2 =0.1487 = 0.464 rad
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(a) Convert to complex amplitudes (phasors):
el = 47772 A1 + Ayel#?

e ITIZHI2 = 37ITI2 AL pIP1 4 Ayel#2

e =47 7727 + 7,
e—]n/2+]2 — 38_]7r/2Z1 +2

z1 = 1.2576 — j0.3690 = 1.31170-285
72 = 2.0163 + j4.1890 = 4.649¢7!-122

A =1.311, ¢ =-0.285rad
Ay =4.649, ¢, =1.122rad

(b) Should plot —j4z; + zp and —j3z; + z». Here is the MaTLAB plot of the vectors.

Sum of -4j z,+z,

<4 z,+2,

-4 -2 0 2 4 2 0 2

Sum of -3j 2, +z,
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Convert to phasors (complex amps): Me/™/? = 5¢/% — 4
The lefthand side is a ray from the origin at the angle of n/3 rad, or 60° when M > 0; and at —27/3 when M < 0.
The righthand side is the set {z : z = 5¢/¥ — 4} which is a circle of radius 5 centered at z = —4 + j0. Since the origin is inside
the circle, there must be two solutions.
For M > 0, ray at 7/3: M = 5¢/W=7/3 _4¢777/3  must be purely real
0= J{5e/V7/3 _ 47773} = 55in(y — 11/3) — 4(=V3/2)
= sin(y — 1/3) = —2V3/5 = ¢y —n/3 =—-0.7654 = = 0.2818 (or 16.1458°)

Then solve for M via: J{Me/™3 = 5¢/¥ — 4}

For M < 0, ray at —27/3: M = 5¢/W*27%/3) _ 4072713 must be purely real
0 = J{5e/W*27/3) _ 46/7713} = 55in(y + 21/3) — 4(V3/2)
= sin(y +27/3) = 2V3/5 = ¢ +21/3 = 0.7654 = ¢ = —1.329 (or —76.146°)

Then solve for M via : F{Me77/3 = 50/% — 4}
= M(-V3/2) =5sing = M = (=10/V3)sinyg = M = 5.6056

Another way to obtain M follows:
Mel™3 = 5002 4
= M3 +4 =50
= |Me/™P + 417 = |5¢Y)* =25
M? + 8M cos(n/3) + 16 = 25
M? +4M -9 =0 which has two roots: M = 5.6056 and M = 1.6056.
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(a) Z(f _ 0‘24) — Zejloﬂ(t—0.24) — 7ej0.37rej107rte—j2.47r _ 7e—j2.l7r elem _ 7e—j0.17r ej107rt
w
(b) Z(f _ td) — Zelen(t—td) — 7e_j0.37rej107rte—j107rtd must equal y(t) — Yelem‘ — 7e—j0.lnej107rt

= 7/937=/10%ta = 707017 — 037 — 107ty = =017 = t4=(0.4/10) = 0.04s
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(a) The frequency is the same for all terms, so @9 = 0.227 rad in the expression for y[n].

(b) Perform phasor addition:
yln] = 7010227 (n+1)=0.257) _ | 4,(0.222n-0.257) | 7,j(0.227(n~1)~0.257)
= 7/(0222n-0.037) _ | 4,(0.222n-0.257) | 7,j(0.227n~0.47x)

— (7e—j0.037r _ 14e—j0.257r + 7e—j0.477r) ej0.227rn

Phasor Addition
=3.213 /07702270 o A = 3213, ¢ =0.757rad
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@) Lz(t) = L7/ = (j2m)Z /™™ = Q = (j2n)(e/™/*) = 2mel ¥/
——
Qo
(b) Need a plot. Angle of Q is greater by 7/2 rad.

(c) Compare the interchange of derivative and real part, which is always true.

R {%Z(;)} = R{2re/ 37427y = 27 cos(2nt + 371 /4)

%‘R{z(t)} - %% {e/m/eimt} = % cos(2nt + /4) = (2n)(—sin(2nt + m/4)) = 27 cos(2nt + 3n/4)

(d) Integrating a complex exponential over one period should give zero.

03 jin/4 j2nt |0-5 i '

. . el % el . . eIt — eI
f oI 14 pi2mt gy : — o7l4 . -0
J 27 s j2r
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Try x(f) = Ae’“" and solve for w

ix(z) = jwAe’®"  and d—2x(z) = (jw)? Ae/!

dt dt? —

—w?
Plug x(¢) into differential equation
—w?Ae’" = —289 Ae/!
= —w?=-289 = w==17
Two solutions: x(¢) = Ae/!"" or x(r) = Ae /!
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P-2.27
d d ( dv d*v(t) d*v(t) 1
t)=—-L—i(t)=-L— [C— ]| =-LC =——v(t
@ v dtl( ) dt ( dt) dr? dr? LCV( )
1
(b) The frequency of oscillation will be wyg = —
VLC
. . _d*v(@) 2 1
(c) Starting with v(#) = A cos(wot + ¢), we obtain =— w; Acos(wot +¢) = ———v(1)
dtz S S— e LC
1/LC v(t)

(d) v(t) =5cos(wot + /3) = i(t) = C% = 5Cwq sin(wgot + 7/3) = 5Cwq cos(wot + /3 — 1/2)

There is a 90° phase difference between the current and the voltage.

(e) This is true in general:

i =cLopn=cd (_pd) 2
l(t)—CEv(t)—Cdt( Ldt) =

d%i(1) 1

d%i(t)
-L =——i
¢ dr2 LCl(t)

dr?

©J. H. McClellan, R. W. Schafer, & M. A. Yoder

November 22, 2015

© 2016 Pearson Education, Inc., Hoboken, NJ. All rights reserved. This material is protected under all copyright laws as they currently

exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.



CHAPTER 2. SINUSOIDS
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In a mobile radio system a transmitting tower sends a sinusoidal signal, and a mobile user receives not one but two
copies of the transmitted signal: a direct-path transmission and a reflected-path signal (e.g., from a large building) as
depicted in the following figure.

REFLECTOR
(dr ) d[ )

Velocity = ¢

T - - - - === - - — VEHICLE— — —>

The received signal is the sum of the two copies, and since they travel different distances they have different time delays,
ie.,

r(t) =s(t—t))+st—1)

The distance between the mobile user in the vehicle at x and the transmitting tower is always changing. Suppose that the
direct-path distance is

di = \Jx2+d> (meters)

where d; = 1000 meters, and where x is the position of the vehicle moving along the x-axis. Assume that the reflected-path
distance is

dy = dy ++/(x —d,)* +d?> (meters)
where d,, = 55 meters.

(a) The amount of the delay (in seconds) can be computed for both propagation paths, by converting distance into time
delay by dividing by the speed of light (¢ = 3x 108 m/s).

ty=di/c= T secs
dy +(x —d)2 +d> 55+ +/(x =552+ 105
ty=dy/c = = SECs.
c 3x108

(b) When the transmitted signal is s(¢) = cos(3007x 107), the general formula for the received signal is:

r(t) = s(t—11) + 5(t — t2) = cos(300mx 10°(¢ — £1)) + cos(3007x10°(z — 12))
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CHAPTER 2. SINUSOIDS

When x = 0 we can calculate ¢} and #,, and then perform a phasor addition to express r(¢) as a sinusoid with a known
amplitude, phase, and frequency. When x = 0, the time delays are

V02 + 106

f] = ———— =3.3333x107° secs.
3% 108
55 + 4/ (0 = 55)% + 106
th = =3.5217x107° secs.

3x108

Thus we must perform the following addition:

(1) = cos(300mx10° (s — 3.3333x107%)) + cos(300mrx 10°(r — 3.5217x107%))
= c0s(300rx 10% — 10007)) + cos(3007x 10% — 1056.51135797)

As a phasor addition, we carry out the following steps (since 1000 and 1056 are integer multiples of 2):

R = 170 4 17051135797
=1+ jO+ (~0.035674 + j0.99936)
= 0.9643 + j0.9994 = 1.389¢/0-803 = 1.389¢/9-2567 = 1.389,46.02°

From the polar form of the phasor R, we can write r(¢) as a sinusoid:

r(t) = 1.389 cos(3007 x 10° + 0.2567)

(c) In order to find the locations where the signal strength is zero, we note that the phase angles of the two delayed
sinusoids must differ by an odd multiple of 7 in order to get cancellation. Thus,

26+ D = Ap = —wt] — (-wh)

Va2 1106 55 +4/(x —55)2+10°

3x108 3x108

=-r (\/x2 +10° =55 — /(x — 55)% + 10° )

The general solution to this equation is difficult, involving a quartic. However, if we choose ¢ = 27 so that the left hand
side becomes 557, then the 557 term on the right hand side will cancel, and we obtain an equation in which squaring
both sides will produce the answer.

aVx2 + 100 = =74/ (x = 55)% + 10°
= x? +10°% = (x — 55)% + 10°
= x> = x> = 110x + 552

= 110x = 552

= -3007rx10°

55
= x = (m) 55 = 27.5 meters
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The general solution would be done in the following manner:

—(2€+1) = Vx2 + 106 = 55 — /(x = 55)2 + 106
= 55— (20+ 1) = Va2 + 105 — /(x = 55)2 + 106
= 552 = 11020 + 1) + (20 + 1)? = x> + 10% = 2v/x2 + 105+/(x — 55)2 + 106 + (x — 55) + 10°
= 2432 + 106+](x — 55)2 + 106 = —4¢2 + 216 + 109 — 552 + x% + 2x 100 + (x — 55)>

Squaring both sides would eliminate the square roots, but would produce a fourth-degree polynomial that would have
to be solved for the vehicle position x.

(d) Here is a MATLAB script that will plot the signal strength versus vehicle position x, thus demonstrating that there are
numerous locations where no signal is received (note the null at x = 27.5).

xx = -100:0.05:100;

dl = sqrt(xx.*xx + leb6);

d2 = 55 + sqrt((xx-55).*(xx-55)+1e6);
omeg = 300e6*pi; c = 3e8;

phil = -omeg*dl/c;

phi2 = -omeg*d2/c;

RR = 1*exp(j*phil) + 1*exp(j*phi2);

subplot(’Position’,[0.1,0.1,0.6,0.3]);
hp = plot(xx,abs(RR)); grid on,
xlabel(’Vehicle Position (x)7’);
ylabel(’Signal Strength’);
title(’Multipath Problem in SP-First’);
set(hp, 'LineWidth’,2);

print -dpdf multipathResult.pdf

Multipath Problem in SP-First
2 T I T I T ) T T T

=
(6]
)

Signal Strength
|_\

o
ol
T

-100 -8 -60 -40 -20 0 20 40 60 80 100
Vehicle Position (x)

Over the range —100 < x < 100 the nulls appear to be equally spaced 36.4 meters apart, but they are not uniform. A
plot over the range 0 < x < 1500 would demonstrate the non-uniformity.
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