Chapter 2

Applications of Differentiation

Exercise Set 2.1

1. f(x)=x2+6x—3
First, find the critical points.

f '(x) =2x+6
f '(x) exists for all real numbers. We solve
/'(x)=0
2x+6=0
2x=-6
x=-3

The only critical value is—3 . We use =3 to
divide the real number line into two intervals,
A: (—oo, —3) and B:(—3,oo).

A B

\If

T
-3
We use a test value in each interval to determine
the sign of the derivative in each interval.

A: Test —4, f'(-4)=2(-4)+6=-2<0
B:Test0, f'(0)=2(0)+6=6>0
We see that f (x) is decreasing on (—oo, —3) and

3
>

A

increasing on (—3,<0), and the change from

decreasing to increasing indicates that a relative
minimum occurs at x = -3 . We substitute into

the original equation to find f (—3) :
f(-3)=(3) +6(-3)-3=-12
Thus, there is a relative minimum at (—3, —12) .

We use the information obtained to sketch the
raph. Other function values are listed below.
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f(x)=x2+4x+5
f'(x)=2x+4
/()

(x exists for all real numbers. Solve

/'(x)=0

2x+4=0
2x=-4
x=-2

The only critical value is =2 . We use -2 to
divide the real number line into two intervals,

A: (—e0,-2) and B: (-2,).

A: Test =3, f'(-3)=2(-3)+4=-2<0
B:Test0, /'(0)=2(0)+4=4>0

We see that f (x) is decreasing on (—oo, —2)
and increasing on (—2, °<>) , there is a relative

minimum at x =-2.
f(2)=(2) +4(=2)+5=1
Thus, there is a relative minimum at (—2, 1) . We

sketch the graph.
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f(x) =2-3x-2x"

First, find the critical points.

f'(x)=-3-4x

f '(x) exists for all real numbers. We solve
/'(x)=0

—3-4x=0

X=—=
4

The solution is continued on the next page.
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iy .3 3
The only critical value is e We use ) to

divide the real number line into two intervals,

A: (—oo,—ij and B:(—é,oo).
4 4

A B
& \I( 5 N
< T >
_3
4

We use a test value in each interval to determine
the sign of the derivative in each interval.

A:Test -1, f'(-1)=-3-4(-1)=1>0
B:Test0, f'(0)=-3-4(0)=-3<0

We see that f (x) is increasing on (—m,—%)

. 3
and decreasing on (—Z,ooj , and the change
from increasing to decreasing indicates that a
. . 3
relative maximum occurs atx = —— . We

substitute into the original equation to find

-

. . . 2
Thus, there is a relative maximum at (— % , ?Sj .

We use the information obtained to sketch the
graph. Other function values are listed below.

7 y
-3 -7 i:
—2 0 z_f(x):273x72x2
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Chapter 2: Applications of Differentiation

f(x)=5-x- X
f(x)=-1-2x
f '(x) exists for all real numbers. Solve
f'(x)=0
-1-2x=0
—2x=1
1
X=——=
2

iy 1 1
The only critical value is 5 We use 5 to

divide the real number line into two intervals,

A: (—oo,—l) and B: (—l,ooj:
2 2

A: Test -1, f'(-1)=-1-2(-1)=1>0
B:Test0, f'(0)=-1-2(0)=-1<0

.. . 1
We see that f (x) is increasing on (_w’_f)
. 1 .
and decreasing on _E’OO , which indicates
. . . 1
there is a relative maximum at x = _E .
2
1 1 1 21
=5 === == ===
f( 2) ( 2] ( 2] 4
21

. . . 1
Thus, there is a relative maximum at (—E,T) .

We sketch the graph.
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F(x)=0.5x"+2x—11

First, find the critical points.

F'(x) =x+2
F '(x) exists for all real numbers. We solve:
F'(x) =0
x+2=0
x=-2

The solution is continued on the next page
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Exercise Set 2.1

The only critical value is—2. We use -2 to
divide the real number line into two intervals,

A: (—o0,-2) and B:(-2, ).

A B

-2

We use a test value in each interval to determine
the sign of the derivative in each interval.

A: Test —3,F'(-3)=(-3)+2=-1<0
B:Test0, F'(0)=(0)+2=2>0

We see that F (x) is decreasing on (—oo, —2) and

increasing on (—2,00) , and the change from

decreasing to increasing indicates that a relative
minimum occurs at x = —2 . We substitute into

the original equation to find F (—2) :
F(-2)=0.5(-2)* +2(-2)-11=-13
Thus, there is a relative minimum at (—2, —13) .

We use the information obtained to sketch the
graph. Other function values are listed below.
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=2 -13 F(x)=0.5x% +2x — 11
-1 _2 r
2
-11
1 _17
2

2(x)=1+6x+3x
g' (x) =6+6x
g'(x) exists for all real numbers. Solve
g'(x)=0

6+6x=0

x=-1

The only critical value is—1. We use —1 to
divide the real number line into two intervals,

A: (—oo,—l) and B: (—l,oo):
A: Test =2, g'(-2)=6+6(-2)=-6<0
B:Test0, g'(0)=6+6(0)=6>0

219

We see that g '(x) is decreasing on (—oo,—l)
and increasing on (—l, oo) , which indicates there
is a relative minimum at x = —1.
g(-1)=1+6(=1)+3(-1 = =2

Thus, there is a relative minimum at (—1, —2) .
We sketch the graph.

* ] gl )
-4 | 25 f
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g(x) =x +%x2 -2x+5
First, find the critical points.
g'(x) =3x? +x-2
g'(x) exists for all real numbers. We solve
g'(x)=0
3x7 +x-2=0
(3x-2)(x+1)=0

3x-2=0 or x+1=0
x=z or x=-1
3

The critical values are —1 and % . We use them

to divide the real number line into three
intervals,

A: (—o=1), B: (-1,%), and c:(%,m).
" A

3

We use a test value in each interval to determine
the sign of the derivative in each interval.

The solution is continued on the next page.
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220 Chapter 2: Applications of Differentiation

A:Test -2, G'(x) exists for all real numbers. We solve
g'(-2)=3(=2) +(-2)-2=8>0 G'(x)=0
B: Test 0, 3x? —2x-1=0
g'(0)=3(0)* +(0)-2=-2<0 (Bx+1)(x-1)=0
C: Test 1, 3x+1=0 or x—1=0
g' (=301’ +(1)-2=2>0 3x=-1 or x=1
We see that g (x) is increasing on (—00,—1) , xX= —% or x=1
. 2 . .
decreasing on (_1’5) » and increasing on The critical values are —% and 1. We use them
2 . . . to divide the real number line into three
E’oo . So there is a relative maximum at intervals,
1 1
x =—1and a relative minimum at x zg . Al (_w’_gj’ B: [_5’1)’ and C:(1, ).
We find g(—l) . A: Test —1,
2
AR YA G'(-1)=3(-1)" -2(-1)-1=4>0
g(—l)—(—l) +E(_1) _2(_1)+5 B: Test 0,
=—1+%+2+5=% G'(0)=3(0)*-2(0)-1=-1<0
5 C: Test 2,
Then we find g(;): G'(2):3(2)2—2(2)—1:7>0
3 2
g(g) - (Ej +l(g) _ 2(2) +5 We see that G(x) is increasing on (—oo,—%),
3 3 23 3
_8 + 2_4 +5= 113 decreasing on (—l,l) , and increasing on
27 9 3 27 3

. . . 13 (Leo). So thereis a relative maximum at
There is a relative maximum at —1,7 , and

1
=—— and arelative minimum at x=1.

2 113
there is a relative minimum at (— —j )
3727 l___ L I (NN PP L)
We use the information obtained to sketch the 3] 3 3 Y
raph. Other function values are listed Ne2e1
+ /2=
T yg o000 0
¢ 59
-2 3 % There is a relative maximum at (——,—) , and
0 5 2 3°27
1 % % there is a relative minimum at (1, l) .
2 11 Y x We use the information obtained to sketch the
1 ar graph. Other function values are listed below.
g(x)=x3+%x2—2x+5
6
8. G(x)=x3—x2—x+2 -2 -8

G'(x)=3x*-2x~1 = 1
0 2 5 Ll x
2 4 2
3 17 r

G =x3-x2-x+2
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Exercise Set 2.1

f(x) = x* —3x? 10.

First, find the critical points.
f'(x)=3x" -6x
f '(x) exists for all real numbers. We solve
/'(x)=0
3x%—6x=0
3x(x-2)=0
x=0 or x=2
The critical values are 0 and 2 . We use them to

divide the real number line into three intervals,
A: (==0,0), B: (0,2), and C:(2,0).

We use a test value in each interval to determine
the sign of the derivative in each interval.

A:Test —1, £'(-1)=3(=1)* =6(-1)=9>0
f1(1)=3(1) -6(1)=-3<0
C:Test3, f'(3)=3(3)-6(3)=9>0
We see that f (x) is increasing on (—oo,O),

B: Test 1,

decreasing on (0,2) , and increasing on (2,00).

So there is a relative maximum at x =0and a
relative minimum at x =2 .

We find £(0):

£(0)=(0)-3(0)" =o.

Then we find f (2) :

1(2)=(2)-3(2 =

There is a relative maximum at (0, 0) , and there

is a relative minimum at (2, —4) . We use the

information obtained to sketch the graph. Other
function values are listed below.

X f(x) %:
2 | 20 of
1| 4 i
1 ) Sas N 2 f 45
3 0 T
4 16 AL =32
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f(x)=x"-3x+6

f(x)=3x"-3
f '(x) exists for all real numbers. We solve
/'(x)=0
3x*-3=0
3x* =3
x =1
x =zl

The critical values are—1 and 1. We use them to
divide the real number line into three intervals,

A: (—eo,—1), B: (-1,1), and C:(1,0).
A: Test =3, f'(-3)=3(-3)"-3=24>0
B: Test0, /'(0)=3(0)’ -3=-3<0

£1(2)=3(2) 32950
) 1S 1ncreasmg on (

C: Test 2,
We see that f (x 1),

decreasing on (—1,1) , and increasing on (l,oo) .

So there is a relative maximum at x =—land a
relative minimum at x =1.

F(=1)=(=1) =3(-1)+6=-1+3+6=8
F)=(01y=3(1)+6=1-3+6=4
There is a relative maximum at (—1, 8) , and

there is a relative minimum at (l, 4) . We use the

information obtained to sketch the graph. Other
function values are listed below.

;
9

X f(x) 6_

-3 -12 A

_2 4 ;:f(x):x373x+6
2

0 6 | s

2 8 l *%:

3 24 )
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11.

12.

f (x) =x’ +3x
First, find the critical points.
f(x)=3x"+3
f '(x) exists for all real numbers. We solve
f'(x)=0
3x*+3=0
x*=-1
There are no real solutions to this equation.
Therefore, the function does not have any

critical values.
We test a point

£1(0)=3(0 +3=3>0
We see that f (x) is increasing on (—00, 00) , and

that there are no relative extrema. We use the
information obtained to sketch the graph. Other
function values are listed below.

* | f(x) i

4k
2 | -4 3
] 4 %“ S0 =x3+3x
0 0 ENE SR BRI
1 4 TE
2 14 4

5k

f (x) =3x2 +2x°

f'(x) = 6x +6x°
f '(x) exists for all real numbers. We solve
f'(x)=0
6x+6x° =0
6x(1+x)=0
6x=0 or x+1=0
x=0 or x=-1

We know the critical values are—1 and 0. We
use them to divide the real number line into
three intervals,

A: (—e0,—1), B: (=1,0), and C: (0,0).
A: Test —2,
f1(2)=6(=2)+6(-2)° =12>0

B: Test —l,
2

13.

Chapter 2: Applications of Differentiation

We see that f (x) is increasing on (—oo,—l) ,
decreasing on (—1,0) , and increasing on (O,oo) .

So there is a relative maximum at x =—land a
relative minimum at x =0.

S ()=3(-1)" +2(-1)°
£(0)=3(0)* +2(0)’ =0

There is a relative maximum at (—1, 1) , and there

1

is a relative minimum at (0, 0) . We use the

information obtained to sketch the graph. Other
function values are listed below.

x f (x) 0
3 | 27 o
-2 —4 f0) = 3x% + 23 f ¥
1 1 R S I
2
Sk
2 28 31
b
M
F (x) =1-x
First, find the critical points.
F '(x) =-3x°
F '(x) exists for all real numbers. We solve
F'(x)=0
3x* =0
x=0

The only critical value is 0. We use 0 to
divide the real number line into two intervals,

A: (—,0), and B: (0,0).

X R

3
>

A

We use a test value in each interval to determine
the sign of the derivative in each interval.

A: Test -1, F'(=1)=-3(-1) = -3 <0
F'(1)=-3(1)" =-3<0
We see that F (x) is decreasing on (—oo,O) and

B: Test 1,

decreasing on (0, oo) , so the function has no

relative extema. We use the information
obtained to sketch the graph on the next page.
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Exercise Set 2.1

Using the information from the previous page
and deteriming other function values are listed
below, we sketch the graph.

x| F(x) »
2 [ 9 i

oL
—1 2 | I I T -\I | I T
0 1 S-43-2-L [ 23 45%
1 O :i: F(x)=1-x>
2 -7 —4
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14. g(x)=2x"-16

First, find the critical points.

g '(x) = 6x°
g'(x) exists for all real numbers. We solve
g'(x)=0
6x* =0
x=0

The only critical value is 0. We use 0 to
divide the real number line into two intervals,
A: (—e,0), and B: (0,0).

A: Test -1, g'(=1)=6(~1)> =6>0
B:Testl, g'(1)=6(1=6>0

We see that g(x) is increasing on (—oo,O) and
increasing on (0, oo) , so the function has no

relative extema. We use the information
obtained to sketch the graph. Other function
values are listed below.

X g(x) 1?—
ok
-2 —32 |||1|15_| L1
1 | 18 | e j B
=10
0 -16 Bt =23-16

1| -4 /o
2 0 of

35k
3 38

15. G(x)=x"-6x+10
First, find the critical points.
G'(x)=3x" —12x

G'(x) exists for all real numbers. We solve

G'(x)=0
x*—4x=0 Dividing by 3
x(x—4)=0
x=0 or x—-4=0
x=0 or x=4

223

The critical values are 0 and 4 . We use them to
divide the real number line into three intervals,
A: (=0,0), B: (0,4), and C: (4,°).

S By

| | N
S } } >
0 4
We use a test value in each interval to determine
the sign of the derivative in each interval.

A: Test—1,G'(~1) = 3(-1)* =12(-1)=15 >0

B:Testl, G'(1)=3(1)°-12(1)=-9<0
C:Test5, G'(5)=3(5) -12(5)=15>0
We see that G(x) is increasing on (—00,0) ,
decreasing on (0,4) , and increasing on (4,00).

So there is a relative maximum at x =0and a
relative minimum at x =4 .

We find G(0):
G(0)=(0)’ -6(0)* +10
=10
Then we find G(4) :
G(4)=(4) —6(4)° +10
=64-96+10
=-22
There is a relative maximum at (O, 10) , and
there is a relative minimum at (4, —22) . We use

the information obtained to sketch the graph.
Other function values are listed below.

|

W
\\51||
-~

W DN | =—

RS

Sl
|
&
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=
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T T 1T 17T
H
ok
N
wlk
>+
~k
=

G(x) =x3 - 6x%+ 10
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16.

f(x)=12+9x-3x" - x°
f'(x):9—6x—3x2
f '(x) exists for all real numbers. Solve
f'(x)zO
9-6x-3x" =0
X +2x-3=0
(x+3)(x-1)=0
x+3=0 or

Dividing by -3

x—1=0

x=-3 or x=1
The critical values are =3 and 1. We use them to
divide the real number line into three intervals,

A: (—oo, —3), B: (—3, 1), and C:(l,oo).
We use a test value in each interval to determine

the sign of the derivative in each interval.
A: Test—4,

f'(-4)=9-6(-4)-3(-4) =-15<0
B: Test 0,
£'(0)=9-6(0)-3(0) =9>0
C: Test 2,
'(2)=9-6(2)-3(2)* =-15<0
We see that f (x) is decreasing on (—00, —3) ,
increasing on (—3, 1), and decreasing on (1, 00) .

So there is a relative minimum at x =-3 and a
relative maximum atx =1 .

£(23) = 12+9(=3)~3(3) ~(=3) =-15
F)=12+9(1)-3(1* - (1) =17
There is a relative minimum at (—3, —15) , and

there is a relative maximum at (1,17) . We use

the information obtained to sketch the graph.
Other function values are listed below.

AY) :

=5 17 150
—4 | 8 \ }'f\
-2 —-10 —S-3-2A0 12
e AV
0 12 -20
2 10

3 -15

L1
345 x

T T T 1T

) =12+9x—3x2 -3

17.

Chapter 2: Applications of Differentiation

g(x):x3 —x*

First, find the critical points.
g'(x) =3x? —4x°

g'(x) exists for all real numbers. We solve

g'(x)=0
3x% —4x =0
x> (3-4x)=0
=0 or  3-4x=0
x=0 or —4x=-3
x=0 or x=i
4
3

The critical values are 0 and e

We use the critical values to divide the real
number line into three intervals,

A: (—0,0), B: (0,%), and C: G,m).

0 3

4

We use a test value in each interval to determine
the sign of the derivative in each interval.

A: Test—1, g’(—1)=3(_1)2 _4(_1)3 750
2 3
B: Test l, g'(lj:3(1] _4(1)
2 2 2 2
Ehenxe
4 8) 4

C:Test1, g'(1)=3(1)"-4(1) =-1<0

We see that g(x) is increasing on (—oo,O) and
(O,%j , and is decreasing on (%,ooj . So there

is no relative extrema at x = 0 but there is a

. . 3
relative maximum at x = Z .

3
We find —|:
1 g(4)
3V (3Y _(3) _27_81_271
19)7\4) \4) Tea 256 256

The solution is continued on the next page.
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Exercise Set 2.1

From the previous page, we determine there is a

relative maximum at 3,1 . We use the
47256

information obtained to sketch the graph. Other

function values are listed below.

* ] el
-2 -24
-1 -2

0 0
1 1

2 16

1 0

2 -8

f(x) =x*-2x°

"(x) = 4x* — 6x7

I
f '(x) exists for all real numbers. Solve

f'(x)=0

45 —6x2 =0

2x* (2x-3)=0
=0 or 2x-3=0
x=0 or x=i
2
3

The critical values are 0 and 5 . We use them to

divide the real number line into three intervals,
A: (—2,0), B: (o,%), and C: @w)

A: Test—1, £'(-1)=4(-1)’ =6(-1)* =-10<0

=401y -6(17 =-2<0

C:Test2, f'(2)=4(2)°-6(2)° =8>0
Since f (x)is decreasing on both (—e,0) and

B: Test 1,

3 . . 3 .
(O’Ej , and increasing on (E,wj , there is no
relative extrema at x = 0 but there is a relative

- 3
minimum at x = PR

AR

. 2
There is a relative minimum at (%,—%) .

225

We use the information obtained to sketch the
graph. Other function values are listed below.

o f()
i) 32
-1 3

0 0 25 -15 05,1 0%
1 1 o

2 0 20

=2.
3 27 ’

f(x)=%x3—2x2 +4x-1

First, find the critical points.
f'(x)= x* —4x+4

f '(x) exists for all real numbers. We solve

f'(x)=0

X —4x+4=0
(x-2) =0
x=2

The only critical value is 2 .
We divide the real number line into two
intervals,

A: (—00,2) and B: (2,00).

A B
A A

A 4

A

We use a test value in each interval to determine
the sign of the derivative in each interval.

A:Test 0, £'(0)=(0)" —4(0)+4=4>0
B: Test 3, /'(3)=(3)’ ~4(3)+4=1>0
We see that f (x) is increasing on both (—oo, 2)

and (2,00) . Therefore, there are no relative

extrema. We use the information obtained to
sketch the graph. Other function values are
listed below.

7,
x f(x) 1ok
sk
3 | 40 of
4k
-2 -3 2t
3 [ | [T
—-5-4-3-2-1,/ 1 23 45 x
-1 -2 gt
3 AR
0 -1 8
10~
1 4
3 f(x)=%x3—2x2+4x—l
2 5
3
3 2
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20.

F()c)=—lx3 +3x2 -9x+2
3

F'(x)=—x2+6x—9

F '(x) exists for all real numbers. Solve

F'(x)zO

x> +6x-9=0
x> —6x+9=0
(x-3)’=0
x-3=0

x=3

The only critical value is3 . We divide the real
number line into two intervals,
A: (—00,3) and B: (3,00).

B
— A A

A
A 4

We use a test value in each interval to determine
the sign of the derivative in each interval.

A: Test 0, F'(0)=—(0)° +6(0)-9=-9<0
B: Test 4, F'(4)=—(4)’ +6(4)-9=-1<0
We see that F (x) is decreasing on both (—oo,3)

and (3, oo) . Therefore, there are no relative

extrmea.
We use the information obtained to sketch the
graph. Other function values are listed below.

X F(x) ok
-3 65 i
-2 104 o
3
-1 43
3
0 2
1 _13
3 F(x):—%x3+3xz—9x+2
2 _20
3
3 -7

21.

Chapter 2: Applications of Differentiation

f(x)=3x"-15x +12
First, find the critical points.
f'(x)=12x" —30x

f ‘(x) exists for all real numbers. We solve

f'(x)=0
12x* =30x =0
6x(2x2—5)=0
6x=0 or 2x*-5=0
x=0 or x2=E
x=0 or x=-i_-ﬂ
2

Vio V1o

The critical values are 0, Tand —T. We

use them to divide the real number line into four
intervals,

= )

2

TM'_?_"_(;_‘"_JD?

_Jio o Ao
2 2
We use a test value in each interval to determine

the sign of the derivative in each interval.
A: Test—2,

f1(-2)=12(-2)’ -30(-2) =36 <0
B: Test —1,
(1) =12(=1) =30(~1)= 18>0
C: Test 1,
f1(1)=12(1) =30(1)=-18 <0
D: Test 2,
£1(2)=12(2) -30(2)=36>0

The solution is continued on the next page.
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From the previous page, we see that f (x) is

. 10 | . .
decreasing on (—w,—T , Increasing on

- B

———,0 |, decreasing again on| 0,——

30 s saion] 0
. . . 10

and increasing again on T,oo . Thus, there

. . .. 10 .
is a relative minimum at x = 5 arelative

maximum at x = 0, and another relative

J10

minimum at x = T .

We find f(—@) :
(]
2 2 2
27
T4

Then we find f (0) :
£(0)=3(0)* =15(0)° +12=12

Then we find f (@J :

f[@]=3(@j—15(@}2+12

2 2
__x
4
There are relative minima at (—@,—%} and
Jio 27
27 4 )

There is a relative maximum at (0, 12).

We use the information obtained above to
sketch the graph. Other function values are
listed at the top of the next column.

22.

227

Y B
53 | 120
2 | o
1| o

I 0
2 0

3 | 120

S0 =3x* = 15x2 + 12

g(x) =2x*-20x* +18
g'(x) =8x> —40x
g'(x) exists for all real numbers. We solve
g '(x) =0
8x> —40x =0
8x(x?=5)=0
8x=0 or x*-5=0
x=0 or =5
x=0 or x=15

The critical values are 0, \/E and — \/g . We use

them to divide the real number line into four
intervals,

A: (=e0,=5), B: (5,0},
C: (0,\/§),and D: (\/g,oo).

P — i i ey
50 5

We use a test value in each interval to determine
the sign of the derivative in each interval.
A: Test -3,

g'(-3)=8(-3)" -40(-3)=-96 <0
B: Test —1,

g'(-1)=8(-1)’ -40(-1)=32>0
C: Test 1,

g'(1)=8(1) -40(1)=-32<0
D: Test 3,

2'(3)=8(3) -40(3)=96>0

The solution is continued on the next page.
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23.

From the previoius page, we see that g (x) is
decreasing on (—oo, -5 ) , increasing on
(_ﬁ S 0) , decreasing again on(O,\/g ) , and
increasing again on (ﬁ ,oo) . Thus, there is a

relative minimum at x = —/5 , a relative
maximum at x = 0, and another relative

minimum at x = /5 .

g(-V5)= 2(—J§)4 —20(—\/3)2 +18=-32
2(0)=2(0)" -20(0)* +18=18

g(ﬁ) = 2(\/5)4 —20(J§)2 +18=-32
There are relative minima at (~+/5,~32) and

(\/g s —32) . There is a relative maximum at

(0,18) We use the information obtained to

sketch the graph. Other function values are
listed below.

* g(x) 3}(;—
4 | 210 20k
-3 0 %
-1 0 - ) I T
; 8 ol
4 210 ~r

g(0) =2x* - 20x% +18

G(x)=x+2 =(x+2)"
First, find the critical points.
G'(x) =3 (x+2)" 1)
_ 1
3(x+2)"
G'(x) does not exist when x = -2 . The equation

G'(x) = 0 has no solution, therefore, the only

critical value isx =-2.
We use —2 to divide the real number line into
two intervals,

A: (—o0,-2) and B: (-2,):

L

A
A\ 4

24.

Chapter 2: Applications of Differentiation

We use a test value in each interval to determine
the sign of the derivative in each interval.

1 1

A:Test -3, G'(-3)=——=—>0
=) 3(-3+2) 3

B: Test —I,G'(—l)z ! l>0

3(-142)° 3
We see that G(x) is increasing on both
(—oo, —2) and (—2,00) . Thus, there are no

relative extrema for G (x) .

We use the information obtained to sketch the
raph. Other function values are listed below.

* G(x) y/

-10 -2
3 1 [ Goo=Vx+2

)

3 (x - 1)%
F '(x) does not exist when

3(x— 1)% =0, which means that F'(x) does not
exist when x =1. The equation F '(x) =0has

no solution, therefore, the only critical value is
x=1.
We use 1 to divide the real number line into
two intervals,

A: (—oo,l) and B: (l,oo).
We use a test value in each interval to determine
the sign of the derivative in each interval.

1 1

A:Test0, F'(0)=———=—>0
©) 3(0-1)* 3
1 1

B: Test2, F'(2)=———=—>0
@) 321 3

We see that F (x) is increasing on both (—00,1)
and (l,oo) . Thus, there are no relative extrema

for F (x) . We use the information obtained to

sketch the graph at the top of the next page.
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Exercise Set 2.1

Using the information from the previous page,
we sketch the graph. Other function values are
listed.

X F(x) "
_7 _2 2:
0 -1 [/ Feo=Va1
1 0 ey, iﬁ PR
2 1 /
9 2 2

25, f(x)=1-x"

First, find the critical points.

W)=
3
-2
= P
f '(x) does not exist when
33/x =0, which means that f '(x) does not

exist when x = 0. The equation f '(x) =0has
no solution, therefore, the only critical value is
x=0.
We use 0 to divide the real number line into
two intervals,

A: (—oo,O) and B: (O, oo) :

B
A A

A
A 4

We use a test value in each interval to determine
the sign of the derivative in each interval.

2 2
A:Test -1, f'(-1)=———=—
es f( ) T3
2 2

B: Test 1, ")=——F==-—<0
es f() 3 3

We see that [ (x) is increasing on (—oo,O) and
decreasing on (0, oo) . Thus, there is a relative

maximum at x =0.
We find f (O) :

7(0)=1-(0* =1.
Therefore, there is a relative maximum at (0, 1) .

We use the information obtained to sketch the
graph. Other function values are listed at the top
of the next column.

229

/B .

-8 -3 fe)=1-x*3
-1 0 i

1 0 L 1 I [

3(x+3)"
f '(x) does not exist when x = =3 . The equation

f '(x) = 0 has no solution, therefore, the only

critical value isx = -3 .
We use —3 to divide the real number line into

two intervals, A: (—oo,—3) and B: (—3,00):

A: Test —4,f'(—4)=;y=_£<0
3(-4+3)"
2 2
B: Test -2, f'(-2)=—F=—>0
=2) 3(2+3)F 3

We see that f (x) is decreasing on (—e,—3) and

increasing on (—3,00) . Thus, there is a relative
minimum at x=-3.

f(=3)=(-3+3) —5=-5;

Therefore, there is a relative minimum at

(—3, —5) . We use the information obtained to

sketch the graph. Other function values are
listed below.

X X %
f( ) (=435 ;‘
_11 _1 1 1 1 1 r 1

-4 -4 “16-R -8 —4_| 48 %

2 | -4 By

AN

5 -1 s

6

7k

Copyright © 2016 Pearson Education, Inc.



230

27.

241

First, find the critical points.
G'(x)=-8(-1)(x* +1) (2x)
(x2 +1)2

G'(x)exists for all real numbers. Setting the

G(x) =

=-8 (x2 + 1)71

derivative equal to zero, we have:

G'(x)=0
16x . -0
2
(x +1)
16x=0
x=0

The only critical value is 0 .
We use 0 to divide the real number line into
two intervals,

A: (=o0,0) and B: (0,c):

B
— A A

A
A 4

We use a test value in each interval to determine
the sign of the derivative in each interval.

16(-1 _
A: Test —l,G'(—l):(—)zzﬁz_4<o
((—1)2+1)
16(1
B: Test 1, G’(l)=&=ﬁ=4>o

((1)2 +1)2 4

We see that G(x)is decreasing on (—eo,0) and

increasing on (0, 00) . Thus, a relative minimum

occurs at x=0.
We find G(0):

-8
G(0)= (0) +1 )

Thus, there is a relative minimum at (0, —8) .

We use the information obtained to sketch the
graph. Other function values are listed at the top
of the next column.

Chapter 2: Applications of Differentiation

¥ | G(x)
-3 _4
5
-2 _8
5
-1 —4
1 —4
2 _8
5
3 _4
5
_ 5 2\
F(x)= = =5(x+1)
-2
F'(x)=5(-1)(x*+1) " (2x)
_ —10x
(x2 +1)2
F ‘(x) exists for all real numbers. We solve
F'(x) =0
_Tlox
2
(x2 +1)
x=0

The only critical values is 0 .
We use 0 to divide the real number line into
two intervals,

A: (=o0,0) and B: (0,c):

A: Test —1,

-10(-1
F'(—1)=—( )2=Q=§>0
((—1)2+1) 4

B: Test 1,
-10(1 -
F'(1)=#=ﬂ=_§<0

((1)2 + 1)2 42

We see that F (x)is increasing on (—00,0) and
decreasing on (0, <>°) . Thus, a relative maximum

occurs at x=0.
We find F(O):
5

(0 +1

Thus, there is a relative maximum at (0, 5) .

The solution is continued on the next page.
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We use the information obtained on the
previous page to sketch the graph. Other
function values are listed below.

¥ | Flx)
-3 1
2
-2 1
-1 5
2
1 E
2
2 1
3 1
2
4x
29. =
g (x) x2+1

First, find the critical points.
(¥ +1)(4) - 4x(2x)

"(x)= <x2 N 1) > Quotient Rule
AP +4-8x7
) (x2 + 1)2
.
) (x2 +1)2
g'(x) exists for all real numbers. We solve
g'(x)=0
4-4x" 0
(x2 + 1)
4-4x* =0 Multiplying by (x2 + 1)2
x*=1=0  Dividing by —4
X =1
x=2J1
x =zl

The critical values are—1 and 1. We use them to
divide the real number line into three intervals,

A: (=o0,-1), B: (-1,1), and C:(1,0).

-1 1

We use a test value in each interval to determine
the sign of the derivative in each interval.

231

A: Test -2, g'(-2)= > =-—-<0
((_2)2 +1) 25
4-4(0)

B: Test0, g'(0)= >=4>0
((0)° +1)

2

4-4(2

C: Test 2, g‘(2)=#:—£<0

We see that g (x) is decreasing on (—oo,—l) ,
increasing on (—1, 1) , and decreasing again on
(1, oo) . So there is a relative minimum at

x =—land a relative maximum at x=1.
We ﬁndg(—l) :

4(-1 —4
g(_l — (2 ) — —

(-1 +1 2
Then we ﬁndg(l

4

_ 4 4
g(l)_(1)2+1 9

There is a relative minimum at (—1, —2) , and

there is a relative maximum at (l, 2) . We use the

information obtained to sketch the graph. Other
function values are listed below.

¥ | g(x)
-3 _6
5
-2 _8
5
0 0
A
3 6
5
X2
30. =
£ (x) x> +1
(x2 + 1) (Zx) -x2 (Ex)
(xz + 1)2
2
g'(x)= %
(x + 1)

The solution is continued on the next page.
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From the previous page, g '(x) exists for all real

numbers. We solve

g'(x)zO
2x
——=0
()c2+1)2
x=0

The only critical values is 0 .
We use 0 to divide the real number line into
two intervals,

A: (=o0,0) and B: (0,c):

A: Test —1,
2(-1 -2 1
w2t
((—1) +1)
B: Test 1,

2(1 2 1

#0)= e
(7 +1)

We see that g (x)is decreasing on (—e,0) and

increasing on (0, 00) . Thus, a relative minimum

occursat x=0.
We find g (0) :

(0 _
(0) +1

Thus, there is a relative minimum at (O, 0) . We

use the information obtained to sketch the
raph. Other function values are listed below.

X Y
g(x) L5 gm = 22
3 9 lkg x2+1
10 sk
_2 i 1 11 1 1 Il 11 1 1
5 543-2-1 | 123 45x
1 1 —0.5F
2 -1
1 1 -15p
2
2 4
5
3 9
10

31.

32.

Chapter 2: Applications of Differentiation

1) =3 =)
First, find the critical points.
1 —
F)=50"
1 1

B 3(x)% ) 3-%/x_2

f '(x) does not exist when x = 0. The equation

f '(x) = 0 has no solution, therefore, the only

critical valueisx=0.
We use 0 to divide the real number line into
two intervals,

A: (—00,0) and B: (0, oo) :

B
A A

A
A 4

We use a test value in each interval to determine
the sign of the derivative in each interval.

A: Test—l,f'(—l):;z:%>0

B: Test 1, /(1) =

We see that f (x) is increasing on both (—00, 0)
and (0, oo) . Thus, there are no relative extrema

for f (x) . We use the information obtained to

sketch the graph. Other function values are
listed below.

X f(x) ﬁ_
8 | = I
%) =% F
- - 16 1
0 0 S [ 12545
1 1 i
8 2 T
,2 =

3 (x + 1)%
f '(x) does not exist when x = —1. The equation

f '(x) = 0 has no solution, therefore, the only

critical value isx = —1.
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Using the information from the previous page,
we use —1 to divide the real number line into
two intervals,

A: (—oo,—1) and B: (~1,%0):

1
———=3>0
3(=2+1) 3

1 1
B: Test0, f'(0)=———,=->0
©) 3(0+1)% 3

We see that [ (x) is increasing on both

A: Test -2, 1'(-2) =

intervals, Thus, there are no relative extrema for
f(x).

We use the information obtained to sketch the
graph. Other function values are listed below.

| fo0 = et 1B

/

-1 0 sG] 123 4 5%
0 1 /i_
7 2 B

3+

g(x) =\Vx?+2x+5 = (x2 +2x+5)%
First, find the critical points.
1 -5
g'(x) = 5()62 + 2x+5) (2x+2)
2(x+1)
2 (x2 +2x+ 5)%
x+1

\/x2 +2x+5

The equation x% +2x+5 = 0has no real-

number solution, so g '(x) exists for all real

numbers. Next we find out where the derivative
is zero. We solve

g'(x)=0

X+l
\/x2 +2x+5

x+1=0

x=-1

The only critical value is—1 .

34.

233

We use —1 to divide the real number line into
two intervals,

A: (—o0,—1) and B: (~1,%0):

A B
-1
We use a test value in each interval to determine
the sign of the derivative in each interval.

A: Test —2,

g'(-2)= ()1 -,

(-2f +2(2)+5 V5

(0)+1 _ Lo,

(07 +2(0)+5 V5
We see that g(x) is decreasing on (—00,—1) and

increasing on (—1, 00) , and the change from

decreasing to increasing indicates that a relative
minimum occurs at x =—1. We substitute into

the original equation to find g(—l) :

g(-1)= (-1 +2(-1)+5 =4 =2

Thus, there is a relative minimum at (—1, 2) .

We use the information obtained to sketch the
graph. Other function values are listed below.

X g(x) 1§
—4 | 3.6l 5
=2 | 224 ;
0 | 224 :
1 | 283 >
3 447 _1I7_ _;3 _z‘} gk AII tli 1‘2x
g(x):m
1 -%
F(x) = = Xz +1
x2+1 ( )
, 1 -
P[5l o
-
(v +1)

F '(x) exists for all real numbers.

The solution is continued on the next page.
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35.—

69.

Using the derivative from the previous page,
We solve

F’(x)=0
—-X
—320
(¢ +1)
x=0

The only critical value is 0 .
We use 0 to divide the real number line into
two intervals,

A: (—oo,O) and B: (0,00):

A: Test —1,
-(-1) 1
F'(-1)= 7= >0
((—1)2+1)/ V8
B: Test 1,
F'(1)=_—13=_—1<0
((1)2+1)A B

We see that F (x) is increasing on (—00,0) and

decreasing on (0, 00) . Thus, a relative maximum

occurs at x=0.

F(O):;:l

(O)2 +1
Thus, there is a relative maximum at (0,1) . We

use the information obtained to sketch the
graph. Other function values are listed below.

x F(x) N
-3 0.32 W o L
—2 | 045 J*m e
-1 0.71 e
—-0.5+
1 0.71
2 | 045 N
3 0.32
68. Left to the student.

Answers may vary, one such graph is:
f(x)

(SRR N

-9-8-7-6-5»4-3-2-I1r123 56 789

70.

71.

72.

73.

Chapter 2: Applications of Differentiation

Answers may vary, one such graph is:

2

t(x)

X

98 -7 -6-5\4 -3 2/
2

4

01 234567829

Answers may vary, one such graph is:

G(x)

40

Answers may vary, one such graph is:

Fix)
40

X

Answers may vary, one such graph is:
8(x)

J1 234567 80910111213141516171819

X

-9

8 -7 -6 -5/-4 -3 2\l
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Exercise Set 2.1

74. Answers may vary, one such graph is:

f(x)

9 8 7 -6 -5 -4 -3 2 -1

01 234567809

75. Answers may vary, one such graph is:

76.

\ F(x)

X

0 2 4 6 8 1012 14 16 18

Answers may vary, one such graph is:

G(x)

[\

X

-9-8-7-6-5-43-2-1 1

234567891011121314

77. Answers may vary, one such graph is:

f(x)

can

9-8-7-6-5-4-3-2-1

12345678910111121314

78. Answers may vary, one such graph is:
8(x) .
9-8-7-6-5-4-3-2-1 1234567 891011121314

79. Answers may var

y, one such graph is:

80. Answers may vary, one such graph is:

81.

L -
0 1 2 3 4 5

Answers may vary, one such graph is:

/(%)

82. Answers may vary, one such graph is:

89

N

0 1 2 3 4 6 7 8 9

83. Answers may vary, one such graph is:

H(x)

x

9 8 -7 -6 -5 4 3 2 -1

y123456789

P
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84. Answers may vary, one such graph is:

K(x)

—]

9 8 7 6 5 4321 |0 2 3 4 5 6 7 8 9

X

85. . The critical value of a function fisan
interior value ¢ of its domain at which the
tangent to the graph is horizontal ( f'(c)= 0) or

the tangent is vertical ( /"'(c) does not exist) .

The critical values for this graph are
X5 X3, Xy, Xs, X, X7, X5, X)) -

86. . The function is increasing on intervals
(a,b) and (c,d) . A line tangent to the curve at
any point on either of these intervals has a
positive slope. Thus, the function is increasing
on the intervals for which the first derivative is
positive. Similarly, we see that on the intervals

(b,c) and (d,e) the function is decreasing. A

line tangent to the curve at any point on either
of these intervals has a negative slope. Thus, the
function is decreasing on the intervals for which
first derivative is negative.

87. Letting ¢ be years since 2006 and E be thousand
of employees, we have the function:

E(r)=107.833 —971.369¢> +

2657.917t +50347.83
First, we find the critical points.

E'(t)=323.499¢" —1942.738¢ +2657.917
E '(t) exists for all real numbers. Solve
E'(t)=0

323.499¢% —1942.738¢ +2657.917 = 0
Using the quadratic formula, we have:

1942.738 £ \/(—1942.738)2 -4(323.499)(2657.917)
t =
2(323.499)

_1942.738+/334,896.970312

646.998
t=2.108 or t=3.897
There are two critical values.

Chapter 2: Applications of Differentiation

We use them to divide the interval [0, oo) into

three intervals:
A: [0,2.108) B: (2.08,3.897), and C:(3.897<0)

B C
/__A —— "
® , | =
0 2.108 3.897
Next, we test a point in each interval to
determine the sign of the derivative.
A: Test 1,

E'(1)=323.499(1)° —1942.738(1) + 2657.917
=1038.678>0
B: Test 3,

E'(3) =323.499(3)" —1942.738(3) + 2657.917
=-258.806<0
C: Test4,
E'(4)=323.499(4)" —1942.738(4) + 2657.917
=62.949>0
Since, E(t) is increasing on [0, 2.108) and
decreasing on (2.108,3.897) and there is a
relative maximum at ¢ =2.108.
E(2.108) = 107.833(2.108)° —971.369(2.108)” +
2657.917(2.108)+50347.83

=~ 52,644.383
There is a relative minimum at
(2.108, 52,644.383).

Since, E(t) is decreasing on (2.108,3.897) and
increasing [3.897,00) on and there is a relative
minimum at ¢ =3.897 .
E(3.897)=107.833(3.897)° —971.369(3.897)" +
2657.917(3.897)+ 50347.83

=52,335.73
There is a relative maxnimum at
(3.897, 52,335.73).

We sketch the graph.

t T (t) EOA  E() = 107.8336 - 971.369¢2
60,000 +2657.917t + 50347.833

50,347
52,142
52,491
52,832
64,654

H_
N
wh
NS
b
ok
<k

|| W[—|O
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89.

Exercise Set 2.1

N(a)=-a*+300a+6,  0<a<300
N'(a)=-2a+300
N '(a) exists for all real numbers. Solve,

N'(a) =0
—2a+300=0

—2a =-300
a=150
The only critical value is150 . We divide the
interval [0,300] into two intervals,
A: [0,150) and B: (150,300].

A: Test 100,

N'(100) = -2(100)+300 =100 >0
B: Test 200,

N'(200) = —2(200)+300 = -100 < 0
Since, N (a)is increasing on [0,150) and
decreasing on (150,300] , there is a relative
maximum at x =150.

N(150) = —(150) +300(150) + 6 = 22,506

There is a relative maximum at (150, 22,506) .

We sketch the graph.
P I N(a)
(d) 25,000~ () = —a2 + 3000 + 6
0 6 20,000 -

100 | 20,006 | 15000l
200 | 20,006 | 1000
300 6 5,000

100 200 300 a

£ (£)=0.00259¢* —0.457¢ +36.237
First, we find the critical points.
f'(¢)=0.00518¢ - 0.457

f '(x) exists everywhere, so we solve
/'()=0
0.00518¢-0.457=0
t=288.22

The only critical value is about 88.22 we use it
to break up the interval (O, 00) into two intervals

A: (0,88.28) and B:(88.22,c0).

A
\4

90.

237

A: Test 20,

/'(20)=0.00518(20)—0.457 = -0.3534 < 0
B: Test 100,

£'(100) = 0.00518(100) - 0.457 = 0.061 > 0

We see that f (t) is decreasing on (0,88.22)

and increasing on (88.22, 00) , so there is a

relative minimum at ¢ = 88.22 .
f (88.22)

= 0.00259(88.22)” —0.457(88.22) +36.237

=16.09
There is a relative minimum at about

(88.22,16.08). Thus, the latitude that is closest

to the equator at which the full eclipse could be
view is 16.08 degrees south and will occur
88.22 minutes after the start of the eclipse.

We use the information obtained above to
sketch the graph. Other function values are
listed below.

S RAS))
20 | 28133 | s
30 | 24858 | 4

1)

40 | 22.101
60 18.141
80 | 16.253

Sit) = 0.00259¢ - 0.457¢ +36.237

!

T(t)=-0.1 +1.2t+98.6, 0<r<12
First, we find the critical points.
T'(t)=-02t+1.2
T '(t) exists for all real numbers. Solve
T'(t)=0
-02t+1.2=0
t=6
The only critical value is 6. We use it to divide
the interval [0,12] into two intervals:

A: [0,6) and B: (6,12]

A B
A A
-F ~

3
>

A

0 6 12

The solution is continued on the next page.
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91.

Next, we test a point in each interval found on
the previous page to determine the sign of the
derivative.

A:Testl, T'(1)=-0.2(1)+1.2=1.0>0

B: Test7, T'(7)=-0.2(7)+1.2=-02<0
Since, T (t)is increasing on [O, 6) and
decreasing on (6,12] , there is a relative
maximum at £ =6.

T(6)=-0.1(6)> +1.2(6)+98.6 =102.2

There is a relative maximum at (6, 102.2) . We
sketch the graph.

()

S ERA O e

1041
0 98.6 1031 T(t) =—0.1¢2 + 1.2t + 98.6
3 1013 | or
5 102.1 188-
7 102.1 gs;:
8 101.8 9?_I 1 1 11 Il 1 Il 11 11
12 98.6 S 3456780101012

The derivative is negative over the interval
(—00,—1) and positive over the interval (—1, 00) .
Furthermore, it is equal to zero when x =—1.
This means that the function is decreasing over

the interval (—oo, —1) , increasing over the

interval (—1, 00) and has a horizontal tangent at

x=-1. A possible graph is shown below.
f(x)

X

______ IN3_-2 -1 |0
9 -8-7-6-5-432-1 [0172 3456789

Chapter 2: Applications of Differentiation

92. The derivative is positive over the interval
(—00, 2) and negative over the interval (2,00) .

Furthermore, it is equal to zero when x=2.
This means that the function is increasing over

the interval (—00,2) , decreasing over the interval

(2, 00) and has a horizontal tangentatx =2 . A

possible graph is shown below.
fix)

X

9 -8-7-6-5-4-3-2-1 01234567829

93. The derivative is positive over the interval
(—00,1) and negative over the interval (l,oo) .

Furthermore, it is equal to zero when x=1.
This means that the function is increasing over

the interval (—00,1) , decreasing over the interval

(1, <><>) and has a horizontal tangentatx=1. A

possible graph is shown below.
)

~ |

-9 -8-7-6-5-4-3-2- 01 2 4 56 789

94. The derivative is negative over the interval
(—00,—1) and positive over the interval (—1, 00) .

Furthermore, it is equal to zero when x = —1.
This means that the function is decreasing over

the interval (—00, —1) , increasing over the

interval (—1, <><>) and has a horizontal tangent at

x =-1. A possible graph is shown below.
f(x)

X

,9—8—7—675—4—3\{1/y1 234567809
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96.

Exercise Set 2.1

The derivative is positive over the interval
(—4, 2) and negative over the intervals

(—eo,—4) and (2,

zero when x = —4 and x = 2 . This means that
the function is decreasing over the interval

oo). Furthermore, it is equal to

(—oo, —4), then increasing over the interval
(—4, 2) , and then decreasing again over the

interval (2, 00) . The function has horizontal

tangents atx = —4 and x = 2. A possible graph

is shown below.
fix)

9 8-7\6 -5-4-32-1/[01 2 3 56 7 8 9

The derivative is negative over the interval
(—1,3) and intervals and positive over the

intervals (—eo,—1) and (3,°). Furthermore, it is
equal to zero when x =—1and x =3 . This
means that the function is increasing over the

interval (—00,—1) , then decreasing over the
interval (—1, 3) , and then increasing again over

the interval (3,00) . The function has horizontal

tangents atx = —1 and x =3 . A possible graph

is shown below.
)

9 8 7 6 -5 -4 -3/2 -1

N3 &5 67809
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97.  f(x)=-x"-4x" +54x* +160x° — 641x>

98.

—828x +1200
Using the calculator we enter the function into
the graphing editor as follows:
Flokl Flokz Flokz
Rl I SR
Ard ] el I -5 1E
2-Z2BK+12686

Using the following window:

Yz l=18680
Ares=1

The graph of the function is:
f(x)=-x%—4x5+54x* + 160x3
- 641x2-828x + 1200

7000

In AL
[V Y

-3000
We find the relative extrema using the
minimum/maximum feature on the calculator.
There are relative minima at

(—3.683,-2288.03) and (2.116,—-1083.08)..

There are relative maxima at
(-6.262,3213.8), (—0.559,1440.06), and

(5.054,6674.12).

£ (x)=x*+4x° =36x> —160x +400

Using the calculator we enter the function into
the graphing editor as follows:

Flakl Flakz Flakz
M¥1EH“4+4H“3 SE
~2—1aEE+4EE
“he=
wha=
~hy=
~NE=
~NeE=

Using the following window:

The solution is continued on the next page.

Copyright © 2016 Pearson Education, Inc.



240

99.

The graph of the function is:
f(x) = x* + 4x3 — 36x2 — 160x + 400
800

Vi
| Vo

~400
We find the relative extrema using the
minimum/maximum feature on the calculator.
There are relative minima at

(-5,425) and (4,-304).

There is a relative maximum at (—2, 560) .

f(x)=,[‘4—x2‘+1

Using the calculator we enter the function into

the graphing editor as follows:
Flakl Flakz Flotz

=MiBET Cakhs(d—E"2

RN

M=

wMr=

~hy=

“Me=

~NE=

Using the following window:

WIHOOW
amin=-18
mmax=1a
necl=1
“Ymin=@
Ymax=5
Yacl=.5
ares=1

The graph of the function is:
f(x) =¥ |4 - x2| +1
6

—10 L 1 ——— & ¢

0
We find the relative extrema using the
minimum/maximum feature on the calculator.

There are relative minima at (—2, 1) and (2, 1) .

There is a relative maximum at (0,2.587) .

Chapter 2: Applications of Differentiation

100. f(x)=xV9-x"

101.

Using the calculator we enter the function into

the graphing editor as follows:
Flobl Flokz Flobs
“H ERT =2
“he=
wha=
wMy=
wMe=
~hE=
~he=

Using the following window:

W IO

The graph of the function is:
f(x)=xvV9—x2
5

L

-5

Notice, the calculator has trouble drawing the
graph. The graph should continue to the x-
intercepts at (—3,0) and (3,0) . Fortunately, this

does not hinder our efforts to find the extrema.
We find the relative extrema using the
minimum/maximum feature on the calculator.

T T

There is a relative minimum at (—2. 12, —4.5) .

There is a relative maximum at(2.12,4.5) .

f(x)=[x-2]
Using the calculator we enter the function into
the graphing editor as follows:

Flokl Flokz Flek:
=41 BabsCE-200

Using the following window:

Ares=l1
The solution is continued on the next page.
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102. f(x)=

Exercise Set 2.1

The graph of the function is:
f(x) = |x-2|
4

\\<

_4|— T |

2
We find the relative extrema using the
minimum/maximum feature on the calculator.

The graph is decreasing over the interval

(—e0,2).

The graph is increasing over the interval (2,00).

There is a relative minimum at (2, 0) .

The derivative does not exist at x =2

|2x 5|

Flakl Flakz Flaks
x¥1Eab5ﬂ2H S
"'\-\.2—
M=
wMy=
wMe=
“ME=
wMe=

Using the following window:

The graph of the function is:

f(x) = |2x - 5|

Y [ -

We find the relative extrema using the
minimum/maximum feature on the calculator.
The graph is decreasing over the interval

=]

The graph is increasing over the interval

)
)

There is a relative minimum at(
.. . 5
The derivative does not exist at x = E

N | L

103.

104.

241

f (x) = ‘xz — 1‘
Using the calculator we enter the function into

the graphing editor as follows:
Flobl Flatz Flokz
~NBabs (Rt 2-12
wNe=
wNr=
“hy=
wHe=
~hE=
~he=
Using the following window:

WIHOO
Bmin=-2
Amax=2
necl=1
VYmin=-2
Ymax= 3
Y l=

LEres= 1

The graph of the function is:
f(x)= |x2-1|

-/

2
We find the relative extrema using the
minimum/maximum feature on the calculator.
The graph is decreasing over the interval
(—ee,—1) and (0,1).
The graph is increasing over the interval
(-1,0) and (2,).

There are relative mimima at (—1, 0) and (1, 0) .

-2

There is a relative maximum at (0, 1) .

The derivative does not exist at x = —1and
x=1.

f(x)=‘x2 —3x+2‘

Using the calculator we enter the function into
the graphing editor as follows:

Flokl Flekz Flokz
;¥1Eab5iH“2—3H+2

The solution is continued on the next page.
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105.

Using the following window:

0T HOC

Amin=E
AMaE=3
wacl=1
Ymin=-1
Ymax=3
Yarol=1

dires=1
The graph of the function is:

f(x)= |x2-3x +2|

3

ctL Ja
-1

We find the relative extrema using the
minimum/maximum feature on the calculator.

The graph is decreasing over the interval

(cos,1) and (%z)

The graph is increasing over the interval
3

1,— | and (2,00).

(1] nd (2

There are relative mimima at (1, 0) and (2, 0) .

. . . 31
There is a relative maximum at (E’Z) .

The derivative does not exist at x =1 and
x=2.

f (x) = ‘9 -x’ ‘
Using the calculator we enter the function into
the graphing editor as follows:

Flokl Flokz Flok:
M¥1Eab5{9—H“2}

The solution is continued on the next column.

106.

Chapter 2: Applications of Differentiation

The graph of the function is:
f(x)=|9-x2|
10

4 4

We find the relative extrema using the
minimum/maximum feature on the calculator.
The graph is decreasing over the interval

(=e0,—3) and (0,3).

The graph is increasing over the interval
(-3,0) and (3,).

There are relative mimima at (—3, 0) and (3, 0) .
There is a relative maximum at (0,9) .

The derivative does not exist at x = —3 and
x=3.

f(x) =‘—x2 +4x—4‘

Enter the function into the graphing editor:
Flokl Flekz Flokz
3¥1Eab5i'H“E+4H—

Using the following window:

The graph of the function is:

f(x) = |-x2+4x - 4|

ou ! ‘ )‘4

We find the relative extrema using the
minimum/maximum feature on the calculator.
The graph is decreasing over the interval

(—e0,2).

The graph is increasing over the interval (2, oo) .

There is a relative minimum at (2, 0) .

The derivative exists for all values of x.
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108.

Exercise Set 2.1

f (x) = ‘x3 — 1‘
Using the calculator we enter the function into

the graphing editor as follows:
Flakl Flakz Flokx

=41 Babs CE™3—-12

M=

M=

wMy=

wNe=

M=

wMNe=

Using the following window:

WIHOOW
ammin=-2
AMAX=3
necl=1
Ymin=-1

The graph of the function is:
f(x)= |x3-1|

-
TTT T TTTT1o

C —)8

-1
We find the relative extrema using the
minimum/maximum feature on the calculator.

The graph is decreasing over the interval

(=e==1).

_21K 1

The graph is increasing over the interval (1, <>°) .

There is a relative minimum at (1,0) .

The derivative does not exist atx =1.

f(x) = ‘x4 —2x2‘
Using the calculator we enter the function into
the graphing editor as follows:

Flotl Fleb Flotz
;'1’1 Habs (xqd—2K"2

M=
M=
wMy=
wMe=
“MNE=

Using the following window:

The solution is continued at the top of the next
column.

109.
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The graph of the function is:

f(x) = |x*-2x2|

V.

-1
We find the relative extrema using the
minimum/maximum feature on the calculator.
The graph is decreasing over the interval

(—e0,—1.41),(~1,0) and (0,1.41).

The graph is increasing over the interval
(-1.41,0),(0,1) and (1.41,e0).

There are relative mimima at
(~1.41,0),(0,0) and (1.41,0).

There are relative maxima at (—1,0) and (1,0) .

The derivative does not exist at x = —1.41 and
x=141.

N\,

A

a) We enter the data into the calculator and
run a cubic regression. The calculator
returns

CubickEea
g=ax d b o4
F=2. Fro2958e -9
b=-3. 1344685 -
c=.1197316493
d=-69. B&7¥ 37735

When we try to run a quartic regression, the
calculator returns a domain error. Therefore,
the cubic regression fits best.

b) The domain of the function is the set of
nonnegative real numbers. Realistically,
there would be some upper limit upon daily
caloric intake.

¢) The cubic regression model appears to have

a relative minimum at (4316, 77.85) and it
appears to have a relative maximum at
(3333,79.14) . This leads us to believe that

eating too many calories might shorten life
expectancy.
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110. ™
a)

b)

The cubic function fits best. In fact some
calculators will return an error message
when an attempt is made to fit a quartic
function to the data.
Cubickeg
=g F b o
a=-1.122387E -8
b=1.1634544e -4

c=". 4187422686
d=493. 3632825

The domain of the function is the set of
nonnegative real numbers. Realistically,
there would be some upper limit upon daily
caloric intake.

The cubic regression model does not appears
to have a relative extrema. The greater the
daily caloric intake, the lower the infant
mortality.

Answers will vary. In Exercises 1-16 the
function is given in equation form. The most
accurate way to select an appropriate
viewing window, one should first determine
the domain, because that will help determine
the x-range. For polynomials the domain is
all real numbers, so we will typically select
a x-range that is symmetric about 0. Next,
you should find the critical values and make
sure that your x-range contains them.
Finally, you should determine the x-
intercepts and make sure the x-range
includes them. To find the y-range, you
should find the y-values of the critical points
and make sure the y-range includes those
values. You should also make sure that the
y-range includes the y-intercept.

To avoid the calculations required to find
the relative extrema and the zeros as
described above, we can determine a good
window by using the table screen on the
calculator and observing the appropriate y-
values for selected x-values.

Chapter 2: Applications of Differentiation

b) Answers will vary. When the equations are

somewhat complex, the best way to
determine a viewing window is to use the
table screen on the calculator and observing
appropriate y-values for selected x-values.
You will need to set your table to accept
selected x-values. Enter the table set up
feature on your calculator and turn on the
ask feature for your independent variable.
This will allow you to enter an x-value and
the calculator will return the y-value. You
should make your ranges large enough so
that all the data points will be easily viewed
in the window.
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Exercise Set 2.2

fx)=4- x*
First, find /'(x) and /"(x).
f '(x) =-2x
£r(x)=2
Next, find the critical points of f(x). Since
f '(x) exists for all real numbers x, the only

critical points occur when f'(x)=0.

f'(x)=0
-2x=0
x=0

We find the function value at x=0.
£(0)=4-(0)*=4.

The critical point is (0,4).

Next, we apply the Second Derivative test.
fr(x)=-2

f"(0)=-2<0

Therefore, f (0) =4 is a relative maximum.

2

f(x)=5—x
f'(x): -2x
1(x)=-2

f '(x) exists for all real numbers. The only

critical points occur when f'(x)=0.

f'(x)=0
—2x=0
x=0

We find the function value at x=0.
£(0)=5-(0)=5.

The critical point is (0,5) .
Next, we apply the Second Derivative test.
fr(x)=-2

f"(0)=-2<0
Therefore, /(0) = 5is a relative maximum.
f (x) =x’+x-1
First, find /'(x) and /"(x).

f' (x) =2x+1

fr()=2

245

Next, find the critical points of f (x) . Since
f'(x)exists for all real numbers x, the only

critical points occur when f'(x)=0.
2x+1=0
2x=-1

xX=-—=

2

We find the function value at x = —%.

N R R

The critical point is —l,—é .
2" 4

Next, we apply the Second Derivative test.

7()=2

R

1 . . -
Therefore, f (_E) = —% is a relative minimum.

f(x)=x2—x
f'(x)=2x—l
f"(x)=2

f'(x)exists for all real numbers. The only

critical points occur when f'(x)=0.

f'(x)=0
2x-1=0
1

x=—

2

We find the function value at x =% .

2) 2 2) 4 2 4
. . (11
The critical point is (—, - —j .
2° 4

Next, we apply the Second Derivative test.

77(x)=2

Pz

1 1. . -
Therefore, f (5) = ~a is a relative minimum.
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f(x)= —4x* +3x-1

First, find /'(x) and /"(x).
f'(x)=-8x+3

Fr()=8

Next, find the critical points of f(x). Since
f '(x) exists for all real numbers x, the only

critical points occur when f'(x)=0.

f'(x)=0

—-8x+3=0
—8x=-3

3

xX==

8

We find the function value at x =§ .

RO

9 18 16
=t

16 16 16
.

16

The critical point is é,—l .
8 16

Next, we apply the Second Derivative test.

£(x)=-8

P(3)--seo

Therefore, f (%) = —% is a relative maximum.

f(x)=—5x2 +8x—-7

f'(x) =—10x+8

£(x)=-10

f'(x)exists for all real numbers. The only

critical points occur when f'(x)=0.

f'(x)=0
—-10x+8=0
4

Y=

5

Chapter 2: Applications of Differentiation

We find the function value at x =% .

(G2

16 32 35
T 55 5
19
==

The critical point is (% ,— %) .

Next, we apply the Second Derivative test.

f"(x)=-10

f"(%}=—10<0

4 19 . . .
Therefore, f (gj = r is a relative maximum.

f(x)=x’-12x-1

First, find /'(x) and f"(x).
f(x)=3x"-12

f"(x) =6x

Next, find the critical points of f (x) . Since
/' (x)exists for all real numbers x, the only

critical points occur when f'(x)=0.

f'(x)=0

3x2-12=0
3x? =12

x* =4
x=+J4
x=12

There are two critical values.

First, we find the function value at x =-2.
£(-2)=(=2) ~12(-2)-1
=-8+24-1
=15
The critical point is(-2,15) .
Next, we apply the Second Derivative test.
" (x) =06x
f"(-2)=6(-2)=-12<0

Therefore, f(-2)=15 is a relative maximum.

The solution is continued on the next page.
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Next, we find the function value at x=2.
/(2)=(2) ~12(2)-1

=8-24-1

=-17
The critical point is (2,-17).
Next, we apply the Second Derivative test.
" (x) =0x
f"(2)=6(2)=12>0

Therefore, f(2)=-17 is a relative minimum.

f'(x)exists for all real numbers. The only

critical points occur when f'(x)=0.

f'(x)=0
24x>-6=0
4 -1=0
2ol
4
xzil
2

There are two critical values x = —% and x = % .

We find the function value at x=—%
3
1 1 1
—— =8| —=| -6| ——=|+1
ISR IR IR
=3

iy o 1

The critical point is (—5,3) .

Next, we apply the Second Derivative test.

f "(x) =48x

DL DY G
f( 2) 48( 2) 24<0

Therefore, f (—%) =31is a relative maximum.
. 1
Now, we find the function value at x = 3

HECRES

=-1

247

The critical point is (%, —1) .

Next, we apply the Second Derivative test.

f "(x) =48x

{2l

Therefore, f (%) =—11s a relative minimum.
f(x) =x’-27x
a) Find f'(x) andf"(x).

f'(x) =3x2-27

f "(x) =6x

The domain of fis R.

b) Find the critical points of f(x). Since
f'(x)exists for all real numbers x, the only
critical points occur when f'(x)=0.
3x*-27=0

x*=9
x=13
There are two critical values x =—3and
x=3.
f(-3)=(-3) -27(-3)=54.
The critical point on the graph is (-3,54).

£(3)=(3) -27(3)=-54.
The critical point on the graph is (3,-54).

¢) We apply the Second Derivative test to the
critical points.
For x=-3

f"(x) =6x
£(=3)=6(=3)=-18<0
The critical point (—3,54) is a relative

maximum.
For x=3

f "(x) =06x
£"(3)=6(3)=18>0
The critical point (3,-54)is a relative

minimum.
The solution is continued on the next page.
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10.

d)

If we use the critical values x = -3 and

x =3 to divide the real line into three
intervals, (—e,-3),(=3,3), and (3,%), we
know from the extrema above, that f (x) is
increasing over the interval (—oo, —3) R
decreasing over the interval (-3,3) and then
increasing again over the interval (3,e0).

Find the points of inflection. f"(x)exists

for all real numbers, so we solve the
equation

f"(x)=0
6x=0
x=0

Therefore, a possible inflection point occurs
atx=0.

3
£(0)=(0)" -27(0)=0.

A possible inflection point on the graph is
the point (0,0).

To determine concavity, we use the possible
inflection point to divide the real number
line into two intervals

A:(=0,0) and B:(0,0) . We test a point in
each interval.

A:Test —1: f"(-1)=6(-1)=—6<0
B:Test 1:  f"(1)=6(1)=6>0

Then, f(x) is concave down on the interval
(—e°,0) and concave up on the interval
(0,5), so (0,0) is an inflection point.

Finally, we use the preceding information to
sketch the graph of the function. Additional
function values can also be calculated as
needed.

x S (x) sé—,((x)z;&—zu
40
-4 44 of
-1 26 A
1 -26 W NI I
4 —44 Z oL
Taof
ol
f(x) =x —12x
a) Find f'(x) and /"(x).
f(x)=3x*-12
f"(x) =6x

The domain of fis R.

b)

<)

d)

Chapter 2: Applications of Differentiation

f '(x) exists for all real numbers. Solve:
S'(x)=0
['(x)=0
3x*-12=0
3x% =12
x’=4
x=12
There are two critical values x =-2 and
x=2.

We find the function value at x = -2
f(=2)=(-2) -12(-2)=16..

The critical point on the graph is(-2,16) .
Next, we find the function value at x=2.
f£(2)=(2) -12(2)=-16.

The critical point on the graph is(2,-16) .

Apply the Second Derivative test to the
critical points.
For x=-2

f”(x) =06x
f"(-2)=6(-2)=-12<0
The critical point (-2,16) is a relative

maximum.
For x=2

f "(x) =06x
f"(2)=6(2)=12>0
We determine the critical point (2,-16) is a

relative minimum.

If we use the critical values x = -2 and

x =2 to divide the real line into three
intervals, (—e0,-2),(-2,2),and (2,0), we
know from the extrema above, that f (x) is
increasing over the interval (—co,—2),
decreasing over the interval (-2,2) and then
increasing again over the interval (2,0).

Find the points of inflection. f"(x)exists

for all real numbers, so we solve the
equation

f"(x)=0
6x=0
x=0

Therefore, a possible inflection point occurs
atx=0.
The solution is continued on the next page.
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e)

We evaluate the functionat x=0.
£(0)=(0)’-12(0)=0.
This gives the point (0,0) on the graph.

To determine concavity, we use the possible
inflection point to divide the real number
line into two intervals 4 :(—e,0) and

B:(0,e0). We test a point in each interval
A:Test —1: f"(-1)=6(-1)=-6<0
B:Test 1:  f"(1)=6(1)=6>0

Then, f (x) is concave down on the interval
(—=°,0) and concave up on the interval
(0,), s0 (0,0) is an inflection point.

Finally, we use the preceding information to
sketch the graph of the function. Additional
function values can also be calculated as
needed.

/() o =g

16
9 2
11

o
W
N
w -
=

- |-
-11 “5-4]3-2-1

-9 A

11.

f(x) =2x> —3x* = 36x+28
a) First, find f'(x) and f"(x).

f'(x)=6x"—6x-36
f"(x)=12x—6
The domain of f'is R.

b) Find the critical points of f(x). Since

/' (x)exists for all real numbers x, the only

critical points occur when f'(x)=0.

f'(x)=0
6x>—6x-36=0
X -x-6=0

(x=3)(x+2)=0
x-3=0or x+2=0

x=3 or x=-2
There are two critical values x =—-2 and
x=3.

We find the function value at x = -2
f(=2)=2(=2)’ -3(-2)* -36(-2)+28
=-16-12+72+28
=72

d)

249

The critical point on the graph is (-2,72) .
Next, we find the function value at x =3 .
£(3)=203) -3(3)° -36(3)+28
=54-27-108+28
=-53
The critical point on the graph is(3,-53).

Apply the Second Derivative test to the
critical points.
For x=-2

77(x)=12x-6
F(=2)=12(=2)-6=-30<0
The critical point (-2,72) is a relative

maximum.
For x=3

f(x)=12x-6

£"(3)=12(3)-6=30>0

The critical point (3,—53) is a relative
minimum.

We use the critical values x = -2 and x =3
to divide the real line into three intervals,
A:(—oo,—2), B: (—2,3), and C: (3,00), we
know from the extrema above, that f (x) is
increasing over the interval (—co,-2),
decreasing over the interval (-2,3) and then
increasing again over the interval (3, oo) .
Find the points of inflection. f"(x)exists

for all real numbers, so we solve the
equation

£(x)=0
12x-6=0

1

x==

2
Therefore, a possible inflection point occurs

atx =—.
2

Al A ()

2
A possible inflection point on the graph is

. (119
the point| —,— |.
(2 2]
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e)

To determine concavity, we use the possible
inflection point to divide the real number
line into two intervals

A: (—oo,lj and B:(l,oo) . We test a point
2 2

in each interval

A: Test0: £"(0)=12(0)-6=-6<0

B: Test 1: f"(1)=12(1)-6=6>0

Then, f (x) is concave down on the interval

1 :
(—w,gj and concave up on the interval

1 1 19). . . .
—,o0 |, 80 | —,— |is an inflection point.
2 2°2

We use the preceding information to sketch
the graph of the function. Additional
function values can also be calculated as
needed.

x| sk)

=3 55 fG0 =2x% = 3x*— 36x + 28
-1 59 mgﬁ

0 28 80

1 -9 SE

4 -36 PN

1
v

1

J
w

|
N3

|
—
=
W
NN
=
o
=

-20
-60
-80
-100

T T T T T

12. f(x)=3x"-36x-3

a)

b)

First, find f'(x) and f "(x) :
£1(x) =927 36

S (x)=18x

The domain of fis R.

f"(x)exists for all real numbers. Solve:

f'(x)=0
9x*-36=0
9x* =36
xr=4
x=12
There are two critical values x =-2 and
x=2.

We find the function value at x =-2.
f(-2)=3(-2)" -36(-2)-3=45.
The critical point on the graph is (-2,45) .

<)

d)

e)

Chapter 2: Applications of Differentiation

Next, we find the function value at x=2.
£(2)=3(2)’-36(2)-3=-51.
The critical point on the graph is (2,-51).

Apply the Second Derivative test to the
critical points.
For x=-2

f"(x) =18x
f"(-2)=18(-2)=-36<0
The critical point (-2, 45) is a relative

maximum.
For x=2

f"(x) =18x
£(2)=18(2)=36>0
The critical point (2,-51)is a relative

minimum.

We use the critical values x =-2 and x =2
to divide the real line into three intervals,
A:(—e0,-2), B: (-2,2),and C: (2,00), we

know from the extrema above, that f (x) is
increasing over the interval (—oo, —2) R
decreasing over the interval (-2, 2) and then
increasing again over the interval (2,e0).

Find the points of inflection. f"(x)exists

for all real numbers, so we solve the
equation

f"(x)=0
18x=0
x=0

Therefore, a possible inflection point occurs
atx=0.

£(0)=3(0)’-36(0)-3=-3.

This gives the point (0, —3) on the graph.

To determine concavity, we use the possible
inflection point to divide the real number
line into two intervals

A:(—0,0) and B:(0,0) . We test a point in
each interval

A:Test —1: f"(-1)=18(-1)=-18<0
B:Test 1:  f"(1)=18(1)=18>0

Then, f(x) is concave down on the interval
(—e°,0) and concave up on the interval

(0,%0), so (0,-3) is an inflection point.
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f)  We use the preceding information to sketch the
graph of the function. Additional function
values can also be calculated as needed.

S EAS))
3 | 24
-1 |30
1| 36
3 | 30

) =3x>-36x-3

13. f(x)=80-9x"—x

a)

b)

First, find /'(x) and /"(x).

f‘(x) =—18x—3x>

f"(x) =-18—-6x

The domain of f'is R.

Next, find the critical points of f(x) .

Since f'(x)exists for all real numbers x, the

only critical points occur when f'(x)=0.

['(x)=0
~18x-3x*=0
—3x(x+6)=0
—3x=0 or x+6=0
x=0 or x=-06
There are two critical values x =—-6 and
x=0.

We find the function value at x =—6.
£ (-6)=80-9(~6)" ~(~6)’
=80-324+216
=28
The critical point on the graph is (—6,-28) .
Next, we find the function value at x = 0.
£(0)=80-9(0)" =(0)’ =80
The critical point on the graph is (0,80) .
We Apply the Second Derivative test to the
critical points.
For x=-6
f"(x) =—-18-6x
f"(-6)=-18-6(-6)=18>0
The critical point (—6,—-28) is a relative
minimum.
For x=0
f"(x)=-18-6x
£"(0)=-18-6(0)=-18<0

d)

251

The critical point (0,80) is a relative
maximum.

We use the critical values x =—6, and x =0
to divide the real line into three intervals,

A :(—o0,—6), B: (=6,0), and C: (0,0), we
know from the extrema above, that f (x) is
decreasing over the interval (—eo,—6),
increasing over the interval (=6,0) and then
decreasing again over the interval (0, oo) .
Find the points of inflection. f"(x)exists

for all real numbers, so we solve the
equation

f”(.x)=0
-18-6x=0
x=-3

Therefore, a possible inflection point occurs
atx=-3.

f(-3)=80-9(-3)* = (-3)’ = 26.
A possible inflection point on the graph is
the point (-3,26).

To determine concavity, we use the possible
inflection point to divide the real number
line into two intervals

A:(—o0,-3) and B:(-3,0). We test a point
in each interval

A:Test —4: f"(-4)=-18-6(-4)=6>0
B: Test 0: f"(0)=-18-6(0)=-18<0
Then, f(x) is concave up on the interval
(—e=,—3) and concave down on the interval
(=3,%0,), s0 (—3,26) s an inflection point.

We use the preceding information to sketch
the graph of the function. Additional
function values are also calculated.

A
9 30 ](x):80—9xz—x3:
4 0 L
-2 52 L
0o | % R
. Vi
3 —28
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8 1
14. f(x) =§x3 —2x+§
a) Find f'(x) andf"(x).
f'(x) =8x* -2
f"(x) =16x
The domain of fis R.

b) f'(x)exists for all real numbers. Solve:

['(x)=0
8x2-2=0
8x>=2
»=1
4

xzil

2

.. 1
There are two critical values x = —5 and

1
>

x =
. 1
We find the function value at x = —E.

CEEESE

=1

N | —

The critical point on the graph is (—

Next, we find the function value atx =

AEORAS]

1

3

1
>

The critical point on the graph is (%,—%) .

¢) Apply the Second Derivative test to the
critical points.

For x=—l
2
f"(x)=16x
1 1
"|-=|=16| —=|=-8<0
)l
The critical point (—%, IJ is a relative

maximum.

i

Chapter 2: Applications of Differentiation

For x=l
2

f"(x)= 16x
A(D)erefL)-50
2 2

The critical point (%,—%) is a relative

minimum.
Therefore, f(x)is increasing over the

. 1 .

interval (—oo,—zj , decreasing over the

. 11 . . .
interval 57 and then increasing again

over the interval (%,oo) .

d) We find the points of inflection. /"(x)

exists for all real numbers, so we solve the
equation

£(x)=0
16x=0
x=0
Therefore, a possible inflection point occurs
atx=0.

£(0)=3(0) -2(0)+

1
T

W | —

This gives the point (O,%) on the graph.

e) To determine concavity, we use the possible
inflection point to divide the real number
line into two intervals A :(—e,0) and

B:(0,50). We test a point in each interval
A:Test —1: f"(=1)=16(~1)=—16<0
B:Test 1:  f"(1)=16(1)=16>0

Then, f(x) is concave down on the interval

(—e°,0) and concave up on the interval

(0,0), s0 (0,%) is an inflection point.
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Exercise Set 2.2

f)

We use the preceding information to sketch
the graph of the function. Additional
function values can also be calculated as
needed.

Y,
—2 —17 f(x)=§x3—2x+% 2
— _1 1
! 3 INNEVARNRERNERD L CENRNRD 4NN
1 x

\/ —l’:
Z 53
22

f(x)z—x3+3x—2

a)

First, find /'(x) and /"(x).
f'(x) =-3x2+3

f"(x) =—6x
The domain of fis R.

b) Find the critical points of f(x). Since

f '(x) exists for all real numbers x, the only

critical points occur when f'(x)=0.

f'(x)=0
3x*+3=0
—3(x2 ~1)=0
x*-1=0
x=1%l1
There are two critical values x =—1and
x=1.

We find the function value at x =—1.
f(=1)==(=1) +3(~=1)-2=—4.

The critical point on the graph is (—1,—4) .
We find the function value at x =1.
F()=-(1y +3(1)-2=0.

The critical point on the graph is(1,0) .

We apply the Second Derivative test to the
critical points.
For x=-1

f ”(x) =—6x
f"(-1)=-6(-1)=6>0
The critical point (—1,—4) is a relative

minimum.
For x=1

f "(x) =—6x
f(1)=-6(1)=-6<0
The critical point (1,0) is a relative

maximum.

d)

e)

253

We use the critical values x=—1andx =1
to divide the real line into three intervals,
A (—oo,—l), B: (—1,1), and C: (l,oo) , We
know from the extrema above, that f (x) is
decreasing over the interval (—oo, —1) ,
increasing over the interval (—1,1) and then
decreasing again over the interval (1, oo) .
Find the points of inflection. f"(x)exists

for all real numbers, so we solve the
equation

£"()=0
—-6x=0
x=0

Therefore, a possible inflection point occurs
atx=0.

£(0)==(0)+3(0)-2=-2.

A possible inflection point on the graph is
the point (0,-2).

To determine concavity, we use the possible

inflection point to divide the real number
line into two intervals

A: (—oo,O) and B:(O,oo) .

We test a point in each interval

A:Test —1: f"(-1)=-6(-1)=6>0

B: Test 1: f"(1)=-6(1)=-6<0

Then, f(x) is concave up on the interval
(—=°,0) and concave down on the interval
(0,%0), so (0,-2) is an inflection point.

We use the preceding information to sketch
the graph of the function. Additional
function values can also be calculated as

needed.
g f(X) /\ .;7f(x)=fx3+3)C72
-3 16 I I T TR

i) 0 3 - —1_1/1 2 3%
2 v

3 -20 4

=5
-6

T T T T

f(x)z—x3+3x2—4

a)

First, find f'(x) and/"(x).
f(x)= —3x2 +6x
f"(x)=-6x+6

The domain of fis R.

Copyright © 2016 Pearson Education, Inc.



254

b)

d)

f '(x) exists for all real numbers. Solve:

f'(x)=0
-3x2+6x=0
-3x(x-2)=0
—3x=0 or x—2=0
x=0 or x=2
There are two critical values x =0 and
x=2.

We find the function value at x=0.
£(0)==(0)"+3(0) -4 =4

The critical point on the graph is (0, —4) .
Next, we find the function value atx =2 .
f(2)=-(2) +3(2)° -4=0.

The critical point on the graph is(2,0).

Apply the Second Derivative test to the
critical points.
For x=0

f"(x) =—6x+6
£"(0)==6(0)+6=6>0
The critical point (0, —4) is a relative

minimum.
For x=2

f"(x)= —6x+6
f"(2)=-6(2)+6=-6<0
The critical point (2,0) s a relative

maximum.
Therefore, f(x) is decreasing over the

interval (—eo,0), increasing over the interval
(0,2) and then decreasing again over the
interval (2,e0) .

Find the points of inflection. f"(x)exists

for all real numbers, so we solve the
equation

f"(x):O
—-6x+6=0
x=1

Therefore, a possible inflection point occurs
atx=1.

F(1)=~(1)+3(1)" -4
=—1+3-4
=2
This gives the point (1,—2) on the graph.

To determine concavity, we use the possible
inflection point to divide the real number

Chapter 2: Applications of Differentiation

line into two intervals A :(—e,1) and
B:(1,%0) . We test a point in each interval
A: Test 0: f"(0)=-6(0)+6=6>0

B: Test 2: f"(2)=-6(2)+6=-6<0
Then, f(x) is concave up on the interval
(—=,1) and concave down on the interval
(1,%0), s0 (1,-2) s an inflection point.

We use the preceding information to sketch
the graph of the function. Additional
function values can also be calculated as
needed.

X f (x) 1{)

-2 16 A\

-1 0 -10

3 -4 e
=20

f(x)=3x"—16x" +18x"
a) First, find f'(x) and f"(x).

f(x)=12x" —48x” +36x
f"(x)=36x"—96x+36
The domain of fis R.

b) Next, find the critical points of f (x) .

Since f'(x)exists for all real numbers x, the
only critical points occur when f'(x)=0.
/'(x)=0
12x° —48x* +36x=0
12x(x2 —4x+3) =0
12x(x—1)(x—3) =0
12x=0 or x-1=0 or x-3=0

x=0 or x=1 or x=3
There are three critical values x=0, x=1,
and x=3.
Then

£(0)=3(0)* =16(0)’ +18(0)* =0
F()=3(1)" =16(1’ +18(1)* =5
£(3)=303)"-16(3)’ +18(3)* =27
Thus, the critical points (0,0), (1,5), and
(3,—-27) are on the graph.
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c)

d)

Apply the Second Derivative test to the
critical points.

£7(0)=36(0)*=96(0)+36=36>0
The critical point(0,0) is a relative
minimum.

£(1)=36(1)" —96(1)+36=-24<0
The critical point (1,5)is a relative
maximum.
£"(3)=36(3)-96(3)+36=72>0
The critical point (3,-27)is a relative

minimum.
We use the critical values 0,1,and 3 to

divide the real line into four intervals,
A:(==,0), B:(0,1),C:(1,3) and D:(3,e),
we know from the extrema above, that
f (x) is decreasing over the intervals
(—=°,0) and (1,3)and f (x) increasing over
the intervals (0,1) and (3,e°).
Find the points of inflection. f"(x)exists
for all real numbers, so we solve the
equation f"(x)=0.

£7(x)=0
36x% —96x+36=0
12(3x” =8x+3) =0

3x2 —8x+3=0
Using the quadratic formula, we find that
447
3
possible inflection points.
£(0.451)=2.321

f(2.215)=-13.358
So, (0.451,2.321) and (2.215,-13.358) are

two more points on the graph.
To determine concavity, we use the possible
inflection point to divide the real number

line into three intervals A:(—ec,0.451),
B:(0.451,2.215), and C:(2.215,0).

We test a point in each interval to determine
the sign of the second derivative.

,80 x=0.451orx=2.215are

255

A: Test0:

£"(0)=36(0)* -96(0)+36=36>0
B: Test 1:

(1)=36(1)* =96(1)+36 =24 <0
C: Test 3:

7"(3)=36(3)" =96(3)+36=72>0
Then, f(x) is concave up on the interval
(—2,0.451) and concave down on the
interval (0.451,2.215) and concave up on the
interval (2.215,), so (0.451,2.321) and
(2.215,-13.358) are inflection points.

We use the preceding information to sketch
the graph of the function. Additional
function values can also be calculated as

needed.

S AC)) %

-1 37 a T \2 3 |4x
2 -8 -6

4 32 nf

) =3x* — 16x3 + 18x2

18.  f(x)=3x"+4x’ 1227 +5

a)

b)

fr(x)=12x" +12x% - 24x
£"(x)=36x"+24x-24
The domain of fis R.
f'(x)exists for all real numbers. Solve
f'(x) =0
125 +12x% = 24x =0
IZJC(x2 +x—2)=0
12x(x+2)(x-1)=0
12x=0 x-1=0

x=0 or x=-2 or x=1
There are three critical values x =-2,
x=0,and x=1. Then

f(=2)=3(=2)" +4(=2)’ -12(=2)* +5
=-27
£(0)=3(0)" +4(0)’ -12(0)* +5=5
F()=3(1) +4(1)’ =121’ +5=0
Thus, the critical points (-2,-27),(0,5),
and (1,0) are on the graph.

or x+2=0 or
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c)

d)

Apply the Second Derivative test to the
critical points.

F(-2)=36(-2)" +24(-2)-24=72>0
The critical point (-2,-27)is a relative
minimum.

£7(0)=36(0) +24(0)-24=-24<0
The critical point (0,5) is a relative
maximum.

£(1)=36(1) +24(1)-24=36>0

The critical point (1,0) is a relative

minimum.
Then f(x)is decreasing over the intervals

(—e2,—2) and (0,1) and f (x) increasing
over the intervals (-2,0) and (1,0).
Find the points of inflection. f ”(x) exists

for all real numbers, so we solve the
equation

£(x)=0

36x° +24x-24=0
Using the quadratic formula, we find that

—1+/7
3

,80 x=—1.215 or x = 0.549 are

possible inflection points.
f(-1.215)=-13.358

£(0.549) = 2.321
So, (-1.215,-13.358) and (0.549,2.321) are

two more points on the graph.
To determine concavity, we use the possible
inflection points to divide the real number

line into three intervals A:(—eo,—1.215),
B: (~1.215,0.549),and C:(0.549, ).
We test a point in each interval

A:Test —2: f"(-2)=72>0

B: Test 0: /"(0)=-24<0

C:Test1: f"(1)=36>0

Then, £ (x) is concave up on the interval
(—oo,—l .215) and concave down on the
interval (—1.215,0.549) and concave up on
the interval (0.549,0) , so
(-1.215,-13.358) and (0.549,2.321) are

inflection points.

19.

Chapter 2: Applications of Differentiation

f)

We use the preceding information to sketch
the graph of the function. Additional
function values can also be calculated as
needed.

D Y
-3 32 T
-1 -8 r
2 37 B
60 =3xt+ 43 - 12x2+ 5
f(x) =x*—6x?

a)

b)

First, find /'(x) and /' "(x).

f’(x) =4x> —12x

f(x)=12x"-12

The domain of fis R.

Find the critical points of f(x). Since

/' (x)exists for all real numbers x, the only

critical points occur when f'(x)=0.

f(x)=0
4x° ~12x=0
4x(x*-3)=0
4x=0 or x*-3=0
x=0 or x=i\/§

There are three critical values —\/g ,0, and

V3.

Then

Thus, the critical points (—\/g , —9) ,(0,0),

(ﬁ , —9) and are on the graph.
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<)

d)

Apply the Second Derivative test to the
critical points.

RO
=12(3)-12=24>0

The critical point (—\/g s —9) is a relative

minimum.

£"(0)=12(0)* -12=-12<0

The critical point (0, O) is a relative

maximum.

P12 12
=12(3)-12=24>0

The critical point (\/g R —9) is a relative

minimum.
If we use the critical values —/3 , 0, and NE)
to divide the real line into four intervals,

A:(—oo,—\/g), B: (—ﬁ,O),C: (0,\/5),
and D: (\/g,oo)

Then f(x)is decreasing over the intervals
(—oo,—\/g) and (O,«/g), and f(x)
increasing over the intervals

(+/3.0) and ({3.).

Find the points of inflection. f"(x)exists

for all real numbers, so we solve the

equation
f"(x) — 0
12x*-12=0
x*=1=0
x2=1
x=x=1
So x =-1 or x =1 are possible inflection
points.

F(=1)=(=1)"=6(-1)° =1-6=-5
F)=0) =601y =1-6=-5

So, (—-1,-5)and (1,-5) are two more points

on the graph.

To determine concavity, we use the possible

inflection point to divide the real number

line into three intervals A :(—eo,—1),

B: (-1,1),and C: (1,). We test a point

in each interval

20.

257

A: Test —2:

fU(-2)=12(=2)° -12=36>0
B: Test 0:

£"(0)=12(0)* -12=-12<0
C: Test 2:

£"(2)=12(2)*-12=36>0
Then, f(x) is concave up on the intervals
(—eo,—1)and (1,%¢) and concave down on
the interval (~1,1) , so (-1,—5) and (1,-5)

are inflection points.

f) We use the preceding information to sketch
the graph of the function. Additional
function values can also be calculated as
needed.

x X, =X4— XZ
f(x) f&x) 6. il_
-3 27 Shap *
-2 -8 2
2 -8 L
3 27 i
_9:
-10
f(x)=2x2—x4
a) f'(x)=4x—4x3
f(x)=4-12x

The domain of f'is R.

b) f'(x)exists for all real numbers. Solve

f'(x)=0

4x—4x=0
4x(1—x2)=0
4x(1-x)(1+x)=0
4x=0 or 1-x=0 or 1+x=0
x=0 or x=1 or x=-1
There are three critical valuesx=-1, x=0,
and x=1.
Then

F()=2(1) (1) =1
7(0)=2(0) - (0)' =0

F)=201)"-(1) =1
Thus, the critical points (-1,1) ,(0,0) , and
(1,1) are on the graph.
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c)

d)

Apply the Second Derivative test to the
critical points.

fU(=1)=4-12(-1)" =-8<0

The critical point(—1,1) is a relative
maximum.
£"(0)=4-12(0)"=4>0

The critical point (0,0) is a relative
minimum.

£(1)=4-12(1 =-8<0

The critical point (1,1) is a relative

maximum.
Then f(x)is increasing over the intervals

(—eo,—1) and (0,1), and f (x) is decreasing
over the intervals (—1,0) and (1,¢°).
Find the points of inflection. f ”(x) exists

for all real numbers, so we solve the
equation

f"(x)=0
4-12x* =0
ool
3

1 1

x=t |- =t

f-5

1 1 .
So at x = ——= and x = — there exists

3 V3

possible inflection points.
1 5
! ( ﬁj K
1) 5
! (ﬁ] i
So (—L Ej and(L 2) are two more
9 \/g b 9 \/g b 9

points on the graph.

To determine concavity, we use the possible
inflection points to divide the real number

. . . 1
line into three intervals A: (—oo, ——),

NE)
oo

We test a point in each interval
A: Test —1:f"(—1)=—8<0
B: Test 0: f"(0)=4>0
C:Test1: f"(1)=-8<0

21.

Chapter 2: Applications of Differentiation

Therefore, /(x) is concave down on the

1 1
intervals | —eo,———= |and | —=,<° | and
( 3 ) (ﬁ )

f (x) is concave up on the interval

(_L LJ “ (_L z) and(L zj
VN3) VB9 V379

are inflection points.

We use the preceding information to sketch

the graph of the function. Additional

function values can also be calculated as

needed.

x| () g

_2 _8 fGo)= 2x2 7x41 B

11 1 SEANVANES
0 0 gk

1 1 Al

2 -8

f(x)=x3—6x2+9x+l

a)

b)

<)

First, find /'(x) and f"(x).
f'(x)=3x"-12x+9
f"(x)= 6x—12
The domain of f'is R.
f'(x)exists for all values of x, so the only
critical points of f'are where f'(x)=0.
f'(x)=0
3x* —12x+9=0
3(x* —4x+3)=0
3(x—1)(x—3)=0
x-=1=0 or x-3=0

x=1 or x=3
The critical values are 1 and 3.
Then,

F()=(1y-6(1)*+9(1)+1=5
3=y -6(3)7+9(3)+1=1
So, (1,5)and (3,1)are on the graph.

Applying the Second Derivative Test, we
have:

f()=6(1)-12=-6<0
f"(3)=6(3)-12=6>0

Therefore, (1, 5) is a relative maximum and
(3,1) is a relative minimum.

The solution is continued on the next page.
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If we use the points 1 and 3 to divide the real
number line into three intervals,
(—eo,1), (1,3), and (3,°0) . Using the

extrema, we know f*(x) is increasing on the
intervals (—eo,1) and (3,e0), and f(x)is
decreasing on the interval (1, 3) .

d) Find the points of inflection. f"(x)exists

for all real numbers. Solve

/7(x)=0

6x—-12=0
6x=12

x=2

There is a possible inflection point at x =2 .
F(2)=(2) -6(2)* +9(2)+1=3
Thus, the point(2,3) on the graph is a

possible inflection point.
e) To determine concavity, we use 2 to divide
the real number line into two intervals,

A: (—e°,2) and B: (2,0). Then test a point

in each interval.
A: Test 0, f"(0)=6(0)-12=-12<0

B: Test3, f"(3)=6(3)-12=6>0

Thus, f(x)is concave down on the interval
(—e°,2) and concave up on the interval
(2,00) and (2,3) is an inflection point.

f) We sketch the graph. Additional points may
be found as necessary.

x f(x) 7
2 | 49 :
-1 -15 ;
0 1 :
4 5 = R
5 21 _g: 100 =x3 - 6x2+9x + 1

f(x)zx3 —2x*—4x+3
a) f'(x)=3x"-4x—4
f "(x) =6x-4
The domain of fis R.
b) f'(x)exists for all real numbers. Solve
3x* —4x-4=0
(3x+2)(x—2)=0

259

3x+2=0 or x—2=0

2
xX=—— or x=2
3

The critical values are —% and 2.

B

8 B8
27 9 3

E

27

The critical points (—%,%) and (2,-5)

are on the graph.
¢) Applying the Second Derivative Test, we
have:

Y B G RS S
f(}j 6(3)4 4-4=-8<0

( 2 121). . :
——,— | is a relative maximum.
3727

"(2)=6(2)-4=12-4=8>0

(2,-5) is a relative minimum.

3
and on (2,0) and f(x) is decreasing on

()

d) Find the points of inflection. f"(x)exists

Therefore f(x) is increasing on (—oo,—z)

for all values of /' (x), so the only possible

inflection points occur when f"(x)=0.
6x—-4=0

4 2
X=—=—
6 3

. oo . . 2
There is a possible inflection point at x = 3

(-G

2 7
Another point on the graphis | —,——|.
P Srap (3 27)
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. . 2 .
e) To determine concavity we use 3 to divide

the real number line into two intervals,

A (—oo,gJ and B: (%,oo) . Then test a
3 3

point in each interval.

A: Test O,f"(O) = 6(0)—4 =—4<0

B: Test l,f"(l) = 6(1)—4 =2>0

i 2
We see that f'is concave down on (—oo,gj

2 2 7).
and concave up on | —,e |, 80 | —,—— |is
3 37 27

an inflection point.

We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

f) =x>-2x? —4x +3

S AS))

-2

&lwl—|o| L),
(98]

19

23. f(x) =x*-2x°

a)

b)

First, find /'(x) and /"(x).

f‘(x) =4x> —6x2

fr(x)=12x*-12x

The domain of fis R.

f'(x)exists for all values of x, so the only

critical points of f'are where f'(x)=0.

f(x)=0
4x* —6x* =0
2x*(2x-3)=0

2x2=0 or 2x-3=0

x=0 or x=é
2

The critical values are 0 and % .

Chapter 2: Applications of Differentiation

2
So, (0,0) and (%,—%) are on the graph.

Applying the Second Derivative Test, we
have:

£7(0)=12(0)* =12(0)=0
The Second Derivative Test fails, we will
have to use the First Derivative Test for

x=0. Divide (—w,%) into two intervals,

A: (—00,0) and B: (O,%j , and test a point

in each interval.
A: Test —1,

f(-1)=4(-1)=6(-1)’ =-10<0
B: Test 1,

F1(1)=4(1y -6(1)* =-2<0
Since, f is decreasing on both intervals,
(0,0) is not a relative extremum.

We use the Second Derivative Test for

X=—.

2
2
I 3 =12 3 -12 3 =9>0
2 2 2
Therefore, (%’_%J is a relative minimum.

Thus, f (x) is increasing on the interval

(%,WJ ,and f(x)is decreasing on the

intervals (—ee,0) and (0,%) )

Find the points of inflection. f "(x) exists

for all real numbers. Solve

f"(x)=0

12x* -12x=0

12x(x-1)=0
12x=0 or x—1=0
x=0 or x=1

There are a possible inflection points at
x=0andx=1.

£(0)=0  found earlier

F0)=0) =207 =1
Thus, the points (0,0) and (1,—1) on the

graph are possible inflection points.
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e)

Use 0 and 1 to divide the real number line
into two intervals, A: (—es,0), B: (0,1),

and C: (l,oo) . Then test a point in each

interval.
A: Test —1,

Sr(1)=12(-1) ~12(-1)=24>0

1
B: Test —,
2

1 1Y 1
RERT R TI
C: Test 2,
"(2)=12(2)* -12(2)=24>0

Thus, f(x)is concave up on the intervals
(—2,0) and (1,0) and concave down on the
interval (0,1) . Also, the points (0,0) and
(1,-1) are inflection points.

Using the preceding information, we sketch
the graph. Additional points may be found
as necessary.

X f(x) é_

-2 32 T

-1 3 2b

2 0 AN T
3 27 o LI T

20 fo) =x* - 2x3
=3+

24, f(x) =3x* +4x°

a)

b)

f(x)=12x7 + 124
f"(x)=36x"+24x
The domain of fis R.

f'(x)exists for all real numbers. Solve
12X +12x° =0

12x% (x+1)=0

12x* =0

x=0 or x=-1
The critical values are —1and O .

P31 +4(1) 1
£(0)=3(0)" +4(0)* =0
The critical points (—1,—1) and (0,0) are on

or x+1=0

the graph.

c)

d)

261

Applying the Second Derivative Test, we
have:

F(=1)=36(-1)" +24(~1)=36-24
=12>0

So (~1,-1) is a relative minimum.

£"(0)=36(0)" +24(0)=0

The test fails. We will use the First

Derivative Test. We use 0 to divide the

interval (—1,0) into two intervals,
A: (-1,0)and B: (0,<°), and test a point in

each interval.

A: Test —l,
2
3 2
1 1 1
N"—— =12 —=| +12| ——
f( 2) ( 2) ( 2)
=i>0
2
B: Test 2,

1(2)=12(2)’ +12(2)* =144 >0
f is increasing on both intervals
(—1,0) and (0,e°). Therefore, (0,0) is not a
relative extremum. Since (—1,—1) isa
relative minimum, we know that 1 is
decreasing on (—eo,—1).
Find the points of inflection. f"(x)exists

for all values of x, so the only possible
inflection points occur when f"(x)=0.

f"(x)=0
36x% +24x =0
12x(3x+2)=0
12x=0 or 3x+2=0
x=0 or x=—g
3

There are a possible inflection points at

-
) 5
£(0)=3(0)" +4(0)’ =0

This gives one additional point (—%,—E)

on the graph.
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. . 2
e) To determine concavity we use —3 and 0 to

divide the real number line into three
intervals, A : (—oo,—%), B: [—%,0) , and

3
C: (0,) . Then test a point in each interval.
A: Test -1,
f(=1)=36(-1)* +24(-1)=12>0
B: Test —l,
2
2
1 1 1
" == |=36|—-=| +24| ——
r{oz)al3) )
=-3<0
C: Test 1,

"(1)=36(1)" +24(1)=60>0

We see that fis concave up on the intervals

(—‘”,—2) and (0,) , and concave down on

the interval —3,0 , S0 both _E’_E
3 37 27

and (0,0) are inflection points.

f) We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

()

-2 16

1 7

2 80 05 1x

flx) = 3xt + 453 5

3

2S. f(x)=x3—6x2—135x

a) f'(x)=3x"-12x-135
f"(x)=6x-12
The domain of fis R.

b) f'(x)exists for all values of x, so the only
critical points of fare where f'(x)=0.
3x% —12x-135=0

x*—4x-45=0
(x—9)(x+5)=0
x-9=0 or x+5=0

x=9 or x=-5
The critical values are —5and 9.

Chapter 2: Applications of Differentiation

The function values are

S (=5)=(-5)" = 6(-5)" ~135(-5)

—125-150+675

400

£(9)=(9)'~6(o) ~135(9)
=729-486-1215
=-972

The critical points (-5,400)and (9,-972)

are on the graph.
¢) Applying the Second Derivative Test, we

have:
f"(=5)=6(-5)-12=-30-12
=-42<0
The critical point (-5,400)is a relative
maximum.
f"(9)=6(9)-12=54-12
=42>0

The critical point (9,-972) is a relative

minimum.

If we use the points —5 and 9 to divide the
real number line into three intervals
(=e0,=5), (=5,9), and (9,5°) we see that

f(x) is increasing on the intervals
(—e0,=5) and (9,00) and f(x) is
decreasing on the interval (—5,9) .

d) Find the points of inflection. f"(x)exists

for all values of x, so the only possible
inflection points occur when f"(x)=0. We

set the second derivative equal to zero and
find possible inflection points.

6x—12=0
6x=12
x=2

The only possible inflection point is 2 .
£(2)=(2)"~6(2) ~135(2)
=8-24-270
=-286
The point (2,-286) is a possible inflection

point on the graph.

e) To determine concavity we use 2 to divide
the real number line into two intervals,
A :(—0,2) and B: (2,e0), Then test a point

in each interval at the top of the next page.
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Using the information from the previous Therefore, f(x) is increasing on the
page, we test a point in each interval. . o .
A: Test 0, 17(0)= 6(0)—12=~12<0 intervals (—eo,—6) and (8,e0)and f (x)is
d i the interval (—6,8).
B: Test3, £"(3)= 6(3)—12 =60 ecreasing on the interval (-6,8)

. . . . " .
We see that fis concave down on the d) Find the inflection points. f (x) exists for

interval (—e,2) and concave up on the all real numbers. Solve:
interval (2,e0) , Therefore (2,-286)is an /(x)=0
. . . 6x—-6=0
inflection point.
f) We sketch the graph using the preceding x=1
information. Additional function values f(1)=-286
may also be calculated as I;ecessary. The possible inflection point(1,-286) is on
X f (x ) 6001
450 the graph.
—11 —572 SN e) To determine concavity, use 1 to divide the
—10 | -250 e i T real number line into two intervals,
-3 324 ook A:(—eo,1)and B: (1,e0) and test a point in
—450|
0 2086 “ooor each interval.
é - Zooof- A: Test 0, £"(0)=6(0)-6=—-6<0
15 0 J6) =363~ 6x2 = 135 B: Test2, f"(2)=6(2)-6=6>0
16 400 Therefore, f(x)is concave down on the
interval (—ee,1) and concave up on the
' _ .3 2
26, f'(x)=x"—3x" —144x-140 interval (1,0). The point (1,-286)is an
a) f'(x)=3x"—6x-144 inflection point.
f"(x)=6x-6 f) We sketch the graph using the preceding
i ) information. Additional function values
The domain of fis R. may also be calculated as necessary.
b) f'(x)exists for all real numbers. Solve: X f(x)
Y.
f'(x)=0 -12 | =572 qo0r
2 — 1 O O 1 N i 1 1 1 1
3x 2—6x—144=0 3 238 “ipfe o Y s 1216x
x°—2x-43=0 0 -140 —400]"
(x+6)(x—8) =0 4 —-700 ~600
0 -800-
x+6=0 or x-8=0 14 ~1000}
Critical 15 | 400
x=-6 or x=8 Vralhlgz () =x3 = 3x2 - 144x — 140
£ (=6)=1400
f(8)2_972 27. f(x)=x4 —4x*+10
So the critical points (—6,400) and a) f'(x)=4x 1227

(8,-972) are on the graph.

¢) Using the Second Derivative Test, we have:
f"(-6)=-42<0

f"(8)=42>0

So, (—6,400) is a relative maximum and

f(x)=12x" —24x
The domain of fis R.

(8,-972) is a relative minimum.
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b)

d)

/' (x)exists for all values of x, so the only
critical points of f'are where f'(x)=0.

453 -12x* =0

4x% (x=3)=0
4x*=0 or x-3=0
x=0 or x=3

The critical values are 0 and 3.

£(0)=(0)" =4(0)’ +10=10
£(3)=(3)"-4(3)’ +10=-17

The critical points (0,10)and (3,—17)are on

the graph.
Applying the Second Derivative Test, we
have:

£"(0)=12(0)* -24(0)=0
The test fails, we will use the First
Derivative Test.

Divide (—eo,3) into two intervals,
A: (—0,0) and B: (0,3), and test a point in
each interval.
A: Test —1,
F1(=1)=4(=1) -12(-1)* =16 <0
B: Test 1, /'(1)=4(1)’ -12(1)° = -8 <0
Since, f is decreasing on both intervals,
(O, 10) is not a relative extremum.

We use the Second Derivative Test for
x=3.

£"(3)=12(3)" —24(3)=36> 0
The critical point (3,—17)is a relative

minimum.
When we applied the First Derivative Test,

we saw that f (x) was decreasing on the
intervals (—eo,0) and (0,3). Since (3,-17)
is a relative minimum, we know that f (x)
is increasing on (3,0).

Find the points of inflection. f"(x)exists

for all values of x, so the only possible
inflection points occur when f"(x)=0.

12x% —24x=0
12x(x—2)=0
12x=0 or x-2=0
x=0 or x=2

Chapter 2: Applications of Differentiation

Possible points of inflection occur at
x=0andx =2.

£(0)=(0)* -4(0)’ +10=10
r(2)=(2)"-4(2)’ +10=-6

The points (0,10) and (2,-6) are possible

inflection points on the graph.

e) To determine concavity we use 0 and 2 to
divide the real number line into three
intervals,

A :(==°,0),B: (0,2), and C: (2,e), Then
test a point in each interval.
A: Test —1,

f(=1)=12(=1)* —24(~1)=36>0
B: Test 1,

r(1)=12(1)* -24(1)=-12<0
C: Test 3,

"(3)=12(3)* -24(3)=36>0
We see that fis concave up on the intervals
(—2,0) and (2,e°) and concave down on
the interval (0,2) . Therefore both (0,10)
and(2,-6) are inflection points.

f) We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

x f(x) ol
-2 58 301
-1 15 201
1 7 1 1 1 Il 1 1
4 10 -2 -1 1 3 J4x
5 135 —or

-201 S0 =xt—4x3+10

f(x)=%x3—2x2+x
a) f'(x)=4x2—4x+1

f"(x) =8x—4
The domain of fis R.

b) f'(x)exists for all real numbers. Solve:

f(x)=0

4x* —4x+1=0
(2x-1)° =0
2x—-1=0

x= % Critical Value
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d)

We evaluate the function at the critical
value.

1 1
/ ( 2) 6
o . 1 1).
So the critical point (E’gj is on the graph.
Using the Second Derivative Test, we have:

f "(%) = 0 and the test fails. We will use

the First Derivative Test.
Divide the real number line into two

intervals, A: (—oo l) and B: ( ! ) and
2 2’

test a point in each interval.

A: Test 0,1'(0)=4(0)" —4(0)+1=1>0

B: Test 1, £'(1)=4(1)" -4(1)+1=1>0

Since, f is increasing on both intervals,

(% %j is not a relative extremum.

However, we now know that f (x) is

increasing over the intervals

(—oo,l) and (l,ooj.
2 2
Find the inflection points. f"(x) exists for

all real numbers. Solve:

£(x)=0
8x-4=0
1

oL

2

1 1
f&}z

The possible inflection point is (%,%} .

. . 1 ..
To determine concavity, use 5 to divide the
real number line into two intervals,

1 1 .
A: (—oo,;) and B: (E,oo] and test a point

in each interval.
A: Test0,/"(0)=8(0)-4=-4<0

B: Test 1, /"(1)=8(1)-4=4>0

265

Therefore, f(x)is concave down on the

. 1
interval (—oo,E) and concave up on the

interval l,oo . The point l,l is an
2 2°6

inflection point.

We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

x| f(x) g

6 | —366 i

-3 -57 Hi

1 L A I R R
2k

0 0 j: feo = §x3—2x2+x

1 % -5t

3 21

6 222

b)

( )=x’—6x" +12x-6

) f'(x)=3x"—12x+12

S"(x)=6x-12
The domain of fis R.

f'(x)exists for all values of x, so the only

critical points of f'are where f'(x)=0.
3x%-12x+12=0

x*—4x+4=0  Dividing by 3
(x=2)°=0
x=2=0
x=2

The critical value is 2 .
£(2)=(2) -6(2)* +12(2)-6=2
The critical point (2,2)is on the graph.

Applying the Second Derivative Test, we
have:

f"(2): 6(2)—12 =0
The test fails, we will use the First

Derivative Test.
Divide the real line into two intervals,

A: (—e°,2) and B: (2,0), and test a point in

each interval on the next page.
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d)

Testing a point in each interval, we have:
A: Test 0,
£1(0)=3(0)*=12(0)+12=12>0
B: Test 3,
£'(3)=3(3) -12(3)+12=3>0
Since, f is increasing on both intervals,
(2, 2) is not a relative extremum.
When we applied the First Derivative Test,
we saw that f(x) was increasing on the
intervals (—eo,2) and(2,e0).
Find the points of inflection. f"(x)exists

for all values of x, so the only possible
inflection points occur when f"(x)=0.

6x—12=0
6x=12
x=2
We have already seen that f(2)=2,s0
the point (2, 2) is a possible inflection point

on the graph.
To determine concavity we use 2 to divide
the real number line into two intervals,

A :(—0,2) and B: (2,e0), Then test a point
in each interval.

A: Test 0, £"(0)=6(0)-12=-12<0

B: Test3, /"(3)=6(3)-12=6>0

We see that f(x) is concave down on the
interval (—ee,2) and concave up on the

) - Therefore, the point (2,2)

is an inflection point.

We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

interval (2,0

X f(x) "

-1 =25 2

0 -6 =} 2 3 4%
1 1 ‘2/

3 3 _: [0 =x3—6x2+12x~ 6
4 10 13[

( ) 2 +3x+1

a) f'(x)=3x"+3

/(x)=6
The domain of f'is R.

b)

d)

Chapter 2: Applications of Differentiation

/' (x)exists for all real numbers, and the

equation f'(x)= 0has no real solution.

[3x2 +3>0 for all x} . Thus, f(x)has no

critical points.
Since f'(x)> 0 for all real numbers, f (x)

is increasing over the entire domain (—oo,oo).
Find the points of inflection. Since /" (x)

exists for all real numbers, solve:

£(x)=0

6x=0

x=0
r(0)=1

So the point (0,1) is a possible inflection
point on the graph.

To determine concavity, we use 0 to divide
the real number line into two intervals.

A :(—o=,0) and B: (0,0), Then test a point
in each interval.

A:Test -1, f"(-1)= 6(—1) =-6<0
B:Testl, f"(1)=6(1)=6>0

We see that f'(x) is concave down on the
interval (—oo,O) and concave up on the

) . Therefore, the point (0,1) is

an inflection point.

We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

interval (0, o

x| f)
-2 -13
-1 -3
1 5 1 I1 0. 11
-15-1-05 [ 05 5%
2 15 /‘§
3
of
( ) 5x3=3%°
) f'(x)=15x"—15x"

/"(x)=30x-60x>
The domain of fis R.
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b)

/' (x)exists for all values of x, so the only

critical points of f'are where f'(x)=0.
15x° —15x* =0

1557 (1-x7) =0

155*=0 or 1-x*=0

x=0 or x==1
The critical values are —1, 0, and 1.

f(=1)=5(-1)"=3(-1)" =2
£(0)=5(0)’=3(0)’ =0
£()=501)"-30) =2

The critical points (~1,-2), (0,0)and (1,2)

are on the graph.
Applying the Second Derivative Test, we
have:

f"(=1)=30(=1)-60(~1)* =30> 0

So, the critical point (—1,—2) is a relative
minimum.

£"(0)=30(0)-60(0)’ =0

The test fails, we will use the First
Derivative Test.

Divide (—1,1) into two intervals, A: (~1,0)
and B: (0,1), and test a point in each

interval.
A: Test —l,
2
2 4
1 1 1
""——|=15|-—=| —-15|——
r(-5)(-3) (3]
:£>0
16
B: Test —,
2 4
1 1 1
"= =15 —=| 15| —
rlz)-ulz) 3]
£>0

Since, f is increasing on both intervals,
(0,0) is not a relative extremum.

We use the Second Derivative Test forx=1.

£"(1)=30(1)-60(1)* =-30<0
The critical point(1,2) is a relative

maximum.

d)

267

When we applied the First Derivative Test,
we saw that f (x) was increasing on the

intervals (-1,0) and(0,1) . Since (—1,-2) is
a relative minimum, we know that f (x) is
decreasing on (—eo,—1). Since (1,2)is a
relative maximum, we know that f (x) is
decreasing on (1,e0).

Find the points of inflection. f"(x)exists

for all values of x, so the only possible
inflection points occur when f"(x)=0.

30x-60x> =0
30x(1—2x2)=O
30x=0 or 1-2x2=0

x=0 or x2:l
2
X = or x=x l=iL
2 2
3 5
1 1 1
=5 | =3 ——
g5 -5
=-1.237

=

1
(ﬁ’ 1 .237] are possible inflection points
on the graph.

To determine concavity we use

The points [— ,—1.237}, (0,0) and

—L, 0, and L to divide the real number

7 7
1

line into four intervals, A : (—w,—ﬁ),

1 1
B:|-—,0(,C: | 0,—= |,and
( V2 j ( ﬁj
1
D:| —,|.
&
Then test a point in each interval on the next
page.
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Testing the point in each interval, we have
A:Test -1, f"(=1)=30(~1)-60(~1)’

=30>0
B: Test —l,
2
3
1 1 1
" —— =30 ——=|-60| ——
r{=3)-ul5(-3)
=—1—5<0
2
1
C: Test —,
2
3
1 1 1
"l = |=30] = |-60| =
r{3)-ul3)-w()
=£>0
2
D: Test1,
£7(1)=30(1)~60(1)
=-30<0

We see that fis concave up on the intervals

1 1
—oco,——= | and | 0,—= | and concave
( V2 j ( V2 j

down on the intervals
(—L,OJ and (L,mj . Therefore, the

7 N5

points (—L,—1.237j , (0,0)and

2
(L,1.237j are inflection points.
2
f) We sketch the graph using the preceding

information. Additional function values
may also be calculated as necessary.

X Y
X L
f( ) 3 f(x):Sx373x5
-2 56 2
-1 17 an
2 32 1 1 I 1
1 17 -2 1 1 2 X
2 32 -r
2 =56 -r
3k

32, f(x)=20x"-3x"
a) f'(x)=60x*—-15x"
£"(x)=120x-60x>
The domain of fis R.

Chapter 2: Applications of Differentiation

b) f '(x) exists for all real numbers. Solve:
/'(x)=0
60x> —15x* =0
1557 (4-27)=0

15x2=0 or 4-x*=0

x=0 or x=x2
f(-2)=-64
f(0)=0
f(2)=64

So the critical points (-2,-64), (0,0), and
(2,64)are on the graph.

¢) Applying the Second Derivative Test, we
have:

f"(-2)=120(~2)-60(-2)’ =240>0
So, the critical point (—2,—64) is a relative

minimum.
Testing the remaining critical values we
have:

£"(0)=120(0)-60(0)’ =0
The test fails, we will use the First

Derivative Test.
Divide (-2,2) into two intervals,

A: (-2,0) and B: (0,2), and test a point in

each interval.
A: Test —1,

f(-1)=60(-1)*=15(-1)* =45>0
B: Test 1,

£1(1)=60(1)* =15(1)* =45>0
Since, f is increasing on both intervals,
(0,0) is not a relative extremum.

We use the Second Derivative Test for
x=2.

/"(2)=120(2)-60(2)’ =240 <0
The critical point(2,64) is a relative

maximum.
¢) When we applied the First Derivative Test,
we saw that f (x) was increasing on the

intervals (-2,0) and(0,2). Since (-2,—-64)
is a relative minimum, we know that f (x)
is decreasing on (—e0,—2). Since(2,64)is a
relative maximum, we know that 1 (x) is

decreasing on (2,0 .
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d) Find the inflection points. /"(x) exists for

all real numbers. Solve:
120x - 60x> =0

60x(2—x2)=0
2-x2=0
x2=2

x=i«/§

60x=0 or
x=0 or
x=0 or
f(-2)=-282
f(0)=0
r(V2)=28v2
The points (—\/5,—28«/5) , (0,0) and

(\/5 ,28\2 ) are possible inflection points on

the graph.
To determine concavity we use

—\/5 , 0, and \/5 to divide the real number
line into four intervals,

At(=e2,—2), B: (42,0), C: (042),
and D: (\/E,oo).

Then test a point in each interval.

A:Test -2,  f"(-2)=120(-2)-60(-2)’
=240>0

B: Test —1, /"(~1)=120(~1)- 60(~1)’
=-60<0

C:Testl, f"(1)=120(1)-60(1)’
=60>0

D:Test2,  f"(2)=120(2)-60(2)’
=-240<0

We see that f is concave up on the intervals
(—°°,—\/§ ) and (O,\/E ) and concave down

on the intervals (—\/5,0) and (\/E,oo).

Therefore, the points (—\/E,—ZS\/E) , (0,0)

and \/5,28\/5 are inflection points.
p

33.

269

We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

A 1o}
-3 189 zg i f(0) =20%> -3x°
-1 -17 oL
1 17 SO
3 -189 e
-80
-100

f(x) =x2(l—x)2 =x*-2x +x*

a)

b)

<)

f'(x) =2x—6x" +4x°
f'(x)=2-12x+12x°
f '(x) exists for all values of x, so the only
critical points of f'are where f '(x) =0.
2x—6x +4x’ =0
2x(1-3x+2x")=0
2x(1-x)(1-2x)=0

2x=0 or 1-2x=0 or 1-x=0

x=0 or xX=— or x=1

2

The critical values are 0, %, and 1.

J =0
94

1)) =0

2 2

7(0)=(0] (1-(0
3)-G
£(0) =0y (1=

The critical points (O,()) R (%%} , and

N | —

(1,0) are on the graph.

Applying the Second Derivative Test, we
have:

£7(0)=2-12(0)+12(0)° =2>0

So, the critical point (0,0) is a relative

minimum.
2

1 1 1
f"(—j =2- 12[—) +12[—j =-1<0

2 2 2

.. . 1 1). .
So, the critical point [——) is a relative
216

maximum.

i) =2-12(1)+12(1)* =2>0
So, the critical point (1,0) is a relative

minimum. The solution is continued.
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d)

e)

. 1 ..
We use the points 0, E and 1 to divide the

real number line into four intervals,
1

(—22,0), (0’5) Gl) and (1,e0), we
know that f (x) is decreasing on the
intervals (—oo,O) and (%,1] , and f(x) is
increasing on the intervals

(0,3 and (1,e0).

Find the points of inflection. f "(x) exists

for all values of x, so the only possible
inflection points occur when f "(x) =0.

2-12x+12x* =0
1-6x+6x" =0 Dividing by 2

Using the quadratic formula we have:

3443
X =
6
x=0.211o0rx=0.789

£(0.211) = 0.028

7(0.789) = 0.028

The points, (0.211,0.028) and
(0.789,0.028) are possible inflection points

on the graph.
To determine concavity we use
0.211 and 0.789 to divide the real number

line into three intervals,
A:(=e0,0.211), B: (0.211,0.789),

and C: (0.789,00)

Then test a point in each interval.

A:Test0, f"(0)=2-12(0)+12(0)’
=2>0

2
B: Test l,f"(l) = 2—12(1] +12(l)
2 2 2 2

=-1<0

C:Testl,  f"(1)=2-12(1)+12(1)°

=2>0
We see that fis concave up on the intervals
(—oo,0.211) and (0.789,00) and concave

down on the interval (0.211,0.789) .

Chapter 2: Applications of Differentiation

f)

Therefore, the points (().21 1, 0.028) and

(0.789,0.028) are inflection points.

We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

* f(x) Ny
-2 36
-1 4 ops -
2 4 1 1 1 1 1
3 36 21205 05 1 15 2x
fe) =x? (1-x)?
—025}

4. f(x)=x"(3- x)2

a)

b)

=x’ (9—6x+x2)
=9x% —6x° +x*
(%) =18x—18x" +4x’
f"(x)=18-36x+12x7
The domain of fis R.
/' (x)exists for all values of x, so the only
critical points of f'are where f'(x)=0.
18x—18x> +4x> =0
2x(9-9x+2x?)=0
2x(3—2x)(3—x)=0
2x=0 or 3-2x=0
3
2

or 3—x=0

x=0 or x= or x=3

The critical values are 0, %, and 3.

The critical points (0,0), i,ﬂ ,and
216
(3,0) are on the graph.

Applying the Second Derivative Test, we
have:

£"(0)=18-36(0)+12(0)’ = 18>0
So, the critical point (0,0) is a relative

minimum.
The solution is continued on the next page.
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d)

Applying the Second Derivative test:

2
f"(i): 18—36(2j+12[i) =-9<0
2 2 2

So, the critical point (%,%) is a relative

maximum.
/"(3)=18-36(3)+12(3) = 18>0
So, the critical point (3,0) is a relative
minimum.

We use the points 0, %, and 3 to divide the

real number line into four intervals,
(co0,0), (o,i), (3,3), and (3,). We
2 2
know that f(x) is decreasing on the
intervals (—ee,0) and (%,3}, and f(x)is
increasing on the intervals
3
0,— | and (3,0).
(03] ana (3.)

Find the points of inflection. f "(x) exists
for all values of x, so the only possible
inflection points occur when f "(x) =0.

18-36x+12x" =0
3-6x+2x>=0 Dividing by 6
Using the quadratic formula we have:

3443
2
x =0.634 or x = 2.366

£(0.634) = 2.250

f(2.366) = 2.250

The points, (0.634,2.250) and
(2.366,2.250) are possible inflection points

X

on the graph.
To determine concavity we use
0.634 and 2.366 to divide the real number

line into three intervals,
A :(—e0,0.634), B: (0.634,2.366),

and C: (2.366, )

271

Then test a point in each interval.
A: Test 0,

£"(0) =18-36(0) +12(0)’

=18>0
B: Test 1,

£(1)=18-36(1) +12(1)°
=-6<0
C: Test 3,

£"(3) =18-36(3) +12(3)’
=18>0

We see that fis concave up on the intervals
(—oo,0.634) and (2.366,00) and concave

down on the interval (0.634,2.366) .
Therefore, the points (0.634, 2.250) and

( 2.366,2.250) are inflection points.

We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

S %
-2 100 ::f<x)=x2(3,x)z
-1 16 WL
1 4 ;:
2 4 L
4 16 71 Ok i £ 3 J}x
f(x)=(x—1)%
2 % 2
a) f'(x)==(x-1 :
= 3( ) 3(x—1)"
2 - 2
" - _= _1 _ i
! ( ) 9( ) 9(x—1)A

b)

The domain of fis R.
f '(x) does not exist for x = 1. The equation

f '(x) = 0 has no solution, therefore, x =1is
the only critical point.

F)=(1-1)" =0.

So, the critical point, (1,0) is on the graph.
We apply the First Derivative Test. We use
1 to divide the real number line into two
intervals A : (—00,1) and B: (1,00) and then
we test a point in each interval at the top of
the next page.
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d)

Testing a point in each interval, we have

2 2

A: Test 0, f'(0) =—————-=-=<0
TR
2 2

B: Test 2, f'(2) =————=->0
(@)-y° 3

(1,0) is a relative minimum. f (x) is
decreasing on the interval (—oo,l) and
increasing on the interval (l,oo) .

Find the points of inflection. f "(x) does not

exist when x =1. The equation f "(x) =0

has no solution, so x = 1is the only possible
inflection point. We know that f ( 1) =0.

To determine concavity, we divide the real
number line into two intervals,

A:(—oo,l) and B: (1,%0) and then we testa

point in each interval.

2 2

A: Test 0, £"(0) =— 7=-=<0
o(0)-1" °

B: Test 2, f"(2) = S R Y

of(2)-1)"°
Thus, f (x) is concave down on the intervals
(—oo,l) and(l,oo) . Therefore, the point
(1,0) is not an inflection point.

We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

36. f(x)=(x+1)"

a)

* f(x) 3;_ — 1)23
— ) ECRCRY
0 1 \
2 1 1
9 4 I | ) I I -
—-4-3-2-1 123456x
1+

2
3

, 2 - 2
= — 1 =
f'(x) 3(x+ ) 3(x+1)%
" 2 _% 2
=—— 1 R
£(x) 9(x+ ) 9(x+l)%

The domain of fis R.

Chapter 2: Applications of Differentiation

b)

¢)

d)

e)

f'(x) does not exist for x =—1. The

equation f '(x) = ( has no solution,

therefore, x = —1 is the only critical value.
2,

F(=1)=(-1+1)" =0.
So, the critical point, (—1,0) , is on the
graph.

We apply the First Derivative Test. We use
—1 to divide the real number line into two

intervals A:(—oo,—l) and B: (—1,00) and

then we test a point in each interval.
A: Test =2,

2 2
(2)=———=-2<0
R AET

B: Test 0,

f'(o)z—2 S

3((0)+1)" 3
Thus, (—1,0) is a relative minimum. We also
know that f (x) is decreasing on the interval
(—00, —l) and increasing on the interval
(—1,00).
Find the points of inflection. f "(x) does not

exist when x = —1. The equation f "(x) =0

has no solution, so x = —1is the only
possible inflection point. We know that

f(-1)=0.

To determine concavity, we divide the real
number line into two intervals, A : (—oo, —1)
and B: (—1,00) and then we test a point in

each interval.

A: Test —2,
2 2
f"2)=——=-——<0
ST
B: Test O,
f"(O):—;——%<O

o((0)+1)" 9
Thus, f (x) is concave down on the interval
(—00,—1) and on the interval (—l,oo) .
Therefore, the point (—1,0) 1S not an

inflection point.
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f)

We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

* f(x) f(x):(x+1)2/32 y
-9 4
_2 1
0 1
7 4

37 f(x)=(x-3)" -1

a)

b)

c)

' —l xX— 7%:—1
f(x)—3( ) 3(x—3)%

" ¥ =_% X — _%=_#
f(x)==5(x=3) o3

The domain of fis R.

/' (x)does not exist for x = 3 . The equation
/' (x)=0has no solution, therefore, x =3 is
the only critical value.

f(3)= ((3)—3)% ~1=-1.

So, the critical point, (3,—1) is on the graph.

We apply the First Derivative Test. We use
3 to divide the real number line into two

intervals A :(—ee,3) and B: (3,c) and then

we test a point in each interval.

A:Test2, f'(2)=
3

1
B: Test4, f'(4)=————=->0
3((4)-3)" 3

f (x) is increasing on both intervals
(—2,3) and (3,0) , therefore(3,—1) is not a

relative extremum.

d) Find the points of inflection. f"(x)does not

exist when x =3 . The equation f"(x)=0

has no solution, so at x =3 is the only
possible inflection point. We know that

f(3)=-1.

e) To determine concavity, we divide the real

number line into two intervals,
A :(—0,3) and B: (3,0) and then we test a

point in each interval.

273

2
A:Test 2, f"(2)=— —==>0
9((2)-3)"
B: Test 4,f”(4):—;:—£<0

o((4)-3)"
Thus, f(x)is concave up on the interval
(—,3) and f(x) is concave down on the
interval (3,e0). Therefore, the point (3,-1)

is an inflection point.

We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

N

* f(x) 2

f0=(x-3" -1
-5 -3 r
| 1

1 I
8 10x

2 -2 ) WCR
4 0 lj
11 1 20

<L

b)

—4

3(x-2)"
2z
9(x-2)"

2

S22

The domain of fis R.

/' (x)does not exist for x = 2. The equation
/' (x)=0has no solution, therefore, x =2is
the only critical point.

f(2)=((2)—2)% +3=3.

So, the critical point, (2,3) is on the graph.

We apply the First Derivative Test. We use
2 to divide the real number line into two

intervals A :(—ee,2) and B: (2,¢0) and then

we test a point in each interval.

A:Test 1, /'(1)=

1
B: Test3, f'(3)=————-==>0
3((3)-2)" 3

f (x) is increasing on both intervals
(—0,2) and(2,e°) , therefore(2,3)is not a

relative extremum.
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d)

Find the points of inflection. f"(x)does not
exist when x = 2. The equation f"(x)=0

has no solution, so x =2 is the only possible
inflection point. We know that f(2)=3. To
determine concavity, we divide the real
number line into two intervals, A :(—co,2)
and B: (2,e0) and then we test a point in

each interval.

A:Test 1, f"(1)=—

wia 2
B: Test 3, /"(3) 9((3)_2)% 5 <0
Thus, f(x)is concave up on the interval
(—,2) and f (x) is concave down on the
interval (2,e0) . Therefore, the point (2,3) is

an inflection point.

We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

b f=G-2"+3

X fx)

Yy
5
4
3
2

2
3 4

(
% | 1
5

A

b)

" _4 743_
S(x)= gy s

The domain of fis R.

/' (x) does not exist for x = 4. The equation

9(x—4)"

f'(x)=0has no solution, therefore, x = 4is

the only critical point.
f(4)= —2((4)—4)% +5=5.
So, the critical point (4,5), is on the graph.

We apply the First Derivative Test. We use
4 to divide the real number line into two

intervals A :(—eo,4) and B: (4,e°) and then

we test a point in each interval at the top of
the next column:

d)

Chapter 2: Applications of Differentiation

A: Test3, f'(3)=—

e\ 4
B: Test 5, 1'(5) 3((5)_4)% 3 <0
Thus, (4,5) is a relative maximum.
We also know that f (x) is increasing on
the interval (—e,4)and decreasing on the
interval (4,e0).
Find the points of inflection. f"(x)does not
exist when x = 4. The equation f"(x)=0

has no solution, so x = 4 is the only possible
inflection point. We know that f(4)=5.

To determine concavity, we divide the real
number line into two intervals, A :(—eo,4)

and B: (4,°0) and then we test a point in

each interval:

A: Test3, f"(3)=

B: Test 5,f"(5)=—4=i> 0

Thus, f(x)is concave up on both intervals
(—0,4) and (4,0) Therefore, the point
(4,5) is not an inflection point.

We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

* f(x) ,g_ fo) ==2x- 9 +5
sl -
-4 -3 4F
3k
3 3 ok
5 3 1 p 1 1 1 1 1
12 _3 —27§: 2 4 6 8\JO0 12x
bk
4k

[} __é _ _%__ 2
f(x)= 3( 2) (x—2)%
" _g X — _A_ 2
1=t

The domain of f'is R.
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b)

c)

d)

/' (x) does not exist for x = 2 . The equation
/' (x)=0has no solution; therefore, x =2 is

the only critical point.

2,
f(2)= —3((2)—2)4 +3=3.
So, the critical point, (2,3) is on the graph.
We apply the First Derivative Test. We use
2 to divide the real number line into two
intervals A :(—eo,2) and B: (2,e°) and then

we test a point in each interval.

#=2>0
3

A:Test 1, f'(1)=- 7

2

((3)-2)"

Thus, (2,3) is a relative maximum. We also

B: Test3,f'(3)=- =-2<0

know that f(x) is increasing on the interval
(—oo,2) and decreasing on the interval
(2,).

Find the points of inflection. f"(x)does not
exist when x = 2. The equation f"(x)=0

has no solution, so x =2 is the only possible
inflection point. We know that /(2)=3.

To determine concavity, we divide the real
number line into two intervals,

A :(—0,2) and B: (2,e0)and then we test a

point in each interval.

A:Test 1, f"(1) =
3

B: Test3,f"(3)=—4=£>0

Thus, f(x)is concave up on both intervals
(—e,2) and (2,0) Therefore, the point
(2,3) is not an inflection point.

We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

-5

-6
=7

X f(x) );_f(x):73(x~2)2/3+3
—6 -9 i
1 O _;_é_i_l/é,‘l},“ié;x
3 0 o
10 -9 -4t

b)

275

7= 1) -5 )0-2) " 20

_ —2x” +3x
(l—x2 )%

The domain of f(x)is [-1,1].
f'(x)does not exist when x = £1.
However, the domain of f (x)is [-1,1].

Therefore, relative extrema cannot occur at
x =—1 or x =1 because there is not an open
interval containing —1 or 1 on which the
function is defined. The other critical points
occur where f'(x)=0.

2x° -1
X ~0
1-x?
2x2-1=0
2 1
w2 ==
2
1
x=t—
V2
The critical values are ——= and L .

The solution is continued on the next page.
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Evaluating the second critical value, we have:
(%) (F -5
( 1

1 1 1
Therefore, | ——=,— |and | ——,—— |are
( V2 ZJ (\/2 2)

critical points on the graph.
¢) We use the Second Derivative Test.

.. . 1 1). .
The critical point| ——=,— |is a relative
V272

1-

@Lmk
e

t\)l»—

maximum.

(e

1 1
The critical point —,——j is a relative
272
minimum.

If we use the points —— and — to divide

7

the interval [-1,1] into three intervals

%) Ew) )

we see that f (x) is increasing on the

1 1
intervals | —1,—— | and | —,1 |and
( 2 J (ﬁ J

f (x) is decreasing on the interval

1 1
=)
d) Find the points of inflection. f"(x)does

not exist when x =-1and x =1. However,
inflection points cannot occur at those
values because the domain of the function is
[~1,1] . The remaining possible inflection

points occur when f"(x)=0. We set the

second derivative equal to zero and solve for
the possible inflection points.

Chapter 2: Applications of Differentiation

£7(x)=0
-2x% +3x _
(l—xz)% B
—2x*+3x=0

x(—2x2+3)=0

x=0 or 2x*-3=0
x=0 or x2=é

2
+/6
x=0 or x=T

NG

Note that f(x) is not defined for x = iT .

Therefore, the only possible inflection point is
x = 0. Evaluating the function we have

£(0)=0y1-(0)* =0.

Therefore, (0, O) is a possible inflection point on
the graph.

To determine concavity, we use 0 to divide the
interval (—1,1) into two intervals, A: (~1,0)
and B: (0,1) and then we test a point in each

interval.
1o 1) =10

A: Test _E’f [ 2)— 3 <0

1 (1) 10
B: Test > f (2]—3%>0
Thus, f(x)is concave down on the interval
(-1,0) and £ (x)is concave up on the interval
(0,1) . Therefore, the point (0,0) is an inflection

point.

We sketch the graph using the preceding
information. Additional function values may
also be calculated as necessary.

y
R RAS)) it
-1 0 o5k
=—xV1 -
_% ﬁ 1 I | f<x>| x\ ' |x2
4 15 -1 -0.5 0.5 15%
1
3 —g —0.51
1 0 -1k
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2. f(x)m i x(amr?)’
D f()=x (-2 (20

277

For this reason, we do not consider -2 or 2
in our discussion of relative extrema.
The other critical points occur where

'(x)=0

+(4—x2)%-(1) 4-2x7 o
Next, we simplify the derivative. 4-x7
' _ X VA 4-2x*=0
f( )_(4_ 2)%+(4_X2)2 x=i\/§
242 The critical values are—/2 and /2 .
(a-a) F(N2) =24 (2] =22 =22
_ 4-2d F(V2)=2a-(2) =242 =2
],
(4 - )A Therefore, (—\/5 ,—2) and (\/5 ,2) are critical
= (4 - 2x2)(4 —x? )_% points on the graph.

~ 4x—2x3—4x(4—x2)

We use the Second Derivative Test.
3
2(—2) -12(2)
2
]
_—2+1242 82
2% 22
The critical point(—ﬁ ,—2) is a relative

/(—2)=

4>0

minimum.

7 "
(4 - )A f (\/E) = A
4x—2x° —16x +4x° [4‘(*5)2}2
) _,2\" 42-1242 82
; (+<) =T r agn o 0
-2 _21 2; The critical point (\/5 ,2) is a relative
(4 - ) maximum.

The domain of f (x)is [-2,2].

b) First, we find the critical points.

/'(x)does not exist when 4— x*=0.

If we use the points —/2 and /2 to divide
the interval [-2,2]into three intervals

[—2,—\/5), (—\/5,\/5), and (x/§,2],we

Solve: _ ' .
4—x? =0 see that f (x) is decreasing on the intervals
24 (—2,—«/5) and (\/5,2) and f(x)is
x=12

Since the domain of f(x)is [-2,2],

relative extrema cannot occur at

increasing on the interval (—\/5 A2 ) .

x =-2 or x =2 because there is not an open
interval containing —2 or 2 on which the
unction is defined.
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d) Find the points of inflection. f ”(x) does

not exist where 4 —x* =0 . We know that
this occurs at x =—-2 and x =2 . However,
just as relative extrema cannot occur at
(-2,0) and (2,0), they cannot be inflection
points either. Inflection points could occur
where f"(x)=0.

We set the second derivative equal to zero
and solve for x.

£(x)=0
2207 —12x
(4—x2)% )
2x°—12x=0
2x(x2—6)=0

2x=0 or x*-6=0

x> =6

xzi\/g

Note that f(x) is not defined for x = +6 .

Therefore, the only possible inflection point
is x=0.

£(0)=(0)y4-(0)" =o0.

Therefore, (0,0) is a possible inflection

x=0 or

x=0 or

point on the graph.

To determine concavity, we use 0 to divide
the interval (—2,2) into two intervals,

A: (-2,0) and B: (0,2) and then we test a

point in each interval.

A: Test —1,
2(-1=12(=1) 10
f‘n(_l)= ( ) (y)=7>0
2712 372
-]
B: Test 1,

()= 2(1)° —1221) _-10
[4—(1)?4 ¥

Thus, f(x)is concave up on the interval

<0

(-2,0) and f(x) is concave down on the
interval (0,2) . Therefore, the point (0,0) is

an inflection point.

Chapter 2: Applications of Differentiation

f)

We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

* f (X) ):; _f(x) =xVd—x2
-1 _\/g j:
S BRI e e s
L
-2+
St
8x
43. =
f(x) x*+1
x* +1)(8)—(2x)(8x) .
o =IO g
(x +l)
_8x* +8-16x7
(xz-i-l)2
_ 8-8x?
(x2+1)2

/(x)=

Next we find the second derivative

(" + 1)2 (~16x)— (8- 8x" )[2(;& + 1)1 (2x):|
((x2 +1)2 )2

) (+? +1)[—16x(x2 +1)—4x(8—8x2”

b)

(x2 + 1)4
—16x° —16x—32x+32x°
(x2 + 1)3

16x° — 48x

3
(x2 + 1)
The domain of fis R.

f'(x)exists for all real numbers. Solve:

f'(x)=0
8—8x22 o
2
(x +1)
8—8x2=0
x> =1
x=t1

The two critical values are x=—1 andx=1.
The solution is continued on the next page.
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d)

Evaluating the function at the critical values,
we have:

8(-1) 8
f(=1)= =——=—4
( ) (_1)2 +1 2
8(1) 8
F(1)= =—=4
0 (1Y +1 2
The critical points (—1,—4) and (1,4) are on
the graph.
We use the Second Derivative Test.

f'(-1)=4>0

So the point (—1, —4) is a relative minimum.
f(1)=—4<0

So the point (1,4) is a relative maximum.

f (x) is decreasing on the intervals

(—e,1) and(1,%), and f (x) is increasing
on the interval (-1,1).

Find the points of inflection. f"(x)exists

for all real numbers, so the only possible
points of inflection occur when f"(x)=0.

16x° —48x

(x2+1)3 ’

16x> —48x =0

16x(x” =3)=0

16x=0 or x*-3=0
x=0 or ¥ =3
x=0 or x:i\/g

There are three possible inflection points

x=-3,0, and /3.
/(-V3)=-23

s(0)=0

/(V3)=23

The points (—/3,-2v/3 ), (0.0) , and
(\/g ,2\/5 ) are three possible inflection

points on the graph.
To determine concavity we use —/3,0, and

\/§ to divide the real number line into four

intervals, AZ(—OO,—\/g), B: (—\/5,0),
C: (O,ﬁ),and D: (\/5,00)

()=

279

We will test a point in each interval.
2
A:Test -2, f"(-2)=-—=<0

B: Test -1, f"(-1)=4>0
C:Test 1, f"(1)=—4<0

D: Test2,f"(2)=%>0

We see that fis concave down on the
intervals (—oo,—\/g ) and (0,«/5 ) and
concave up on the intervals

(—\/3 ,0) and (\/5 ,oo) . Therefore the points

(~3,-243), (0.0), and (V/3,23) are

inflection points.

We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

x | f(x) 5}
3 _» SIV©=25
5 2
-2 _16 L \l;l L1
5 <8-6-4-2)] 2 4 6 810%
2 % -2
3 % L
X
(x)_xz-i—l
x2+1 (1)—x(2x) .
NERE sl UL
(x +1)
_ 1-x2
(x2+1)2

Next, we find the second derivative.

(+* +1)2 (-2x)-(1-#° )[2()& + 1)1 (2x):|
(2 +f)

_ 2x° —6x
<x2 +l)3

The domain of fis R.
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b)

d)

Since f'(x)exists for all real numbers, the

only critical values are where /'(x)=0.

=0
2
(x2 +1
2 Multiplyi
1-x=0 wiip Y“Q‘g
by (x2+1)
¥ =1

x=+J1 =1

The two critical values are x=-1 andx=1.

-1 1

f(_l)_ (_1)2 ) __E
1 1

/0= (17 +1 "2

The critical points (—1,—%) and (1,%) are

on the graph.
We use the Second Derivative Test.

(o= 2E0=60D a1

[(_1)2 IT 8 2

So the point | —1,

+
1). .
— |1s a relative
2

minimum.

fvv(l)=M=__4=_l<0

[(1)2 +1}3 8 2

. 1). . .
So the point (1,5) is a relative maximum.

We use —1 and 1 to divide the real number
line into three intervals (—eo,—1), (=1,1),
and (1,0). f(x)is decreasing on the
intervals (—co,1) and (1,0), and f (x)is
increasing on the interval (-1,1).

Find the points of inflection. f"(x)exists

for all real numbers, so the only possible
points of inflection occur when f"(x)=0.

We find the possible points of inflection at
the top of the next column.

Chapter 2: Applications of Differentiation

f(x)=0
2x° —6x ~0
()c2+1)3
2%’ —6x=0
2x(x2 —3) =0

2x=0 or x°=-3=0
x2=3
x=0 or x:i\/g

There are three possible inflection points at

x=—\/§,0, and\/g.
f(—ﬁ):i ¥3

x=0 or

(~3)+1 4
0

3
f(0)=(@—zﬂ= =0

__ N3 3
f(\/g)_(\/g)z_i_l 4
A 3

The points (— 3,—7], (0,0), and

(\/g ,g} are three possible inflection

points on the graph.
To determine concavity we use

—\/5 ,0, and ﬁ to divide the real number
line into four intervals,

A:(—oo,—ﬁ),B: (—\B,o),c: (0,\/5),
and D: (ﬁ,w),
We test a point in each interval.

A: Test —2,f"(—2)= -—<0
B: Test —1,f"(—1)=%>0
C: Test 1,f"(1)=—%<0

" 4
D: Test2, f (2):E>0
We see that fis concave down on the
intervals (—oo,—\/g ) and (0,\/§ ) and
concave up on the intervals
(—\/5,0) and (\/g,oo).

The solution is continued on the next page.
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Using the information from the previous

4

. . 3
page, we determine the points [—\/3 ,—£),

(0,0), and [\/E ,g] are inflection points.

f) We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

x f(x) o - =
_3 _% x“+1
2 _%
3-2-1[123%
2 % L
3 3 L
10 N5l
-4 5 -1
45 = =—4(x"+1
(x) ¥2+1 (x )

) £(x)= 4 1) (20) B

f'(x) = 8)c(x2 +1)72
8x
(x2 + 1)2
Next, we find the second derivative.

/()

8% +8-32x7
()
(xz +1)3

The domain of fis R.

281

b) f ‘(x) exists for all real numbers Solve:
S'(x)=0
8 0 Multiplying
2 - s \2
(x2 +1) by (x +1)
8x=0
x=0

The critical value is x=0.
—4
f(0)= =—4
© (0)2 +1
The critical point (0, —4) is on the graph.
¢) We use the Second Derivative Test.
£"(0)=8>0

So the point (0,—4) is a relative minimum.

f (x) is decreasing on the interval (—es,0),
and f (x) is increasing on the interval (0, ) .

d) f"(x)exists for all real numbers. Solve

fn(x) — O .
_ 2
8 24)63 —0
(x2 +1)
8§— 24x% = 0 Multiplyir;g
by (x2+1)
2=t
3
x=x

-

There are two possible inflection points
L
3B
1 —4 -4 -4
+— = = = —=—
f(_ V3 j Y1, 4
(ij 1 3t 3
3
The points (—L —3) and (L —3] are
P \/3 s \/g s

possible inflection points on the graph.

. . 1
e) To determine concavity we use — ﬁ and

1 . ..
—— to divide the real number line into three

NG
1 1 1
intervals, A:| —eo,—— |,B: | ——,— |,
( \Bj ( NG} \Bj

and C: (L,w] . The solution is continued.

NG
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Then test a point in each interval.
A: Test -1, f"(-1)=-2<0

B: Test 0, /"(0)=8>0
C:Testl, f"(1)=-2<0

We see that fis concave down on the

1 1
intervals | —eo,——= | and | —,o0 | and
( Jﬂ (ﬁ )

1 1
concave up on the interval (—T,—] .
3743

1
Therefore the points | ——=,-3 | and
b ( Ne ]

1
—,—3 |are inflection points.
(ﬁ J P

f) We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

X f(x) 7
— 4
4| -
_ 4
2 | -3
1 )
1 )
4
2 -3
4 4

x"+1
2 f(x)=3(-1)(x*+1)" (2x)
= —6x(x2 +1)72
__ —bx
(x2 +1)

(241 (6)=(-6) 2" +1)(23))
((x2 + 1)2)
(P2 1)) (o))

(x2 +1)4

_ 18x% -6
(x2 +1)3

The domain of f'is R.

Chapter 2: Applications of Differentiation

b) Since f'(x)exists for all real numbers, the

only critical values are where f'(x)=0.

e,
(xz + 1)
—6x=0 Multiplying
by (x2+1)2
x=0
The critical valueis x=0.
3
f(0)= =3
(©) (0)2 +1

The critical point(0,3) is on the graph.
¢) We use the Second Derivative Test.
rr(0)=230=6 _6_ ¢,
((oy 1) !
So the point (0,3) is a relative maximum.
We use 0 to divide the real number line into
two intervals (—e,0) and (0,c0). f(x)is
increasing on the interval (—es,0) , and
f (x) is decreasing on the interval (0, o).
d) Find the points of inflection. f"(x)exists

for all real numbers, so the only possible
points of inflection occur when f"(x)=0.

18x% -6
(xz+1)3
18x* —6=0
18x* =6
=1
3
x==

There are two possible inflection points at

x=—L andL.

NERNG)

3
_3 3.9
l+1 i 4
3 3

The solution is continued on the next page.
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Evaluating the function at the second possible
inflection point, we have:

f(%): 132
— | +1
;

,_‘
—_
W a|w

—+
3

1 9 1 9
The points | ——=,— | and | ——,— |are
’ ( N 4j (ﬁ 4j
possible inflection points on the graph.
e) To determine concavity we use

L
NERNA]

line into three intervals,
A:(—oo,—L),B: (—L,Lj,and
NE) 3743
1
C:| —=,0°
[

Then test a point in each interval.

to divide the real number

18(-1°-6 3 .
ArTest =1, f"(-1)=——~—5=2>0
((ap 1) 2
2
B: Test 0, /"(0) =M= —6<0
((0)? +1)
2
C: Test 1, £"(1) =—18(1) _§ =§> 0
(1) 2
We see that fis concave up on the intervals
49.

1 1
(_m’_ﬁ) and (ﬁ,w) and concave
down on the interval(—L Lj .
BB

Therefore the points (—L,gj and
Y34

(L 2) are inflection points
NERF o

283

f) We sketch the graph using the preceding
information. Additional function values
may also be calculated as necessary.

x| £(x) 3
3 3
10
— 3
1 3
1 3
2 A —
3 3 ni
10

47. Answers may vary, one possible graph is:

f(x)

X
23 456 789

9 8-7-6-5-4-3-2-1 [0

Answers may vary, one possible graph is:
(x)

e

01 23 456 789

=% 7 6 -5 -4 -3 -2 -1

Answers may vary, one possible graph is:
x)

\

9 8765 -4-3-2-1

01 23 £3589
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50. Answers may vary, on

e possible graph is:
%)

x

9 87 -6-5-4-3-2-1

51. Answers may vary, on

R - k-

01 23456789

e possible graph is:
M f(x)

X

9 -8 -7 -6 -5 -4 -3 -2 \\

52. Answers may vary, on

o
s -

1

3:2/145678‘)

e possible graph is:
(%)

x

9 8-7-6-5-4-32]1

Vo
[ I O

53. Answers may vary, on

01234W9

e possible graph is:

fix)

N

X

98 7[6-5-4-32 -1

-6
-8

54. Answers may vary, on
14
12
10
8

[N

e possible graph is:
Sx)

01 2 N45678 91011
2
-4

9 8 7 6 -5 -4 &/

0/[3456789

oo o\b L

5S.

56.

57.

e 1T 23
-2
-3

Chapter 2: Applications of Differentiation

Answers may vary, one possible graph is:
y

NN WR IS N

R (x) =50x—0.5x"

C (x) =4x+10

P(x)=R(x)=C(x)
= (50x-0.527) - (4x+10)
=-0.5x" +46x-10

We will restrict the domains of all three

functions to x = 0 since a negative number of
units cannot be produced and sold.

First graph R (x) =50x—0.5x>

R'(x) =50-x

R"(x)=-1
Since R'(x)exists for all x>0, the only
critical points are where R'(x)=0.
50-x=0

50=x Critical Value
Find the function value at x =50.

R(50)=50(50)-0.5(50)

=2500-1250

=1250
This critical point (50,1250) is on the graph.
We use the Second Derivative Test:
R"(50)=-1<0
The point (50,1250) is a relative maximum.
We use 50 to divide the interval [0, <o) into two
intervals, [0,50) and (50,e°) . We know that R
is increasing on (0,50) and decreasing on
(50,0).
The solution is continued on the next page.
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Next, find the inflection points. Since R"(x)

exists forall x>0, and R"(x)=-1, there are

no possible inflection points.
Furthermore, since R"(x)<0 forall x>0, R

is concave down over the interval (0,c).

Sketch the graph using the preceding
information. The x-intercepts of R are found by

solving R(x)=0.

50x-0.5x> =0
O.5x(100— x) =0
0.5x=0 or 100-x=0

x=0 or 100 =x

The x-intercepts are (0,0) and (100,0).
Next, we graph C(x)=4x+10. This is a linear
function with slope 4 and y-intercept (0,10).
C (x) is increasing over the entire domain x >0

and has no relative extrema or points of
inflection.

Finally, we graph P(x) =—0.5x" +46x—10
P'(x)=—x+46

P"(x)=-1

Since P'(x)exists for all x >0, the only
critical points occur when P'(x)=0.
—x+46=0

46=x Critical Value
Find the function value at x =46.

P(46)=—0.5(46)" +46(46)-10
=-1058+2116-10
=1048
The critical point (46,1048) is on the graph.
We use the Second Derivative Test:
P"(46)=-1<0
The point (46,1048) is a relative maximum.
We use 46 to divide the interval [0, <o) into two
intervals, [0,46) and (46,00), we know that P is
increasing on (0,46) and decreasing on (46,).
Next, find the inflection points. Since P"(x)
exists for all x>0, and P"(x) = -1, there are

no possible inflection points. Furthermore, since
P"(x)<0 forall x>0, Pis concave down

over the interval (0,eo) .

285

Sketch the graph using the preceding
information.

1300
1200
1100
1000
200
800
700
600
500
400
300 )
200
100

R(x)

P(x)

T T T T T T T 1T T 1T

T T B R B
10 20 30 40 50 60 70 80 90100 x

58. R(x)=50x-0.5x>

Q

(x)= 10x+3
(x)= R(x)-C(x)

= (50x-0.5x7) = (10x +3)

P

=-0.5x> +40x-3
We will restrict the domains of all three
functionsto x=>0.

First graph R(x)=50x—0.5x" as in Exercise
57.
Next, we graph C (x) =10x+3. This is a linear

function with slope 10 and y-intercept (0,3) .
C (x)is increasing over the entire domain x >0

and has no relative extrema or points of
inflection.

Finally, we graph P (x)=-0.5x" +40x -3
P'(x) =-x+40

P"(x)=-1

Since P'(x)exists for all x>0, the only

critical points occur when P'(x) =0.

-x+40=0
40=x Critical Value
P(40)=797

The critical point (40,797)is on the graph.

We use the Second Derivative Test:
P"(40)=-1<0

The point (40,797) is a relative maximum.
We know that P is increasing on (0,40) and

decreasing on (40,0).

The solution is continued on the next page.
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59.

Next, find the inflection points. Since P"(x)
exists forall x>0, and P"(x)=-1, there are

no possible inflection points. Furthermore, since
P"(x)<0 forall x>0, P is concave down

over the interval (0,eo) .

Sketch the graph using the preceding

information.
y

1400
1200
1000
800
600
400
200

0 20 40 60 80 100120 x

_ 13x° —240x” —2460x + 585,000

r) 75,000
()= 39x% —480x — 2460
75,000
_ 78x-480

P ()= 5000
Since p'(x) exists for all real numbers, the only
critical points are where p'(x)=0.
39x% —480x —2460
75,000

39x° —480x—2460=0
Using the quadratic formula, we have:

= —bi\/b2 —4ac
B 2a
- (—480) + \/(—480)2 -4 (39) (—2460)
2(39)
_ 480%,/614,160
- 78
x=-3.89 orx=16.20 Critical values

Since the domain of the functionis 0 < x <40,
we consider only x =16.20

(16.20)

~ 13(16.20)° - 240(16.20)” ~2460(16.20) - 585,000
75,000

=717

The critical point (16.20,7 .17) is on the graph.
We use the Second Derivative Test:
3 78(16.20) - 480

"(x) =~0.01>0
75,000

Chapter 2: Applications of Differentiation

The point (16.20,7. 17) is a relative minimum.

If we use the point 16.20 to divide the domain
into two intervals, [0,16.20) and (16.20,40],

we know that p is decreasing on (0,16.20) and
increasing on (16.20,40) .
Next, we find the inflection points. p"(x) exists

for all real numbers, so the only possible
inflection points are where p"(x)=0

78x—480 _

75,000

78x—480=0

78x = 480

x=6.15

p(6.15)
_13(6.15)° —240(6.15)° —2460(6.15) - 585,000
- 75,000
~7.52

The point (6.15,7.52) is a possible inflection

point.
To determine concavity, we use 6.15 to divide
the domain into two intervals

A:[0,6.15) and B: (6.15,40] and test a point in

each interval.

78(1)—480
A:Testl, p"(1)=—=——=-0.005<0
75,000
78(7)-480
B: Test 7’p"(7) = W =0.00088 >0

Then p is concave down on (0,6.15) and
concave up on (6.15,40) and the point
(6.15,7.52) is a point of inflection.

Sketch the graph for 0 < x <40 using the
preceding information. Additional function
values may be calculated if necessary.

(v

0 7.8 0

8 7.42 13

12 | 725 n

20 | 725 10

24 | 757 8

7 14
32 | 915
40 12.46 o 20 30 %0 %
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Exercise Set 2.2

£ (x)=0.025x" - 0.71x +20.44
f'(x) =0.05x-0.71
f£"(x)=0.05
f'(x)exists for all real numbers. Solve
f'(x)=0
0.05x-0.71=0
0.05x=0.71
x=14.2
£(14.2)=0.025(14.2)* =0.71(14.2) +20.44

=15.399
£"(14.2)=0.05, so (14.2,15.399) is a relative

minimum. Then f (x) is decreasing on
(0,14.2) and increasing on (14.2,30) .

Next, find the points of inflection. Since
/"(x)=0.05 exists for all real numbers and is

always positive, f (x) is concave up on the
interval (0,30).
Sketch the graph of f(x) using the information

above. Additional values may be calculated as
necessary.

X () oL

0 | 2044 20\/

5 17.52 sk /

10 15.84 ok

15 15.42 AL

20 16.24 i
25 18.32 2 6 10 14 18 22 26 30 x
30 21.64
61. The monthly rainfall is approximated by

R(¢)=-0.006¢* +0.213£ =1.702¢* +

0.615¢+27.745
To find the inflection points we find the first
and second derivatives.

R'(t)=-0.0247> +0.639¢> —3.404¢ +0.615
R"(t)=-0.072¢* +1.278¢ - 3.404
Since R"(t) exists for all real values, we solve

R"(t) = 0 By the quadratic formula.

~1.278%(1.278)" ~4(~0.072)(~3.404)
2(-0.072)
1=14.48

=

t=3.26 or

62.

63.

287

These are two possible points of inflection.
R(3.26)=18.36

R(14.48) = 62.69

The two points of inflection are
(3.26,18.36) and (14.48,62.69) . However,

t =14.48 is not in the domain of this function.
The left most inflection point (3.26,18.36)

implies that rate of change of the amount of
rainfall is decreasing the fastest at this point.

v (r)=k(20”=7%),  0<r<20

v(r)=k(40r-3r)
V" (r)=k(40-6r)
V'(r) exists for all 7 in [0,20], so the only
critical points occur where V'(r)=0.
k(40r=3r7)=0
40r—3r* =0
r(40-3r)=0
40-3r=0
40=3r
40 _

r=0 or

r=0 or
r=0 or r

Using the Second Derivative Test:
V"(0)=k(40-6(0)) = 40k >0 [k>0]

(B3]

Since V" (4—30) <0, we know that there is a

. . 40
relative maximum at x = 3 Thus, for an

. .. 4
object whose radius is ?Omm or 13.33 mm , the

maximum velocity is needed to remove the
object.

. Observe that £ is increasing for all values of
x for which g is positive and /4 is decreasing for
all values of x for which g is negative.
Furthermore, for all values of x for which g=0,
h has a horizontal tangent. Therefore, g=h".

Copyright © 2016 Pearson Education, Inc.



288

64. . Observe that g is increasing for all values of
x for which £ is positive and g is decreasing for
all values of x for which /4 is negative.
Furthermore, for all values of x for which 4=0,
g has a horizontal tangent. Therefore, h=g'.

65. f(x)=ax2+bx+c, a#0
f‘(x) =2ax+b
f"(x) =2a
Since f '(x) exists for all real numbers, the only

critical points occur when /f'(x)=0. We solve:

2ax+b=0
2ax =-b
-b
xX=—
2a
So the critical value will occur at x = ;— .
a
Applying the second derivative test, we see that
f"(x)=2a>0, fora>0
f"(x)=2a<0, fora<0

Therefore, a relative maximum occurs at

-b . ..
x= e when a < 0 and a relative minimum
a

occurs at x = Z—When a>0.
a

66. The point of inflection will occur when the
second derivative is equal to zero or undefined.
The derivatives of the function are:

g(x)=ax3+bx2+cx+d
g'(x)=3ax2 +2bx+c
g"(x)z 6ax +2b.

Setting the second derivative equal to zero and
solving for x, we have:

6ax+2b=0
__%_ b
6a 3a’
Therefore, the point of inflection must occur at
b
X=——".
3a
67. True.
68. True.
69. True.

70.

71.

72.

73.

74.

75.

76.

Chapter 2: Applications of Differentiation

False, consider f (x)=3/x +3/x—2 . This
function has points of inflection at x=0,x=1
and x =2 without any critical values between
the points of inflection.

True.

False: The function does not switch concavity at
the extreme value.

True.

. The rate of change is maximized at the
points of inflection. Looking at the graph, we
estimate the points of inflection to be 75 days
after January first, and 270 days after January
first. Therefore, the number of hours of daylight
are increasing most rapidly approximately 75
days after January 1% or approximately March
16™ and the number of hours of daylight are
decreasing most rapidly approximately 270 days
afte}:}r January 1* or approximately September
27,

f(x) = 4x—6x%

Graphing the function on the calculator we

have:
f(x) = 4x - 6x23

=

-8
Using the minimum/maximum feature on the
calculator, we estimate a relative maximum at

(0,0) and a relative minimum at (1,-2).

f(x) =3x7 = 2x
f(x)=3x28 - 2x
10

. \ Jﬂ)
a
We estimate a relative maximum at (1, 1) and a

relative minimum at (0,0).

Copyright © 2016 Pearson Education, Inc.



77.

78.

79.

Exercise Set 2.2

Flx)=x(1-2)
Graphing the function on the calculator we

have:
f(x)=x2(1-x)3

0.2

-0.5 1.5

-0.2
Using the minimum/maximum feature on the
calculator, we estimate a relative maximum at

(0.4,0.035) and a relative minimum at (0,0).

f(x)= x? (x—2)3

f(x) =x2(x - 2)3

We estimate a relative maximum at (0, 0) and a

relative minimum at (%, -1. 106) .

£ ()= (=1 = (1)
Graphing the function on the calculator we

have:
f(x)=(x—1)28 - (x +1)23

2
-10| ¢ L Hm
-2

Using the minimum/maximum feature on the
calculator, we estimate a relative maximum at
(—1,1.587) and a relative minimum at

(1,-1.587).

81.

289

_ )

-1

We estimate a relative minimum at (0.25,—0.25).

N,

a) The cubic and quartic functions appear to be
equally good fits. The cubic function will
ease the computations, where as the quartic
function will be a little better fit to the data.
Also they quartic function declines sharply
after 2011 so the cubic function is probably
a better fit.

b) The domain of is the set of non-negative real
numbers.

¢) The graphs show that the cubic function
does not have relative extrema on a
reasonable domain. The quartic function has
a relative maximum around x =10.3.
However, judging by the data, it appears that
the percentage of households headed by
someone with a bachelor’s degree or higher
is increasing with time.
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flx)=22

The expression is in simplified form. We set the
denominator equal to zero and solve.
x=2=0
x=2
The vertical asymptote is the line x=2.

2x-3
f(x)="=

The expression is in simplified form.
The vertical asymptote is the line x=5.

Sx
/(x)= x?-25
First, we write the function in simplified form.
Sx
U sy

Once the expression is in simplified form, we
set the denominator equal to zero and solve.

(x=5)(x+5)=0
x=5=0 or x+5=0
x=5 or x=-5
The vertical asymptotes are the lines
x=-5andx=5.

3x 3x
x = =
f( ) x> -9 (x—3)(x+3)
Once the expression is in simplified form, we
set the denominator equal to zero and solve.
(x—3)(x+3) =0

x=3=0 or x+3=0

x=3 or x=-3
The vertical asymptotes are the lines
x=-3andx=3.

x+3
/(%)=
X —x
First, we write the function in simplified form.

x+3

)=
x(x —1)

__ x+3
x(x—l)(x+l)

10.

Chapter 2: Applications of Differentiation

Once the expression is in simplified form, we

set the denominator equal to zero and solve.
x(x+1)(x—1) =0

x=0 or x+1=0 or x-1=0

x=0 or x=-1 or x=1

The vertical asymptotes are the lines

x=0,x=-1, andx=1.

x+2
f(x) =
( ) x° —6x% +8x
First, we write the function in simplified form.
x+2 x+2

T2 “eere) 5G=a)-2

The vertical asymptotes are the lines
x=0,x=2,andx=4.

x+2
fl)=5——
( ) x> +6x+8
First, we write the function in simplified form.
x+2
X)=—=——"7—""—
I= )6
1 Dividing common
=x+4 , x#=2 factorsg

Once the expression is in simplified form, we
set the denominator equal to zero and solve.
x+4=0

x=-4
The vertical asymptote is the linex =—4.

x+6
X)=—"—
f( ) X +7x+6
First, we write the function in simplified form.
x+6 1

f(x)=( = X #—6

x+6)(x+1) x+1’

The vertical asymptote is the line x =—1.

7
f(x)=x2+49

The function is in simplified form. The equation

x% +49 = 0 has no real solution; therefore, the
function does not have any vertical asymptotes.

6
f(x)=x2+36

The function is in simplified form. The equation

x2 436 = 0 has no real solution; therefore, the
function does not have any vertical asymptotes.
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Exercise Set 2.3

6
f(x)=8x:c-3

To find the horizontal asymptote, we consider

lim /' (x). To find the limit, we will use some
X—oo

b
algebra and the fact that as x — eo,— — 0 for
ax

any positive integer 7.

lim f(x)= lim

X—>o0 x—e 8x+3

6x Multiplying b
— 13 plymg by a
= lim form of 1

x>0 8x+3

g\.—ig\»—a

6x

T X
_)}E}l&c 3
-+

X X

= lim ——
gy 3

X

G e
=— asx > oo, — =0

8+0 ax”
63

T8 4
In a similar manner, it can be shown that

lim f(x)zé

Sl 4

The horizontal asymptote is the line y = % .

3x2
f(x) - 6x* +x

Find lim f(x)
X—>o0
.37 .3 3
lim = lim —_—
x00 6T +x X

6+—
X

In a similar manner, it can be shown that
. 1
lim f(x)= 5

X——oo

. . . 1
The horizontal asymptote is the line y = 5

13.

14.

291
4x
f(x) - x?=3x

To find the horizontal asymptote, we consider
lim £ (x). To find the limit, we will use some
X—>o0

b
algebra and the fact that as x — e, — — 0 for
ax

any positive integer 7.

lim f(x)= lim —

X—>oo x—e x° —3x

1
4x . x> Multiplying by a
1 form of 1

R
=— asx = o, — =0
1+0 ax”
=0.
In a similar manner, it can be shown that
lim f (x) =0.
X——oo

The horizontal asymptote is the line y=0.

f(x)= & 2

- 3 —x
Find lim f(x).
X—>o0

2
fim ——% = fim =Yg,
x—eo 3x” — x x~>oo3_1 3—-0

In a similar manner, it can be shown that

lim f(x)=0.

x—y—c0

The horizontal asymptote is the line y =0 .
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15.

16.

17.

2
xX)=4+—
fo)=a+2
To find the horizontal asymptote, we consider
lim /' (x). To find the limit, we will use the

X—>o0

b o
fact that as x — o, — — 0 for any positive
ax

integer n.

lim f(x): lim 4+E

X—>00 X—o0 X
b
=4+0 |:asx—>°o,——>0:|.
o
=4
In a similar manner, it can be shown that
lim f (x) =4,

X—y—c0

The horizontal asymptote is the line y =4 .

3
f(x) = 5—;
Find lim f(x).

1im5—2=5—0=5.

X—>o0 X

In a similar manner, it can be shown that
lim f (x) =5.
X—y—o0

The horizontal asymptote is the line y =5.

6x° +4x
fx)=
( ) 3x% —x
To find the horizontal asymptote, we consider
lim £ (x). To find the limit, we will use some
X—>o0

b
algebra and the fact that as x — oo, — 0 for
ax

any positive integer .

: 66X +4
lim f(x) = lim %
X—>oo x—oo Jx° —

. 6x +4x
= lim ——
x—ee 3x7 —x

Multiplying by a
form of 1

*N\HFL\H

6x+i

= lim
X—o0

3 J—
X

lim 6x+i

X—>
X2 X

3-0

18.

19.

Chapter 2: Applications of Differentiation

In a similar manner, it can be shown that

lim f(x)=—c.

X—>—oo
The function increases without bound as
x — oo and decreases without bound as
x — —oo, Therefore, the function does not have

a horizontal asymptote.

8x* —5x?
X)=———
f( ) 253 +x2
Find lim f(x)
X—>oo
8x—=  lim8&x—=—
8x* —5x% ol
lim =2 = lim —% =22 X o
xoe Dx 4 x° xoee 2_l 2-0
x
In a similar manner, it can be shown that
lim f(x)z—oo.
X—y—o0

The function increases without bound as
x — oo and decreases without bound as
Xx — —oo, Therefore, the function does not have

a horizontal asymptote.

4x° —3x+2
T

To find the horizontal asymptote, we consider
lim £ (x). To find the limit, we will use some
X—>o0

b
algebra and the fact that as x — oo, — 0 for
ax

any positive integer 7.

4x° —3x+2
lim f(x)= lim ————
xﬁ*’f( ) x> xd 4 2x—4

o 4x—3x+2
= 11m3—
x—e x° +2x -4

kw‘ '_‘ikw‘ —-

n

ax

]
=— asx = oo, — =0
1
4

In a similar manner, it can be shown that
lim f (x) =4,
X——o0

The horizontal asymptote is the line y =4 .
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6x*+4x> -7
20. f(x)= 230 —x+3

Find lim f(x).
X—oo

6,4 71
et At -7 x T3S
11m5—=11m
e =S )

47 s
X X
— 0 —
240

In a similar manner, it can be shown that
lim f(x)=0.
X—>—o0

The horizontal asymptote is the line y =0 .

2x° —4x+1
21, f(x)=—F—
/) 4x° +2x-3

To find the horizontal asymptote, we consider

lim f(x). To find the limit, we will use some
X—o0

b
algebra and the fact that as x — eo,— — 0 for
ax

any positive integer #.

3 —
lim £ (x) = lim 25 —2*1
Koo x=e 4x +2x-3

1
_ 2 —4x+1 3
:11mx3—“.x_
x4y’ +2x-3 1
i
2—i2+i3
= lim XX
X—>oo 2 3
v 5 -
x° x
2-0+0 [ b }
= asx — oo, -0
4+0-0 ax”
_2_ 1
4 2
In a similar manner, it can be shown that
1
lim =—.
Jim £ (x)=3

. . . 1
The horizontal asymptote is the line y = 7

22.

23.

293

5xf—2x +x
f)=—=m——=

o -x +8
Find lim f(x).
X—>o0

7_7_1_7
R S Al . 2 50
lim ——— =lim2X—*X X —~—0,
xoe x7—x7 48 xoe 1 8 1
x° x
In a similar manner, it can be shown that
lim f(x)=0.

x—y—c0

The horizontal asymptote is the line y =0 .

4 -1
f (x) " 4x

a) Intercepts. Since the numerator is the
constant 4, there are no x-intercepts. The
number 0 is not in the domain of the
function, so there are no y-intercepts.

b) Asymptotes.
Vertical. The denominator is 0 forx =0, so
the line x =0 is a vertical asymptote.
Horizontal. The degree of the numerator is
less than the degree of the denominator, so
y = 0 is the horizontal asymptote.

Slant. There is no slant asymptote since the
degree of the numerator is not one more than
the degree of the denominator.

¢) Derivatives and Domain.

==
X

Fr)=s =
X

The domain of [ is (—e,0)U (0,e0)as
determined in step (b).
d) Critical Points. f'(x)exists for all values of

x except 0, but 0 is not in the domain of the
function, so x = 0is not a critical value. The
equation f'(x)= 0 has no solution, so there
are no critical points.

e) Increasing, decreasing, relative extrema.
We use 0 to divide the real number line into

two intervals A: (—e0,0) and B: (0,e°), and

we test a point in each interval.

=-4<0

A: Test —1, f'(-1)=———

B:Test 1 f'(I)=——=-4<0

(1)

The solution is continued on the next page.
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g)

h)

a)

b)

Then f (x) is decreasing on both intervals.

Since there are no critical points, there are
no relative extrema.
Inflection points. f"(x)does not exist at 0,

but because 0 is not in the domain of the
function, there cannot be an inflection point
at 0. The equation f"(x)= 0 has no

solution; therefore, there are no inflection
points.

Concavity. We use 0 to divide the real
number line into two intervals

A: (=2°,0) and B: (0,0), and we test a

point in each interval.

A:Test -1, f"(-1)= =-8<0

13

Lof(1)=— =850

(1’

Therefore, f(x) is concave down on

B: Test

(—=°,0) and concave up on (0,c°) .
Sketch.

24, f(x)= SEN R

X
Intercepts. Since the numerator is the
constant =5, there are no x-intercepts. The
number 0 is not in the domain of the
function, so there are no y-intercepts.
Asymptotes.

Vertical. The denominator is 0 for x =0, so
the line x =0 is a vertical asymptote.
Horizontal. The degree of the numerator is
less than the degree of the denominator, so
y = 0 is the horizontal asymptote.

Slant. There is no slant asymptote since the
degree of the numerator is not one more than
the degree of the denominator.

Derivatives and Domain.

Pjmset=
X

_10

3
X

The domain of [ is (—e,0)U (0,e0)as
determined in step (b).

f(x)=-10x7 =

Chapter 2: Applications of Differentiation

d)

e)

g)

h)

Critical Points. f'(x)exists for all values of
x except 0, but 0 is not in the domain of the
function, so x = 01is not a critical value. The
equation f '(x) = 0 has no solution, so there
are no critical points.

Increasing, decreasing, relative extrema.

We use 0 to divide the real number line into
two intervals A: (—,0) and B: (0,e°), and

we test a point in each interval.

A: Test -1, f'(-1) = =5>0

5 =
(1)’

L f'(1)=—5=5>0

B: Test

Then f (x) is increasing on both intervals.

Since there are no critical points, there are
no relative extrema.
Inflection points. f"(x)does not exist at 0,

but because 0 is not in the domain of the
function, there cannot be an inflection point

at 0. The equation f"(x)= 0 has no

solution; therefore, there are no inflection
points.

Concavity. We use 0 to divide the real
number line into two intervals

A: (==°,0) and B: (0,0), and we test a

point in each interval.

=10>0

A:Test —1, f"(-1)=——5=
1

1, f"(1)=—£=—10<0

(1)’

Therefore, f(x)is concave up on (—ee,0)

B: Test

and concave down on (0,0) .

Sketch. Use the preceding information to
sketch the graph. Compute additional
function values as needed.
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25, f(x)= x__—zs =2(x-5)"

a)

b)

d)

e)

Intercepts. Since the numerator is the
constant —2 , there are no x-intercepts. To
find the y-intercepts we compute £ (0).

-2 2

. 2. .
The point (O,g) is the y-intercept.

Asymptotes.

Vertical. The denominator is O for x =15, so
the line x =5 is a vertical asymptote.
Horizontal. The degree of the numerator is
less than the degree of the denominator, so
v = 0 is the horizontal asymptote.

Slant. There is no slant asymptote since the

degree of the numerator is not one more than
the degree of the denominator.

Derivatives and Domain.
(x)=2(x=5)2 =—2

A (x) (x ) (x—5)2
"(x)=—d(x-5) =

=49 =

The domain of [ is (—e0,5)U(5,°) as
determined in step (b).

Critical Points. f'(x)exists for all values of
x except 5, but 5 is not in the domain of the
function, so x =5 is not a critical value. The
equation f'(x)= 0has no solution, so there
are no critical points.

Increasing, decreasing, relative extrema.
We use 5 to divide the real number line into

two intervals A: (—eo,5) and B: (5,0) , and
we test a point in each interval.

A: Test 4, ['(4)= 2 _-2.250

(4-5) 1
2 —%—2>0
(6-57 1

Then f(x)is increasing on both intervals.

B: Test6, f'(6)=

Since there are no critical points, there are
no relative extrema.

Inflection points. f "(x) does not exist at 5,
but because 5 is not in the domain of the
function, there cannot be an inflection point
at 5. The equation f"(x)= 0 has no

solution; therefore, there are no inflection
points.

26.

295
g) Concavity. We use 5 to divide the real

number line into two intervals
A: (=e0,5) and B: (5,¢°) , and we test a
point in each interval.
A: Test4,f"(4)=—_4 - _ 40

(4-57 -1

—4 —4

B: Test 6, f"(6)=———==—=-4<0

(6-3) 1

Therefore, f(x)is concave up on (—eo,5)

and concave down on (5,).

h) Sketch.

a)

ih‘N [

-2-1

Intercepts. Since the numerator is the
constant 1, there are no x-intercepts. To find

the y-intercepts we compute f° (0) .
1 1

f(0)=(0)—_5——g

. 1). .
The point (0,—§j is the y-intercept.

b) Asymptotes.

Vertical. The denominator is 0 for x =5, so
the line x =5 is a vertical asymptote.
Horizontal. The degree of the numerator is
less than the degree of the denominator, so
y = 0 is the horizontal asymptote.

Slant. There is no slant asymptote since the
degree of the numerator is not one more than
the degree of the denominator.

Derivatives and Domain.
] - _ _ 5 -2 — _1
A (x) (x ) (x—5)2
"(x)=2(x=5)" = 2
S (x) (x ) (x ~ 5)3

The domain of fis (—e0,5)U(5,°) as
determined in step (b).
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d) Critical Points. f'(x)exists for all values of

e)

g)

h)

x except 5, but 5 is not in the domain of the
function, so x =5 is not a critical value. The

equation f '(x) = 0 has no solution, so there
are no critical points.

Increasing, decreasing, relative extrema.
We use 5 to divide the real number line into
two intervals A: (—eo,5) and B: (5,¢°), and

we test a point in each interval.

-1 1
A:Test4, f'(4)= =——=-1<0
est4, £'(4) (4_5)2 . <
B: Test6, f'(6)= LRV Y
’ (6-s5) 1

Then f (x) is decreasing on both intervals.
Since there are no critical points, there are
no relative extrema.

Inflection points. f"(x)does not exist at 5,
but because 5 is not in the domain of the
function, there cannot be an inflection point
at 5. The equation f"(x)= 0 has no
solution; therefore, there are no inflection
points.

Concavity. We use 5 to divide the real
number line into two intervals

A: (=e0,5) and B: (5,¢°) , and we test a

point in each interval.

2 2
A:Test4, f"(4)= =—=-2<0
f () (4_5)3 -1
2 2
B: Test 6, f"(6)= =—=2>0
() (6_5)3 1

Therefore, f(x) is concave down on
(—e°,5) and concave up on (5,).

Sketch. Use the preceding information to
sketch the graph. Compute additional
function values as needed.

— oW ka2

T T T T T

&
L
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27. f(x)=%= (x—3)_1

a)

b)

d)

e)

Intercepts. Since the numerator is the
constant 1, there are no x-intercepts. To find

the y-intercepts we compute f(0).
1 1

. 1). .
The point (0,—§j is the y-intercept.

Asymptotes.

Vertical. The denominator is 0 for x =3, so
the line x = 3 is a vertical asymptote.
Horizontal. The degree of the numerator is
less than the degree of the denominator, so
v = 0 is the horizontal asymptote.

Slant. There is no slant asymptote since the

degree of the numerator is not one more than
the degree of the denominator.

Derivatives and Domain.
' - _ _ 3 -2 — _1
A (x) (x ) (x ~ 3)2
"(x)=2(x=3) = —2
=2y =2

The domain of [ is (—e0,3)U(3,20) as
determined in step (b).

Critical Points. f'(x)exists for all values of
x except 3, but 3 is not in the domain of the
function, so x =3 is not a critical value. The
equation f'(x)= 0has no solution, so there
are no critical points.

Increasing, decreasing, relative extrema.
We use 3 to divide the real number line into

two intervals A: (—e0,3) and B: (3,) , and

we test a point in each interval.

A:Test2, f'(2)= - ~=-1<0

(2)-3)

-1
B: Test4, f'(4)=——5=-1<0
((4)-3)
Then f (x) is decreasing on both intervals.
Since there are no critical points, there are
no relative extrema.
Inflection points. f"(x)does not exist at 3,
but because 3 is not in the domain of the
function, there cannot be an inflection point
at 3. The equation f"(x)= 0 has no
solution; therefore, there are no inflection
points.
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g) Concavity. We use 3 to divide the real

number line into two intervals
A: (==°,3) and B: (3,¢0) , and we test a
point in each interval.

2
A:Test2, f"(2)=—————5=-2<0
2)-3

B: Test 4,f"(4):;:2>0

((4)-3)
Therefore, f(x)is concave down on

(—<°,3) and concave up on (3,c).

h) Sketch.

¥

1
-3

f(x)=—5=(x+2)"

a)

Intercepts. Since the numerator is the
constant 1, there are no x-intercepts. To find

the y-intercepts we compute £ (0).

1
f(O)Z(O)T:E

. 1). .
The point (O’EJ is the y-intercept.

b) Asymptotes.

c)

Vertical. The denominator is O for x = -2,
so the line x = -2 is a vertical asymptote.
Horizontal. The degree of the numerator is
less than the degree of the denominator, so
v = 0 is the horizontal asymptote.

Slant. There is no slant asymptote since the

degree of the numerator is not one more than
the degree of the denominator.

Derivatives and Domain.
- -1
f'(x)=—(x+2 =
( ) ( ) (x+2)2
_ 2
"(x)=2(x+2)" =
T

The domain of [ is (—e0,—2)U(-2,¢0)as
determined in step (b).

d)

e)

2)

h)

297

Critical Points. f'(x)exists for all values of
x except —2, but -2 is not in the domain of
the function, so x = -2 is not a critical

value. The equation f'(x)=0has no
solution, so there are no critical points.
Increasing, decreasing, relative extrema.

We use —2 to divide the real number line
into two intervals

A: (—e0,-2) and B: (=2,0), and we test a
point in each interval.

A: Test -3, f'(-3)= >=-1<0

((—3)+2)
e
((1)+2)

Then f(x) is decreasing on both intervals.

B: Test -1, f'(-1)= =-1<0

Since there are no critical points, there are
no relative extrema.

Inflection points. f"(x)does not exist at -2,
but because -2 is not in the domain of the
function, there cannot be an inflection point
at 2. The equation f"(x)=0has no
solution; therefore, there are no inflection
points.

Concavity. We use -2 to divide the real
number line into two intervals

A: (—e0,-2) and B: (-2,¢°), and we test a

point in each interval.

A: Test -3, f"(-3)= 2

——= -2<0
((-3)+2)
2

((-1)+2)°

Therefore, f(x) is concave down on

B: Test —1, /"(-1)= =2>0

(—e2,—2) and concave up on (-2,°).

Sketch. Use the preceding information to
sketch the graph. Compute additional
function values as needed.

————
1.1 23 4Xx
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f(x)=)C_—_|_2,3_=—2()c+5)_1

a)

b)

d)

Intercepts. Since the numerator is the
constant —2, there are no x-intercepts. To
find the y-intercepts we compute £ (0).

SO

0)+5 5 s
. 2. .
The point (0’_§) is the y-intercept.

Asymptotes.

Vertical. The denominator is O for x =-5, so
the line x =—51s a vertical asymptote.
Horizontal. The degree of the numerator is
less than the degree of the denominator, so
v = 0 is the horizontal asymptote.

Slant. There is no slant asymptote since the

degree of the numerator is not one more than
the degree of the denominator.

Derivatives and Domain.
= 2
f'(x)=2(x+5 2=
( ) ( ) (_X'+5)2
- -4
f"(x)=—4(x+5 e p——
( ) ( ) (x+5)3

The domain of [ is (—e0,—5)U(-5,2°) as
determined in step (b).

Critical Points. f'(x)exists for all values of
x except—5, but —5 is not in the domain of
the function, so x =—51is not a critical value.
The equation f '(x) = 0 has no solution, so
there are no critical points.

Increasing, decreasing, relative extrema.
We use =5 to divide the real number line
into two intervals

A: (—e0,—5) and B: (-5,¢°), and we test a

point in each interval.
A: Test —6,f'(—6):;2:2 >0
((-6)+3)

B: Test -4, f'(-4)=——
((-4)+5)
Then f(x)is increasing on both intervals.

Since there are no critical points, there are
no relative extrema.

30.

Chapter 2: Applications of Differentiation

f)

g)

h)

a)

b)

Inflection points. f"(x)does not exist at—5,
but because —5 is not in the domain of the
function, there cannot be an inflection point
at =5. The equation f"(x)=0has no
solution; therefore, there are no inflection
points.

Concavity. We use —5 to divide the real
number line into two intervals

A: (=e0,—5) and B: (-5,¢°), and we test a

point in each interval.

A: Test —6, f"(—6) = =4>0

((-6)+5)’

B: Test —4,f"(—4):_—4:—4<0

((-4)+5)’
Therefore, f(x)is concave up on (—oo,—5)
and concave down on (—S,oo) .
Sketch.

=W UO D2
T T T T T 1T

1

Intercepts. Since the numerator is the
constant =3, there are no x-intercepts. To

find the y-intercepts we compute £ (0).

-3 3
1(0)= 033
The point (0,1) is the y-intercept.
Asymptotes.

Vertical. The denominator is 0 for x =3, so
the line x =3 is a vertical asymptote.
Horizontal. The degree of the numerator is
less than the degree of the denominator, so
v = 0 is the horizontal asymptote.

Slant. There is no slant asymptote since the
degree of the numerator is not one more than
the degree of the denominator.
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c)

d)

g)

Derivatives and Domain.
x)=3(x—3)2 = 3
f (x) (x ) (_X' _ 3)2
"(x)==6(x=3) " =—2
f (x) (x ) (x _ 3)3

The domain of [ is (—e0,3)U(3,e°) as
determined in step (b).

Critical Points. f'(x)exists for all values of
x except 3, but 3 is not in the domain of the
function, so x = 3 is not a critical value. The
equation f'(x)= 0has no solution, so there
are no critical points.

Increasing, decreasing, relative extrema.
We use 3 to divide the real number line into

two intervals A: (—e0,3) and B: (3,%), and

we test a point in each interval.

A: Test2,f'(2)=;2=3>0
2

B: Test4, ['(4)=————=3>0
((4)-3)
Then f(x)is increasing on both intervals.
Since there are no critical points, there are
no relative extrema.

Inflection points. f"(x)does not exist at 3,
but because 3 is not in the domain of the
function, there cannot be an inflection point
at 3. The equation f"(x)= 0 has no
solution; therefore, there are no inflection
points.

Concavity. We use 3 to divide the real
number line into two intervals

A: (=,3) and B: (3,0) , and we test a
point in each interval.

A: Test2,f"(2)=_—63=6>0
2

B: Test 4, /"(4)=———=-6<0
((4)-3)
Therefore, f(x)is concave up on (—eo,3)

and concave down on (3,).

h)

299

Sketch. Use the preceding information to
sketch the graph. Compute additional
function values as needed.

fGo

1
[0 0 x

I |
w
T T T 17T

I
I
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I
I
"
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I
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31. f(x)=%

a)

b)

d)

Intercepts. To find the x-intercepts, solve

f(x)=0.
2x+1:0
X
2x+1=0
1
x=——
2

This value does not make the denominator
. . 1
0; therefore, the x-intercept is (— 7 0) .

The number 0 is not in the domain of f (x)

so there are no y-intercepts.

Asymptotes.

Vertical. The denominator is 0 forx =0, so
the line x = 0 is a vertical asymptote.
Horizontal. The numerator and the
denominator have the same degree, so

2 . .
y= T or y = 2 is the horizontal asymptote.

Slant. There is no slant asymptote since the
degree of the numerator is not one more than
the degree of the denominator.

Derivatives and Domain.
()= — L
A (x) T2
f(x)= 2x7 = %

X
The domain of [ is (—e0,0)U(0,e0)as
determined in step (b).

Critical Points. f'(x)exists for all values of

x except 0, but 0 is not in the domain of the
function, so x = 0is not a critical value. The

equation /f"'(x)= 0has no solution, so there

are no critical points.
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32.

e) Increasing, decreasing, relative extrema.
We use 0 to divide the real number line into

two intervals A: (—e0,0) and B: (0,e°), and

we test a point in each interval.

A: Test -1, f'(-1)=- : ~=-1<0
1

B: Test 1, f'(l)=—%=—1<0
1

Then f(x) is decreasing on both intervals.
Since there are no critical points, there are
no relative extrema.

f) Inflection points. f"(x)does not exist at 0,
but because 0 is not in the domain of the
function, there cannot be an inflection point
at 0. The equation f"(x)= 0 has no
solution; therefore, there are no inflection
points.

g) Concavity. We use 0 to divide the real
number line into two intervals
A: (==°,0) and B: (0,e0), and we test a

point in each interval.

A:Test -1, f"(-1)= 2 T=-2<0
1

B: Test 1, f"(1)=—5=2>0
(1)
Therefore, f(x) is concave down on
(—=°,0) and concave up on (0,c°) .
h) Sketch.

3x—1
f(x)=
a) Intercepts. To find the x-intercepts, solve
f(x) =0.
3x—1 ~0
x
3x-1=0
3x=1
1
xX=—
3

Chapter 2: Applications of Differentiation

. 1 .
Since x = g does not make the denominator

0, the x-intercept is (%, Oj .

The number 0 is not in the domain of f(x)
so there are no y-intercepts.

b) Asymptotes.
Vertical. The denominator is 0 forx =0, so
the line x =0 is a vertical asymptote.
Horizontal. The numerator and the
denominator have the same degree, so

3 . .
y=1 or y = 3 is the horizontal asymptote.

Slant. There is no slant asymptote since the
degree of the numerator is not one more than
the degree of the denominator.

¢) Derivatives and Domain.

(===
X

The domain of [ is (—e0,0)U(0,e0)as
determined in step (b).

d) Critical Points. f'(x)exists for all values of
x except 0, but 0 is not in the domain of the
function, so x = 01is not a critical value. The
equation f '(x) = 0 has no solution, so there
are no critical points.

e) Increasing, decreasing, relative extrema.
We use 0 to divide the real number line into

two intervals A: (—,0) and B: (0,e°), and
we test a point in each interval.

1

=1>0

(-1
1
=1>0
(-1

Then f (x) is increasing on both intervals.

A: Test -1, f'(-1)=

B: Test1, f'(1)=

Since there are no critical points, there are
no relative extrema.

f) Inflection points. f"(x)does not exist at 0,
but because 0 is not in the domain of the
function, there cannot be an inflection point
at 0. The equation f"(x)= 0 has no

solution; therefore, there are no inflection
points.
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g)

h)

f(x)=x+;—

a)

b)

Concavity. We use 0 to divide the real
number line into two intervals

A: (=2°,0) and B: (0,0), and we test a

point in each interval.

=2>0

A:Test —1, /" (-1)=—F =
1

B: Test 1,f"(1)=ﬁ=—2<0

Therefore, f(x)is concave up on (—ee,0)
and concave down on (0,0) .

Sketch. Use the preceding information to
sketch the graph. Compute additional
function values as needed.

2 X’ +2

X
Intercepts. The equation f(x)=0has no

real solutions, so there are no x-intercepts.
The number 0 is not in the domain of f (x)

so there are no y-intercepts.

Asymptotes.

Vertical. The denominator is 0 forx =0, so
the line x =0 is a vertical asymptote.
Horizontal. The degree of the numerator is
greater than the degree of the denominator,
so there are no horizontal asymptotes.

Slant. The degree of the numerator is exactly
one greater than the degree of the
denominator. As |x|approaches o,

f(x)=x L2 approaches x. Therefore,
x

y = x is the slant asymptote.

Derivatives and Domain.
fl(x)=1-2x72 =1—i2
x

f"(x) =4x7 = i3
X

The domain of fis (—e0,0)U(0,c0)as
determined in step (b).

d)

e)

301

Critical Points. f'(x)exists for all values of

x except 0, but 0 is not in the domain of the
function, so x = 01is not a critical value. The

critical points will occur when f '(x) =0.

2
1-—=0
2
2
1:—2
by
xr=2
x:i\/z

Thus, —/2 and /2 are critical values.

f(—\/z) =22 andf(\/z) =242, so the
critical points (—ﬁ, —2\/5) and (\/5, 2\/5)

are on the graph.
Increasing, decreasing, relative extrema.

We use —/2 ,0, and V2 to divide the real
number line into four intervals

A (-e0,=V2) B: (2,0, C: (042),
and D: (\/E,oo).

A:Test -2, f'(-2)=1-

B: Test -1, f'(-1)=1-

2
C:Testl, f'(I)=1-—5=-1<0
M)
2 1
D: Test 2, f'(2)=1-——==>0

Then f (x) is increasing on

(~e=,~v/2) and (v2,%) and is decreasing on
(—\/5 ,0) and (0,\/5 ) Therefore,
(~v2.-24/2 ) is a relative maximum, and

(\/5 , 2«/5 ) is a relative minimum.

Inflection points. f"(x)does not exist at 0,
but because 0 is not in the domain of the
function, there cannot be an inflection point
at 0. The equation f"(x)= 0 has no

solution; therefore, there are no inflection
points.
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34.

g)

h)

Concavity. We use 0 to divide the real
number line into two intervals

A: (==°,0) and B: (0,0), and we test a
point in each interval.

A:Test 1, f"(~1)= ——=—4<0

13

B: Test 1,f"(1)=i3=4>0

(1)
Therefore, f(x) is concave down on
(—=°,0) and concave up on (0,c°) .

Sketch. Use the preceding information to
sketch the graph. Compute additional
function values as needed.

5 Y.
fe)y=x+= 10
* 8
6 4
4R/
207
L1 L1
-10-8-6-4 ?/2_ 246 810x
A
//— -
7 =
4 —
_8_
_IQ_
9

f(x) = x+;

a)

b)

Intercepts. The equation f(x)=0has no

real solutions, so there are no x-intercepts.
The number 0 is not in the domain of 1 (x)

so there are no y-intercepts.

Asymptotes.

Vertical. The denominator is 0 forx =0, so
the line x = 0is a vertical asymptote.
Horizontal. The degree of the numerator is
greater than the degree of the denominator,
so there are no horizontal asymptotes.

Slant. As |x|approaches o, f(x)= 42
x

approaches x. Thus, y = x is the slant

asymptote.
Derivatives and Domain.
f(x)=1-9x7 =1—i2
X
f(x)=18x7 = i—f

The domain of fis (—e0,0)U(0,c0)as
determined in step (b).

Chapter 2: Applications of Differentiation

d)

g)

Critical Points. f'(x)exists for all values of

x except 0, but 0 is not in the domain of the
function, so x = 01is not a critical value. The

solutionto f'(x)=0isx==3. Thus,
—3and 3 are critical values.
f(-3)=-6andf (3)=6, so the critical
points (-3,—6) and (3,6) are on the graph.

Increasing, decreasing, relative extrema.
We use -3, 0, and 3 to divide the real

number line into four intervals
A: (—e0,-3) B: (-3,0), C: (0,3),
and D: (3,¢0).

A: Test —4,f'(—4):%>0

B: Test -1, f'(-1)=-8<0

C:Testl, f'(1)=-8<0

D: Test 4, f'(4)= %> 0

Then f(x)is increasing on

(—e2,—3) and (3,<°) and is decreasing on
(-3,0) and (0,3). Therefore, (-3,-6)is a
relative maximum, and (3,6) is a relative

minimum.

Inflection points. f"(x)does not exist at 0,
but because 0 is not in the domain of the
function, there cannot be an inflection point
at 0. The equation f"(x)= 0 has no
solution; therefore, there are no inflection
points.

Concavity. We use 0 to divide the real
number line into two intervals

A: (==°,0) and B: (0,0), and we test a

point in each interval.
A: Test -1, f"(-1)=-18<0

B: Test 1, /"(1)=18>0
Therefore, f (x) is concave down on

(—e°,0) and concave up on (0,c°) .
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h)

Sketch.

35. f (x) ==y

a)

b)

d)

Intercepts. Since the numerator is the
constant —1, there are no x-intercepts. The
number 0 is not in the domain of the
function, so there are no y-intercepts.
Asymptotes.

Vertical. The denominator is 0 for x =0, so
the line x =0 is a vertical asymptote.
Horizontal. The degree of the numerator is
less than the degree of the denominator, so
y = 0 is the horizontal asymptote.

Slant. There is no slant asymptote since the
degree of the numerator is not one more than
the degree of the denominator.

Derivatives and Domain.

f’(x)=2x_3 =%
X

P =mert =S
X

The domain of fis (—e0,0)U(0,c0)as

determined in step (b).

Critical Points. f'(x)exists for all values of

x except 0, but 0 is not in the domain of the

function, so x = 01is not a critical value. The

equation f '(x) = 0 has no solution, so there

are no critical points.

Increasing, decreasing, relative extrema.
We use 0 to divide the real number line into

two intervals A: (—,0) and B: (0,e0), and

we test a point in each interval.

2

A: Test -1, f'(-1)=—=5=-2<0
1

Lof(1)=—2=250

1

B: Test

g)

h)

303

Then f(x)is decreasing on (—ee,0) and is
increasing on (0, <) . Since there are no

critical points, there are no relative extrema.
Inflection points. f"(x)does not exist at 0,

but because 0 is not in the domain of the
function, there cannot be an inflection point

at 0. The equation f"(x)= 0 has no

solution; therefore, there are no inflection
points.

Concavity. We use 0 to divide the real
number line into two intervals

A: (—e0,0) and B: (0,), and we test a

point in each interval.

6

A:Test =1, f"(-1)=———=-6<0
1

1, f"(1)=—&=—6<0

Therefore, f (x) is concave down on both

B: Test

intervals.

Sketch. Use the preceding information to
sketch the graph. Compute additional
function values as needed.

Py

1

| I
S432

f()= =2

a)

Intercepts. Since the numerator is the
constant 2, there are no x-intercepts. The
number 0 is not in the domain of the
function, so there are no y-intercepts.

b) Asymptotes.

Vertical. The denominator is 0 for x =0, so
the line x = 0 is a vertical asymptote.
Horizontal. The degree of the numerator is
less than the degree of the denominator, so
y = 0 is the horizontal asymptote.

Slant. There is no slant asymptote since the

degree of the numerator is not one more than
the degree of the denominator.
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<)

d)

2)

h)

Derivatives and Domain.
fx)= =
X
fr(x)=12x"*= i—i

The domain of fis (—e0,0)U(0,c0)as
determined in step (b).

Critical Points. f'(x)exists for all values of
x except 0, but 0 is not in the domain of the
function, so x = 01is not a critical value. The
equation f '(x) = 0 has no solution, so there
are no critical points.

Increasing, decreasing, relative extrema.
We use 0 to divide the real number line into

two intervals A: (—,0) and B: (0,e°), and
we test a point in each interval.

A: Test -1, f'(-1)=4>0

B:Test 1, f'(1)=—-4<0

Then f(x)is increasing on (—eo,0)and is
decreasing on (O,oo) . Since there are no

critical points, there are no relative extrema.
Inflection points. f"(x)does not exist at 0,

but because 0 is not in the domain of the
function, there cannot be an inflection point

at 0. The equation f"(x)= 0 has no

solution; therefore, there are no inflection
points.

Concavity. We use 0 to divide the real
number line into two intervals

A: (==0,0) and B: (0,), and we test a

point in each interval.

A: Test -1, f"(-1)= =12>0

7=

12

B:Test 1, f"(1)=—5=12>0
1

Therefore, f(x) is concave up on both

intervals.
Sketch.

/(%)=

a)

b)

¢)

d)

Chapter 2: Applications of Differentiation

X

x—-3
Intercepts. To find the x-intercepts, solve
f (x) =0.
x pa—
x-3
x=0
Since x = 0 does not make the denominator
0, the x-intercept is (0,0). f(0)=0, so the

0

y-intercept is (0,0) also.

Asymptotes.

Vertical. The denominator is 0 for x =3, so
the line x = 3 is a vertical asymptote.
Horizontal. The numerator and the
denominator have the same degree, so

1 . .
y= T or y =11is the horizontal asymptote.

Slant. There is no slant asymptote since the
degree of the numerator is not one more than
the degree of the denominator.

Derivatives and Domain.

() = -3

S (x) (x—3)2

") =6(x—3)" = 6
r=oe3) =

The domain of fis (—e0,3)U(3,°) as
determined in step (b).

Critical Points. f'(x)exists for all values of
x except 3, but 3 is not in the domain of the
function, so x = 3 is not a critical value. The
equation f '(x) = 0 has no solution, so there
are no critical points.

Increasing, decreasing, relative extrema.
We use 3 to divide the real number line into

two intervals A: (—eo,3) and B: (3,¢0), and

we test a point in each interval.

A: Test 2,f’(2)=_—32= -3<0
2

B: Test 4, f'(4):_—3:—3 <0

2
((4)-3)
Then f(x)is decreasing on both intervals.

Since there are no critical points, there are
no relative extrema.
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f)

2)

h)

a)

b)

Inflection points. f"(x)does not exist at 3,

but because 3 is not in the domain of the
function, there cannot be an inflection point
at 3. The equation /"(x)=0has no

solution; therefore, there are no inflection
points.

Concavity. We use 3 to divide the real
number line into two intervals

A: (=e0,3) and B: (3,¢) , and we test a

point in each interval.

A: Test2, ["(2)= 6

?:—6<0

B: Test 4, f"(4)=L= 6>0

3
((4)-3)

Therefore, f(x) is concave down on

(—=°,3) and concave up on (3,).

Sketch. Use the preceding information to
sketch the graph. Compute additional
function values as needed.

- x+2

Intercepts. The numerator is 0 for x =0 and
since this value of x does not make the
denominator 0, the x-intercept is (0,0).
/(0)=0, so the y-intercept is (0,0) also.
Asymptotes.

Vertical. The denominator is 0 for x = -2,
so the line x = -2 is a vertical asymptote.

Horizontal. The numerator and the
denominator have the same degree, so

1 . .
y= T or y =11is the horizontal asymptote.

Slant. There is no slant asymptote since the
degree of the numerator is not one more than
the degree of the denominator.

c)

d)

g)

h)

305
Derivatives and Domain.
2
f’(X) B (x+2)2
— 4
1= =

The domain of f'is (—eo,—2)U(-2,0)as
determined in step (b).

Critical Points. f'(x)exists for all values of
x except—2, but -2 is not in the domain of
the function, so x = =2 is not a critical

value. The equation f"'(x)=0has no
solution, so there are no critical points.
Increasing, decreasing, relative extrema.

We use -2 to divide the real number line
into two intervals A: (—ee,—2)and

B: (—2,e0), and we test a point in each
interval.

A: Test -3, f'(-3)=2>0

B: Test -1, f'(-1)=2>0

Then f (x) is increasing on both intervals.

Since there are no critical points, there are
no relative extrema.

Inflection points. f"(x)does not exist at—2,
but because -2 is not in the domain of the
function, there cannot be an inflection point
at—2. The equation f"(x)=0has no
solution; therefore, there are no inflection
points.

Concavity. We use -2 to divide the real
number line into two intervals

A: (—e0,-2) and B: (-2,¢°), and we test a
point in each interval.

A: Test-3, f"(-3)=4>0

B: Test—1, /"(-1)=-4<0

Therefore, f(x) is concave up on (—e0,—2)
and concave down on (—2,oo) .

Sketch. Use the preceding information to
sketch the graph. Compute additional
function values as needed.
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1 2 L
flx)= =(x"+3
()= =[x+
a) Intercepts. Since the numerator is the

b)

d)

e)

constant 1, there are no x-intercepts.

1 1
f (0) = ———=—, so the y-intercept is
(0 +3 3
o5)
3
Asymptotes.

Vertical. x* +3 =0 has no real solution, so
there are no vertical asymptotes.
Horizontal. The degree of the numerator is
less than the degree of the denominator, so
y = 0 is the horizontal asymptote.

Slant. There is no slant asymptote since the

degree of the numerator is not one more than
the degree of the denominator.

Derivatives and Domain.
f’(x) = —2x(x2 +3)72 = _Lz
(x2 + 3)

\ 6x* -6

fr(x)= Rt
(x +3)

The domain of f'is R as determined in step
(b).

Critical Points. f'(x)exists for all real

numbers. Solve f'(x)=0

2x
——=0
(x2+3)2
2x=0
x=0

The critical value is 0. From step (a) we
1).
found [O,gjls on the graph.

Increasing, decreasing, relative extrema.
We use 0 to divide the real number line into

two intervals A: (—e0,0) and B: (0,¢°), and

we test a point in each interval.

A: Test —l,f'(—l):%>0

B:Test 1, f'(1)= —%< 0
Then f (x) is increasing on (—eo,0) and is
decreasing on (0,00) . Thus (0,%) isa

relative maximum.

Chapter 2: Applications of Differentiation

f) Inflection points. f"(x)exists for all real

numbers. Solve f"(x)=0.

2_
6x 63 —0
2
(x +2)
6x>2—6=0
6x> =6
x> =1
x==*1

So, (—1,%) and (1,%) are possible points

of inflection.

g) Concavity. We use —1 and 1 to divide the

real number line into three intervals
A: (=e0,—1) B: (-1,1), and C: (1,e0)

A: Test -2, f"(—2):%>0
B: Test 0, f"(0)= —§< 0
C:Test 2, f"(2)=%>o

Therefore, f(x)is concave up on (—oo,—1)

and (1,e°), and concave down on (-1,1) .
Thus the points (—1,%) and (1,%) are

points of inflection.

h) Sketch.

Y.
0.5
1) 04) fo0)= _1
(ng)\' x2+3

N

1 1 1 [ 1
-3 2 -1 1 2 3x
-0.1F

f(x)= xz_iz =—(*+2)

a) Intercepts. Since the numerator is the

constant —1, there are no x-intercepts.

7(0)= —%, so the y-intercept is (0,—%j .

b) Asymptotes.

Vertical. x* +2 = 0 has no real solution, so
there are no vertical asymptotes.
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d)

Horizontal. The degree of the numerator is
less than the degree of the denominator, so
v = 0 is the horizontal asymptote.

Slant. There is no slant asymptote since the
degree of the numerator is not one more than
the degree of the denominator.

Derivatives and Domain.

oy 2 2x
f(x)—2x(x2+2) —m
"o —6x> +4
e
The domain of fisR.

Critical Points. f'(x)exists for all real
numbers. f'(x)=0forx=0,s00isa

critical value. From step (a) we already
1).
know (O, _Ej is on the graph.

Increasing, decreasing, relative extrema.
We use 0 to divide the real number line into

two intervals A: (—e0,0) and B: (0,¢°), and

we test a point in each interval.

A: Test -1, f'(-1) = —§< 0

B:Test 1, f'(1) =§> 0

Then f(x)is decreasing on (—e,0) and is
increasing on (0,<°). Thus (O,—%) isa

relative minimum.
Inflection points. f"(x)exists for all real

2
numbers. f"(x)=0forx= i\/;, $0

—\/g and \/g are possible inflection points.
2 3 2 3
— 1= 1==-= and Z ===
So, —\/z,—g and \/Z,—E are points of
378 378

inflection.

41.

307

2 2 ..
g) Concavity. We use —\/; and \/; to divide

the real number line into three intervals

NBE
el

A: Test —l,f"(—l):—%<0
B: Test 0, ‘f"(0)=%>0
2
C:Test 1 "(1)=——=<0
est 1, f"(1) 27<

Therefore, f(x)is concave down on

(—00,— /EJ and [‘ {E,OOJ and concave up
3 3
on (—,/%,J%] . Therefore the points
2 2
—,/—,—2 and 4/—,—3 are points of
378 378

inflection.

h) Sketch. Use the preceding information to
sketch the graph. Compute additional
function values as needed.

y
025

-0.75

_x+3 x+3 1
S)=F5" (x+3)(x=3) x-3"
We write the expression in simplified form
noting that the domain is restricted to all real
numbers except for x =13,

a) Intercepts. f(x)=0hasno solution. x =-3

#13

is not in the domain of the function.
Therefore, there are no x-intercepts. To find

the y-intercepts we compute f(0).
1 1

. 1). .
The point (O,—Ej is the y-intercept.
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b)

<)

d)

e)

Asymptotes.
Vertical. In the original function, the
denominator is 0 forx=-3 orx =3,
however, x =-3 also made the numerator
equal to 0. We look at the limits to
determine if there are vertical asymptotes at
these points.

. x+3 . 1 1 1

lim — = lim = =——.

»—>3x°=-9 x-3x-3 -3-3 6
Because the limit exists, the line x =—-31is
not a vertical asymptote. Instead, we have a
removable discontinuity, or a “hole” at the

. 1
oint | =3,——|.
P ( 6)

An open circle is drawn at (—3,—%) to show

that it is not part of the graph.

The denominator is 0 for x = 3 and the
numerator is not 0 at this value, so the line
x =3 is a vertical asymptote.

Horizontal. The degree of the numerator is
less than the degree of the denominator, so
v = 0 is the horizontal asymptote.

Slant. There is no slant asymptote since the

degree of the numerator is not one more than
the degree of the denominator.

Derivatives and Domain.

] — _3 -2 — _1
ra)==e-3) ==
"(x)=2(x-3)" =—2
rr=2e3) -

The domain of f as determined in step (b) is
(=, =3)U(=3.3)U 3 =).
Critical Points. f'(x)exists for all values of

x except 3, but 3 is not in the domain of the
function, so x =3 is not a critical value. The
equation f'(x)= 0has no solution, so there
are no critical points.

Increasing, decreasing, relative extrema.
We use —3 and 3 to divide the real number
line into three intervals

A: (—e0,=3) B: (-3,3) and C: (3,e0).
We notice that f'(x) < 0 for all real
numbers, f (x)is decreasing on all three
intervals (—eo,-3), (-3,3), and (3,c°).

Since there are no critical points, there are
no relative extrema.

42.

Chapter 2: Applications of Differentiation

f) Inflection points. f"(x)does not exist at 3,
but because 3 is not in the domain of the
function, there cannot be an inflection point
at 3. The equation /"(x)= 0 has no
solution; therefore, there are no inflection
points.

g) Concavity. We use —3 and 3 to divide the
real number line into three intervals
A: (—e0,-3) B: (-3,3) and C: (3,) and

we test a point in each interval.

2 2
A:Test—4, f"(-4)=————=-—<0
r(-4) T
B: Test2,f"(2)=#3=—2<0
((2)-3
C: Test 4, f"(4)= 2 =250

3
((4)-3)
Therefore, f(x)is concave down on
(—e2,-3) and (-3,3) and concave up on
(3,00).
h) Sketch. Use the preceding information to

sketch the graph. Compute additional
function values as needed.

x—1 1

f(x)= = x#%1

-1 x+1’
We write the expression in simplified form
noting that the domain is restricted to all real
numbers except for x =+1.

a) Intercepts. f (x)=0hasno solution, so

there are no x-intercepts. To find
the y-intercepts we compute [ (0)

f(O):(O)%:I

The point (0,1) is the y-intercept.

b) Asymptotes.
Vertical. In the original function, the
denominator is 0 forx=—-lorx=1,
however, x =1 also made the numerator

equal to 0.
The solution is continued on the next page.
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d)

We look at the limits to determine if there

are vertical asymptotes at these points.
ox=1 . 1 1 .

lim = lim—— =—. Because the limit

=l x =1 x-=1x+1

exists, the line x =11is not a vertical

asymptote. Instead, we have a removable

. o . 1
discontinuity, or a “hole” at the point (l,zj .

An open circle is drawn at this point to show
that it is not part of the graph.

The denominator is 0 for x = —1 and the
numerator is not 0 at this value, so the line

x =—1is a vertical asymptote.

Horizontal. The degree of the numerator is
less than the degree of the denominator, so
y = 0 is the horizontal asymptote.

Slant. There is no slant asymptote since the

degree of the numerator is not one more than
the degree of the denominator.

Derivatives and Domain.
(x)=—(x+1)" = -1
f (x) ( + ) (x+1)2
"(x)=2(x+1)" =
f (x) ('x+ ) (X+1)3

The domain of [ is

(=eo,—1)U(=1,1)U(1,0) as determined
above.

Critical Points. f'(x)exists for all values of
x except —1, but—1 is not in the domain of
the function, so x =—11s not a critical value.
The equation f ‘(x) = 0 has no solution, so
there are no critical points.

Increasing, decreasing, relative extrema.
We use —1 and 1 to divide the real number
line into three intervals

A: (—oo,—l) B: (—1,1) and C: (l,oo) .

We notice that f'(x) < 0 for all real
numbers, f(x)is decreasing on all three
intervals (—es,—1), (-1,1), and (1,0). Since
there are no critical points, there are no
relative extrema.

Inflection points. f"(x)does not exist at—1,
but because —1 is not in the domain of the
function, there cannot be an inflection point
at —1. The equation f"(x)=0has no

solution; therefore, there are no inflection
points.

309

g) Concavity. We use —1 and 1 to divide the
real number line into three intervals
A: (=e0,—1) B: (=1,1) and C: (1,e).
and we test a point in each interval.
A: Test -2, f"(-2)=-2<0

B: Test 0, /"(0)=2>0
2
C:Test 2, f"(2)=—>0
est 2, £"(2) >

Therefore, f(x) is concave down on

(—eo,—1) and concave up on (-1,1) and

(Lee).

h) Sketch.

T T 17T

a) Intercepts. To find the x-intercepts, solve
f (x) =0.
x—-1 _
x+2
x=1
Since x =1 does not make the denominator
0, the x-intercept is (1,0) .

0-1
0)=073

o]

b) Asymptotes.
Vertical. The denominator is 0 forx =-2 ,
so the line x = -2 is a vertical asymptote.
Horizontal. The numerator and the
denominator have the same degree, so

1 . :
= _E , so the y-intercept is

1 . .
y= T or y =11is the horizontal asymptote.

Slant. There is no slant asymptote since the

degree of the numerator is not one more than

the degree of the denominator.
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c)

d)

g)

h)

Derivatives and Domain.

Vx - 3
f( ) (x+2)2

" x)=— 6
4 ( ) ()c+2)3

The domain of [ is (—e0,—2)U(-2,20) as
determined in part (b).

Critical Points. f'(x)exists for all values of
x except—2, but-2 is not in the domain of
the function, so x = -2 is not a critical

value. The equation f"'(x)= 0has no
solution, so there are no critical points.
Increasing, decreasing, relative extrema.

We use -2 to divide the real number line
into two intervals

A: (—e0,-2) and B: (-2,¢°), and we test a
point in each interval.

A: Test =3, f'(-3)=3>0

B: Test -1, f'(-1)=3>0

Then f (x) is increasing on both intervals.
Since there are no critical points, there are
no relative extrema.

Inflection points. f"(x)does not exist at—2,
but because -2 is not in the domain of the
function, there cannot be an inflection point
at —2. The equation f"(x)=0has no
solution; therefore, there are no inflection
points.

Concavity. We use -2 to divide the real
number line into two intervals

A: (—e0,—-2) and B: (-2,¢°), and we test a
point in each interval.

A:Test—3, f"(-3)=6>0

B: Test—1, /"(-1)=-6<0

Therefore, f(x) is concave up on (—eo,—2)

and concave down on (-2,c0).

Sketch. Use the preceding information to
sketch the graph. Compute additional
function values as needed.

Chapter 2: Applications of Differentiation

x=2
44 x)=
f( ) x+1
a) Intercepts. f(x)=0for x=2and this value

b)

d)

e)

does not make the denominator 0, the x-
intercept is (2,0). f(0)=-2, so the y-
intercept is (0,-2) .

Asymptotes.

Vertical. The denominator is 0 for x =—1, so
the line x =—1is a vertical asymptote.

Horizontal. The numerator and the
denominator have the same degree, so

1 . .
y= T or y =11is the horizontal asymptote.

Slant. There is no slant asymptote since the
degree of the numerator is not one more than
the degree of the denominator.

Derivatives and Domain.

()= o
f( ) (x+l)2

" x)=— 6
f ( ) ()C+1)3

The domain of [ is (—eo,—1)U(~=1,¢0)as
determined in part (b).

Critical Points. f'(x)exists for all values of
x except—1, but—1is not in the domain of
the function, so x =—11s not a critical value.
The equation f'(x)=0has no solution, so
there are no critical points.

Increasing, decreasing, relative extrema.

We use—1 to divide the real number line
into two intervals

A: (=eo,—1) and B: (~1,0). We notice that
f' (x) > 0 for all real numbers; therefore,

f (x) is increasing on both intervals. Since
there are no critical points, there are no
relative extrema.

Inflection points. f"(x)does not exist at—1,
but because —1 is not in the domain of the
function, there cannot be an inflection point
at—1. The equation f"(x)=0has no

solution; therefore, there are no inflection
points.
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g)

Concavity. We use—1 to divide the real
number line into two intervals

A: (=eo,—1) and B: (~1,¢), and we test a
point in each interval.

A: Test—2, f"(-2)=6>0

B: Test 0, /"(0)=—6<0

Therefore, f(x)is concave up on (—eo,—1)

and concave down on (—1,0) .

h) Sketch.
E foo=2=2
7[7274; ; ~8710;
x> -9
! (x) - x+1
a) Intercepts. To find the x-intercepts, solve
f (x) =0.
x*-9
x+1 -
*-9=0
x=13

b)

Neither of these values make the
denominator 0, so the x-intercepts are
(-3,0) and (3,0).
£(0)=-9, so the y-intercept is (0,-9) .

Asymptotes.
Vertical. The denominator is 0 for x =—1, so
the line x =—11is a vertical asymptote.
Horizontal. The degree of the numerator is
greater than the degree of the denominator,
so there are no horizontal asymptotes.
Slant. Divide the numerator by the
denominator.

X -1
x+1)x? -9

tx
-x-9
—x— 1
-8
By dividing, we get
f (x) =x-1- 8

x+1

d)

g)

h)

311

As |x|approaches oo, f (x)approaches

x—1,s0 y=x—11is the slant asymptote.

Derivatives and Domain.
2 4+2x+9
Sy =
( ) (x + 1)2
16
fn x)=—
( ) (x + 1)3
The domain of f'is (—ee,—1)U(~1,0)as
determined in part (b).

Critical Points. f'(x)exists for all values of
x except —1, but—1 is not in the domain of
the function, so x =—11is not a critical value.
f"(x)=0 has no real solution, so there are
no critical points.

Increasing, decreasing, relative extrema.

We use —1 to divide the real number line
into two intervals

A: (—00,—1) and B: (—l,oo)

We test a point in each interval.

A:Test -2, f'(-2)=9>0

B: Test 0, f'(0)=9>0

Then f(x)is increasing on both intervals.

Since there are no critical points, there are
no relative extrema.

Inflection points. f"(x)does not exist at—1,
but because —1 is not in the domain of the
function, there cannot be an inflection point
at—1. The equation f"(x)=0has no
solution; therefore, there are no inflection
points.

Concavity. We use —1 to divide the real
number line into two intervals

A: (—oo,—1) and B: (~1,0), and we test a
point in each interval.

A: Test-2, £"(-2)=16>0

B: Test 0, /"(0)=-16<0

Therefore, f(x)is concave up on (—oo,—1)

and concave down on (—1,) .
Sketch.
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46. f(x)=

a)

b)

d)

B x? -4

x+3

Intercepts. The numerator is 0 for x =-2 or
x =2 and neither of these values make the
denominator 0, so the x-intercepts are

(-2,0) and (2,0). £(0) =ZT_= -—,50

the y-intercept is (0, —%) .

Asymptotes.
Vertical. The denominator is 0 for x =-3, so
the line x =—31is a vertical asymptote.
Horizontal. The degree of the numerator is
greater than the degree of the denominator,
so there are no horizontal asymptotes.
Slant. By dividing the numerator by the
denominator, we get

. 5
f (x) x—=3+ ~13
As |x|approaches oo, f (x)approaches

x—3,s0y = x—31is the slant asymptote.

Derivatives and Domain.
x* +6x+4
Sy =200
( ) (x + 3)2
10
f " x —
( ) (x + 3)3
The domain of £ is (—e0,-3)U(-3,) as
determined in part (b).

Critical Points. f'(x)exists for all values of
x except—3, but—3 is not in the domain of
the function, so x =—-3is not a critical value.
Solve f'(x)=0.

x> +6x+4 B

(x + 3)2
X +6x+4=0
Y=-3+ \/g Using the

Quadratic Formula

x=-5.236 orx =-0.764
f(—5.236) ~-10.472 and

7(=0.764) = -1.528 , s0 (=5.236,-10.472)
and (-0.764,-1.528) are on the graph.

Increasing, decreasing, relative extrema.
We use—5.236, —3, and —0.764 to divide

the real number line into four intervals
A: (—0,—5.236), B: (-5.236,-3),

C: (-3,-0.764), and D: (—0.764,)

Chapter 2: Applications of Differentiation

2)

h)

We test a point in each interval.
4
A: Test —6, f'(-6) =35>0

B: Test -4, f'(-4)=-4<0
C:Test -2, f'(-2)=-4<0

D: Test 0, f’(0)=%>0

Then f(x)is increasing on the intervals
(—oo,—5.236) and (—0.764,00) , and is
decreasing on the intervals

(—5.226,-3) and (-3,-0.764) . Therefore,
(—5.236,—-10.472) is a relative maximum
and (-0.764,-1.528) s a relative minimum.

Inflection points. f"(x) does not exist at =3,
but because —3 is not in the domain of the
function, there cannot be an inflection point
at—3. The equation f"(x)=0has no
solution; therefore, there are no inflection
points.

Concavity. We use =3 to divide the real
number line into two intervals

A: (=e0,-3) and B: (-3,e), and we test a
point in each interval.

A: Test—4, f"(-4)=-10<0

B: Test—2, /"(-2)=10>0
Therefore, f(x) is concave down on
(—e0,—3) and concave up on (-3,e0).

Sketch. Use the preceding information to
sketch the graph. Compute additional

function values as needed.
, )
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x)= x-3 _ x-3 _ 1
x2+2x-15 (x—3)(x+5) x+5’
x #3.

We write the expression in simplified form
noting that the domain is restricted to all real
numbers except for x=-5andx=3.

a)

Intercepts. f(x)=0has no solution. x =3
is not in the domain of the function.
Therefore, there are no x-intercepts. To find
the y-intercepts we compute f° (0) :

0-3 1

O a0 s s

. 1). .
The point (O,gj is the y-intercept.

b) Asymptotes.

<)

Vertical. In the original function, the
denominator is 0 forx =-5 or x =3;
however, x =3 also made the numerator
equal to 0.
We look at the limits to determine if there
are vertical asymptotes at these points.

. x=3 . 1 1
lim— = lim =—
=3x +2x—15 x»=3x+5 8
Because the limit exists, the line x =3 is not
a vertical asymptote. Instead, we have a
removable discontinuity, or a “hole” at the

. 1 . . .
pomt(3,§] . An open circle is drawn at this

point to show that it is not part of the graph.
The denominator is 0 for x = —5and the
numerator is not 0 at this value, so the line
x =-51s a vertical asymptote.

Horizontal. The degree of the numerator is
less than the degree of the denominator, so
v = 0 is the horizontal asymptote.

Slant. There is no slant asymptote since the
degree of the numerator is not one more than
the degree of the denominator.

Derivatives and Domain.
— -1
f'(x)=—(x+5 =
( ) ( ) (x+5)2
- 2
f"(x)=2(x+5 S
(=2+5)" =L

The domain of f as determined in part (b) is

(=2, =5)U(=5:3)U3,).

d)

e)

f)

g)

h)

313

Critical Points. f'(x)exists for all values of
x except —5, but =5 is not in the domain of
the function, so x =—5is not a critical value.
The equation f'(x)= 0 has no solution, so
there are no critical points.

Increasing, decreasing, relative extrema.
We use —5 and 3 to divide the real number

line into three intervals A: (—eo,-5),

B: (-5,3), and C: (3,e). We notice that
f'(x)<0for all real numbers, f(x)is
decreasing on all three intervals

(—e0,—=5), (=5.,3), and (3,e°). Since there
are no critical points, there are no relative
extrema.

Inflection points. f"(x)does not exist at 5,
but because —5 is not in the domain of the
function, there cannot be an inflection point
at =5. The equation f"(x)=0has no
solution; therefore, there are no inflection
points.

Concavity. We use =5 and 3 to divide the
real number line into three intervals

A: (—e0,=5) B: (-5,3) and C: (3,¢°), and
we test a point in each interval.

A: Test—6, f"(-6)=-2<0

B: Test —4, f"(-4)=2>0
2

C: Test 4, f"(4)=——>0

est 4./"(4) 720

Therefore, f(x) is concave down on
(—e=,—5) and concave up on

(—5,3)and (3,0).

Sketch. Use the preceding information to

sketch the graph. Compute additional
function values as needed.
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x+1 x+1 1

/() =

b)

c)

S x2-2x-3 (x=3)(x+1) x-37
x#-1.
We write the expression in simplified form
noting that the domain is restricted to all real
numbers except for x=—1andx=3
Intercepts. f (x) = 0 has no solution. x=-1

is not in the domain of the function.
Therefore, there are no x-intercepts. To find
the y-intercepts we compute /(0):

0+1 1

T ST

. 1). .
The point (0,—5) is the y-intercept.

Asymptotes.
Vertical. In the original function, the
denominator is 0 forx=-1orx =3,
however, x =—1 also made the numerator
equal to 0. We look at the limits to
determine if there are vertical asymptotes at
these points.
. x+1 . 1 1 1

lim — = lim = =——
x—>-1x"=2x=3 x—>-1x-3 -1-3 4
Because the limit exists, the line x =—11is
not a vertical asymptote. Instead, we have a
removable discontinuity, or a “hole” at the

. 1 . .
point (_1’_2J . An open circle is drawn at

this point to show that it is not part of the
graph.

The denominator is 0 for x = 3 and the
numerator is not 0 at this value, so the line
x =3 1is a vertical asymptote.

Horizontal. The degree of the numerator is
less than the degree of the denominator, so
y = 0 is the horizontal asymptote.

Slant. There is no slant asymptote since the
degree of the numerator is not one more than
the degree of the denominator.

Derivatives and Domain.
' - _ _3 -2 — _1
A (x) (x ) (x ~ 3)2
"(x)=2(x-3)" =2
rr()=2-3)" =

The domain of f as determined in part (b) is

(—eo,=1)U(=1,3)U(3,°) .

Chapter 2: Applications of Differentiation

d) Critical Points. f'(x)exists for all values of

x except 3, but 3 is not in the domain of the

function, so x = 3 is not a critical value. The

equation f ‘(x) = 0 has no solution, so there
are no critical points.

e) Increasing, decreasing, relative extrema.
We use —1 and 3 to divide the real number
line into three intervals
A: (=e0,—1) B: (-1,3) and C: (3,e0).
We notice that f'(x) < 0 for all real
numbers, so f(x) is decreasing on all three
intervals (—eo,—1), (=1,3), and (3,).

Since there are no critical points, there are
no relative extrema.
f) Inflection points. f"(x)does not exist at 3,

but because 3 is not in the domain of the
function, there cannot be an inflection point

at 3. The equation /"(x)= 0 has no

solution; therefore, there are no inflection
points.

g) Concavity. We use —1 and 3 to divide the
real number line into three intervals
A: (—e0,—1) B: (~1,3) and C: (3,¢°), and
we test a point in each interval.

A: Test-2, f"(-2)=-—<0

B: Test2, f"(2)=-2<0

C: Test 4, /"(4)=2>0

Therefore, f(x) is concave down on
(—eo,—1) and (~1,3) and concave up on

(3.2)-

h) Sketch.

a) Intercepts. The numerator is 0 for x =0 and

this value does not make the denominator 0,

so the x-intercept is (0,0).
£(0)=0, so the y-intercept is (0,0) also.
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b) Asymptotes.

c)

d)

Vertical. The denominator is 0 when
x*-16=0
x> =16
x=14
So the lines x =—4 and x =4 are vertical
asymptotes.

Horizontal. The numerator and the
denominator have the same degree, so

2 . .
y= T or y = 2 is the horizontal asymptote.

Slant. There is no slant asymptote since the
degree of the numerator is not one more than
the degree of the denominator.

Derivatives and Domain.
64x
7)==
(x —16)
. 192x% +1024
frix) = 20
(x —16)

The domain of f is
(—o0,—4)U(—4,4)U(4,0) as determined in
part (b).

Critical Points. f'(x)exists for all values of
xexcept x=—4 andx=4,but —4 and 4 are
not in the domain of the function, so

x=-4 and x =4 are not critical values.
f'(x)=0 for x=0,s0(0,0)is the only
critical point.

Increasing, decreasing, relative extrema.
We use —4, 0, and 4 to divide the real
number line into four intervals

A: (—e0,—4) B: (-4,0), C: (0,4),

and D: (4,).

We test a point in each interval.

A: Test -5, f'(—5)=%>0

64

B: Test -1, f'(-1)=——>0

es , f( ) 225>
64

C:Test 1 '1)=-——=<0
es , f ( ) 3 <

D: Test 5, f’(5)=—ﬁ<0

Then f(x)is increasing on the intervals
(—e0,—4) and (—4,0) , and is decreasing on
the intervals (0,4) and (4,ec). Thus, there is

a relative maximum at (0,0)..

50.

315

f) Inflection points. f"(x)does not exist at

2)

h)

1= - -

—4 and 4, but because —4 and 4 are not in

the domain of the function, there cannot be
an inflection point at —4 or 4 . The equation

" (x) = 0 has no real solution; therefore,

there are no inflection points.
Concavity. We use —4 and 4 to divide the

real number line into three intervals
A: (—o0,—4) B: (-4,4) and C: (4,), and
we test a point in each interval.

A: Test —5,f"(—5)=%>0

B: Test 0,f"(0)=—%<0

5824
=—>
729
Therefore, f(x) is concave up on the

C: Test 5, £"(5) 0

intervals (—eo,—4) and (4,e) and concave
down on the interval (-4,4) .

Sketch. Use the preceding information to
sketch the graph. Compute additional
function values as needed.

_x2+x—2_ (x+2)(x-1) x+2

2(x+1)

267 -2 2(x+1)(x-1)

We write the expression in simplified form
noting that the domain is restricted to all real
numbers except for x ==*1.

a)

Intercepts. f(x)=0for x=-2; therefore,
the x-intercept is (-2,0).
(0 +(0)-2 _
2(0)° -2
The point (0,1) is the y-intercept.

1(0)=
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b)

¢)

d)

Asymptotes.

Vertical. In the original function, the
denominator is 0 forx=—-lorx=1,
however, x =1 also made the numerator
equal to 0. We look at the limits to
determine if there are vertical asymptotes at
these points.

Hx-2 x+2 3
im 3 =lim =—. Because
x>l 2x7 =2 a-12(x+1) 4
the limit exists, the line x =1 1is not a vertical
asymptote. Instead, we have a removable

discontinuity, or a “hole” at the point (1,%) .

An open circle is drawn at this point to show
that it is not part of the graph.

The denominator is 0 for x = —1 and the
numerator is not 0 at this value, so the line

x =—1is a vertical asymptote.

Horizontal. The numerator and the
denominator have the same degree, so

1. .
y= 7 is the horizontal asymptote.

Slant. There is no slant asymptote since the
degree of the numerator is not one more than
the degree of the denominator.

Derivatives and Domain.
-2 -1
(x)=—(x+1) " =—
P = =
- 1
f(x)=2(x+1)" =
(=2 = s

The domain of £ is (—ee,~1)U(=1,1)U(1, )
as determined in part (b).
Critical Points. f'(x)exists for all values of

x except —1, but—1 is not in the domain of
the function, so x =—11is not a critical value.
The equation f ‘(x) = 0 has no solution, so
there are no critical points.

Increasing, decreasing, relative extrema.
We use —1 and 1 to divide the real number
line into three intervals

A: (—oo,—l) B: (—1,1) and C: (l,oo).

We notice that f'(x) < 0 for all real
numbers, f(x)is decreasing on all three
intervals (—es,—1), (-1,1), and (1,0). Since

there are no critical points, there are no
relative extrema.

51.

Chapter 2: Applications of Differentiation

f) Inflection points. f"(x)does not exist at —1,

but because —1 is not in the domain of the
function, there cannot be an inflection point
at —1. The equation f"(x)=0has no

solution; therefore, there are no inflection
points.
g) Concavity. We use —1 and 1 to divide the
real number line into three intervals
A: (—e0,—1) B: (=1,1) and C: (1,0).
and we test a point in each interval.
A: Test -2, f"(-2)=-1<0
B: Test 0, /"(0)=1>0
1
C:Test 2, f"(2)=—>0
()=

Therefore, f(x) is concave down on the
interval (—eo,—1) and concave up on the
intervals (~1,1) and(1,eo).

h) Sketch.

w
T T T T 71

X2 +4
a) Intercepts. Since the numerator is the
constant 10, there are no x-intercepts.

f(O) = % , so the y-intercept is (0%) .

b) Asymptotes.
Vertical. x* +4 =0 has no real solution, so
there are no vertical asymptotes.
Horizontal. The degree of the numerator is
less than the degree of the denominator, so
y = 0 is the horizontal asymptote.

Slant. There is no slant asymptote since the

degree of the numerator is not one more than

the degree of the denominator.
¢) Derivatives and Domain.

f'(x)=—20x(x2+4)_2 :_%
(x +4)
20(3x2 —4)
fn(x):—3
(xz +4)

The domain of fis R.
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d)

g)

Critical Points. f'(x)exists for all real
numbers. f'(x)=0forx=0,s00isa

critical value. From step (a) we already
know (O, gj is on the graph.

Increasing, decreasing, relative extrema.
We use 0 to divide the real number line into

two intervals A: (—e0,0) and B: (0,¢°), and

we test a point in each interval.

A: Test —l,f'(—l):%>0

B:Test 1, /'(1)= —%< 0
Then f (x) is increasing on (—eo,0) and is
decreasing on (0,e). Thus (0,%) isa

relative maximum.
Inflection points. f"(x)exists for all real

0for x = +— which
NEH
are possible points of inflection. We have:

f(%j adf(fj B
L L -

points.

numbers. f"(x)=

and — to divide

™

the real number line into three intervals
2 2 2
A: | —o0,—— | B: | ——,— |, and
( \/§J (\/5 NE) j
2
C: | —=,|.
)

Concavity. We use —

5

A: Test _2’f"(_2):E>0
B: Test 0, ‘f"(0)=—%<0
5
C:Test 2 "(2)=—>0
es . f(2) 16>

h)

a)

317

Therefore, f (x) is concave up on

(—oo —i) and (i 00] and concave
s \/g \/g ’

2
down on [— J . Thus, the points

2

33

(—i Ej and (i Ej are points of
N 5w )P

inflection.

Sketch. Use the preceding information to
sketch the graph. Compute additional
function values as needed.

x* -1
Intercepts. Since the numerator is a constant
1, there are no x-intercepts.

1
f(o)z(o)z_lz_

The point (0,—1) is the y-intercept.

b) Asymptotes.

Vertical. The denominator

x*—1= (x—l)(x+1) is 0 for
x=-lorx=1,sothelinesx=—-land x=1
are vertical asymptotes.

Horizontal. The degree of the numerator is

less than the degree of the denominator, so
y = 0 is the horizontal asymptote.

Slant. There is no slant asymptote since the
degree of the numerator is not one more than
the degree of the denominator.

Derivatives and Domain.

F=
(+*-1)
()= 2(3x +1)

(1)
The domain of f is
(—eo,—1)U(=1,1)U(1, ) as determined in
part (b).
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d) Critical Points. f'(x)exists for all values of

f)

2)

x except —1 and 1, but these values are not
in the domain of the function, so x =-1 and
x =1are not critical values. f ‘(x) =0 for
x=0. From step (a) we know f(0)=-1,
so the critical point is (0,-1).

Increasing, decreasing, relative extrema.
We use —1, 0, and 1 to divide the real

number line into four intervals
A: (—=e,-1), B: (-1,0), C: (0,1), and

D: (l,oo) , and we test a point in each

interval.
A: Test -2, f'(—2)=g>0
B: Test —l,f’ L =1—>0
2 2 9
C: Test l, f' 1 =—£<0
2 2 9
4
D: Test 2, f'(2)=—§<0

We see that f(x) is increasing on the
intervals (—eo,~1) and (~1,0), and is
decreasing on the intervals (0,1) and (1,0).
Therefore, (0,—1) is a relative maximum.
Inflection points. f"(x)does not exist at

—1 and 1, but because these values are not
in the domain of the function, there cannot
be an inflection point at—1 or 1. The
equation f"(x)= 0 has no real solution;
therefore, there are no inflection points.
Concavity. We use —1 and 1 to divide the
real number line into three intervals

A: (—e0,—1) B: (=1,1) and C: (1,).

and we test a point in each interval.

A: Test —2,f"(—2):%>0

B: Test 0, /"(0)=-2<0

_26

C: Test 2, f"(2) >0

Therefore, f(x)is concave up on (—oo,—1)

and(1,e), and concave down on (-1,1).

Chapter 2: Applications of Differentiation

h) Sketch.

a)

3 2 -

Intercepts. The equation f(x)=0has no

real solutions, so there are no x-intercepts.
The number 0 is not in the domain of 1 (x)

so there are no y-intercepts.

b) Asymptotes.

d)

Vertical. The denominator is 0 forx =0, so
the line x = 0is a vertical asymptote.
Horizontal. The degree of the numerator is
greater than the degree of the denominator,
so there are no horizontal asymptotes.

Slant. The degree of the numerator is exactly
one greater than the degree of the
denominator. When we divide the numerator
by the denominator we have

2
f(x)= LSk B Y |x|approaches
X X

1
oo, f(x)=x+—approaches x. Therefore,
X

y = x is the slant asymptote.

Derivatives and Domain.
2
-1
f'(x) == 2

X

n 2

[rx)==
X

The domain of [ is (—ee,—0)U(0,e0) as
determined in part (b).
Critical Points. f'(x)exists for all values of

x except 0, but 0 is not in the domain of the
function, so x = 0is not a critical value. The

critical points will occur when f'(x)=0.

xz—l_

3 =0
¥r-1=0
w2 =1
x==%1

The solution is continued on the next page.
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e)

f)

g)

h)

From the previous page, we determined
—1 and 1 are critical values, thus

f(=1)=-2and f(1)=2, so the critical
points (~1,-2) and (1,2) are on the graph.
Increasing, decreasing, relative extrema.
Weuse —1,0, and 1 to divide the real
number line into four intervals

A: (—ee,—1) B: (-1,0),C: (0,1), and

D: (1,00). We test a point in each interval.

A: Test -2, f'(—2)=%>0
1

B: Test ——, f'(—zj=—3<0
1 1

C:Test —, f'I'—|=-3<0
2 2

3
D: Test 2, f’(2)=z>0

Then f(x)is increasing on

(—e2,—1) and (1,°0) and is decreasing on

(-1,0) and (0.1). Therefore, (—-1,-2)isa
relative maximum, and (1,2) is a relative

minimum.

Inflection points. f"(x)does not exist at 0,
but because 0 is not in the domain of the
function, there cannot be an inflection point
at 0. The equation f"(x)= 0 has no
solution; therefore, there are no inflection
points.

Concavity. We use 0 to divide the real
number line into two intervals

A: (=2°,0) and B: (0,0), and we test a
point in each interval.

A: Test -1, f"(-1)=-2<0

B:Test 1, f"(1)=2>0

Therefore, f (x) is concave down on
(—=°,0) and concave up on (0,c°) .

Sketch. Use the preceding information to
sketch the graph. Compute additional
function values as needed.

54. f(x) =

a)

b)

d)

319

x =1

Intercepts. The numerator is 0 for x =0 and
this value does not make the denominator 0,
the x-intercept is (0,0).

£(0)=0, so the y-intercept is (0,0) also.
Vertical. The denominator

x> —1=(x—1)(x+1) is 0 for
x=—lorx=1,sothelinesx=-land x=1
are vertical asymptotes.

Horizontal. The degree of the numerator is
greater than the degree of the denominator,
so there are no horizontal asymptotes.

Slant. The degree of the numerator is exactly
one greater than the degree of the
denominator.

When we divide the numerator by the
denominator we have

X X

f(x)=x2—1=x+x2—

. As |x|
1

approacheseo, f (x) =x+ 2x " approaches
¥ -

x. Therefore, y = x is the slant asymptote.
Derivatives and Domain.

/(%)=

=322

(1)
f"(x) _ 2x7 + 6)3c
(+*-1)
The domain of f as determined in part (b)
is (—eo,~1)U(=L1)U(1,0).
Critical Points. f'(x)exists for all values of

x except —1 and 1, but these values are not
in the domain of the function, so x =-1 and
x =1are not a critical values. f'(x)=0 for

x=—/3, x=0, and x=\/§.Therefore,

)z—— £(0)=0,and

/(-
( ) =—— The critical points

[ —\3,- 3\/_] (0,0) and [ﬁ,%} are

on the graph.
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e)

g)

Increasing, decreasing, relative extrema.
We use —/3,-1, 0, 1,and +/3 to divide the
real number line into six intervals

A (—oo,—ﬁ) B: (—ﬁ,—l),c: (-1,0),
D: (0,1), E: (1,\/5),and F:(\/g,oo). We

test a point in each interval.

A: Test -2, f‘(—2)=§>0

B: Test —g, f' _3 =—2—7 0
27 72 25

C: Test —l, f' L =—£<0
27 72 9
1 1 11

D: Test —, = |=-—=—<0
=g f(z) 9

E: Test E, I 3 =—£<0
2 2 25

4 55.

F: Test 2, f’(2)=5>0

Then f (x) is increasing on the intervals
(—oo, —\/g ) and (\/3 ,oo) and is decreasing on
the intervals (—\/5,—1), (-1,0),

(0,1), and (l,\/g). Therefore, (0,0) is nota
36),
isa
2

33

relative maximum, and [\/g ,T) isa

relative extremum, (—\/5 ,

relative minimum.
Inflection points. f"(x)does not exist at

—1 and 1, but because these values are not
in the domain of the function, there cannot
be an inflection pointat —lor 1. f/"(x)=0
when x=0. We know that f(0)=0, so
there is a possible inflection point at (O, 0) .
Concavity. Weuse —1, 0, and 1 to divide
the real number line into four intervals

A: (=eo,—1) B: (-1,0), C: (0,1), and

D: (1,50),and we test a point in each

interval.

A: Test -2, f"(-2) = —5; <0

Chapter 2: Applications of Differentiation

208

- <0
27

1 1
C:Test —, "l —|=
es 2 f (2)

D: Test 2, f"(2) =§—§> 0

Therefore, f(x) is concave down on
(—2,0) and (0,1) and concave up on
(—1,0) and(1,0). Thus, the point (0,0) isa

point of inflection.

h) Sketch.
71
oF |
=2 GF| /
1 iEiLs
IZ—\//
™
) I | I I |
—6-5-4-3-2-K Y1 23456 x
//i%_:
AL
amiin
o
or

x>-16 (x—4)(x+4)
f(x)— x+4 x+4
Notice that f(x)=x—4 for all values of x

=x—-4, x#-4

except x =—4 , where it is undefined. The
graph of f(x) will be the graph of
y = x —4 except at the point x =—4.

a) Intercepts. f(x)=0when x =4, so the x-
intercept is (4,0).

£(0)=-4.
The point (0,—4)is the y-intercept.
b) Asymptotes.
In simplified form f(x)=x-4, a linear
function everywhere except x =—-4. So

there are no asymptotes of any kind.

In the original function, the denominator is 0
for x =—4 ; however, x = —4 also made the
numerator equal to 0. We look at the limits
to determine if there are vertical asymptotes
at these points.

x2-16

= lim (x—4)=-8. Because
x—-4 x+4 x——4
the limit exists, the line x =—-4isnota

vertical asymptote. Instead, we have a
removable discontinuity, or a “hole” at the
point (—4,-8). An open circle is drawn at

(—4,-8) to show that it is not part of the
graph.
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c)

d)
e)

2)

h)

Derivatives and Domain.

f’(x)zl, x#—4

f"(x) =0, x#—4

Critical Points. There are no critical points.
Increasing, decreasing, relative extrema.
We use —4 to divide the real number line
into two intervals

A: (—e0,—4) and B: (—4,e0).

We notice that f'(x)> 0 for all real

numbers in the domain, f(x) is increasing

on both intervals. Since there are no critical
points, there are no relative extrema.

Inflection points. f"(x)is constant;

therefore, there are no points of inflection.
Concavity. f"(x)is 0; therefore, there is no

concavity.
Sketch. Use the preceding information to
sketch the graph.

1)0 = x2-16
fe) =
8 x+4

6
4+
2
I

1 11 11
—10—8—6—4—;2?/4 6 810x

-8
—10+

Note: In the preceding problem, we could
have noticed that the graph of

2_16
f(x): xx+4

with the exception of the point (—4,-8)

is the graph of f(x)=x-4

which is a removable discontinuity. We
simply need to graph f (x)=x-4 witha

hole at the point (—4,-8) and determine all
other aspects of the graph of /(x) from the
linear graph.

b)

d)

e)

f)

321
0°-9 -9
O — - —
/) (0)-3 -3
The point (0,3) is the y-intercept.
Asymptotes.

In simplified form f(x)=x+3, a linear

function everywhere except x =3. So there
are no asymptotes of any kind.
In the original function, the denominator is 0
for x =3 ; however, x =3 also made the
numerator equal to 0. We look at the limits
to determine if there is a vertical asymptote
at this point.

2
lim ™2 = lim (x +3) =6.
=3 x—3 x—3
The limit exists; therefore, the line x =3 is
not a vertical asymptote. Instead, we have a
removable discontinuity, or a “hole” at the

point (3,6) . An open circle is drawn at this

point to show that it is not part of the graph.
Derivatives and Domain.

f’(x) =1, x#3

f"(x)=0, x#3

The domain of fis (—e0,3)U(3,°) as
determined in part (b).

Critical Points. f'(x)exists for all values of

x except 3, but 3 is not in the domain of the
function, so x = 3 is not a critical value. The
equation f'(x)= 0has no solution, so there
are no critical points.

Increasing, decreasing, relative extrema.
We use 3 to divide the real number line into

two intervals A: (—e,3) and B: (3,0) .
We notice that f'(x)> 0 for all real
numbers in the domain. f (x) is increasing

on both intervals. Since there are no critical
points, there are no relative extrema.
Inflection points. f"(x)is constant;

. x* -9
/ (x) C x-3
We write the expression in simplified form:
f(x)z—(x_3)(x+3) =x+3, x#3

Note that the domain is restricted to all real

numbers except for x = 3.

a) Intercepts. The numerator is 0 when x = -3
or x =3 however, x =3 is not in the

domain of f(x), so the x-intercept is

(-3,0).

therefore, there are no points of inflection.

g) Concavity. f"(x)is 0; therefore, there is no

concavity.
h) Sketch.
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57. C(x)=3x"+80

Clx)_37+80 _, .80
X

a) A(x)= "

b) Using the techniques of this section we find
the following information. We will only
consider the values of x is (0, oo) .

3x

Intercepts. None.
Asymptotes. x =0 is the vertical asymptote.

There is no horizontal asymptote. As |x|
80

approaches o, A(x)=3x+— approaches
x

3x. Therefore, y =3x is the slant asymptote.

Increasing, decreasing, relative extrema.
80 .

A'(x)=3-—. 4'(x)is not defined for
X

x =0, however that value is outside the
domain of the function. A4'(x)= 0 when

xX= ‘f% , and A( /?J=2\/240 .

Using x = ,/% to divide the interval (0,e0)

into two intervals, (0,,/?Jand ( %,w],

and testing a point in each interval, we find

. . /80
that A(x) is decreasing on (0, ?Jand
. . 80
increasing on ?,oo . Therefore, the

point [, /8—30,2\/ 240] is a relative minimum.

Inflection points, concavity.

160
A"(x)= —5- exists for all values of 7 in
x
(0,00) . The equation 4"(x)=0 has no real

solution, so there are no possible points of
inflection. Furthermore, 4 ”(x) >0 for all x

in the domain, so 4(x)is concave up on

(0,00).

Chapter 2: Applications of Differentiation

We use this information to sketch the graph.
Additional values may be computed as

necessary.
Alx)

Tof -

48 121620 24 8%

¢) The degree of the numerator is exactly one
greater than the degree of the denominator.
When we divide the numerator by the
denominator we have

2
A(x)z 3x”+80 80
X

=3x+—. As ]
X
80
approaches oo, 4 (x) = 3x+— approaches
X

3x. Therefore, y = 3x is the slant asymptote.

This means that when a large number of
pairs of rocket skates are produced, the
average cost can be estimated by
multiplying the number of pairs produced by
3 thousand dollars.

2
()= 50- 22
(1+2)
2
a) V(0)=50—L0)2=50—0=50

((0)+2)
The inventory’s value after 0 months is $50
hundreds or $5000.

25(5)° 625
(5)=50- (—)2 =507
((5)+2)

The inventory’s value after 5 months is

$37.24 hundreds or $3724.

2
25(10) =50~ 2500
((10)+2) 144

The inventory’s value after 10 months is
$32.64 hundreds or $3264.

25(70)° 5o 122,500
((70)+2) 5184

The inventory’s value after 70 months is
$26.37 hundreds or $2637.

=37.24

v (10) =50~ ~32.64

V(70)=50- ~26.37
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b) Find V'(¢)and V' "(z).

v'(t)=-

<)

(e+2) (50r) =252 (2(¢+2)(1))
((+2))
(e+2)[ (¢ +2)(500) - 25¢* (2) ]

(t+2)"

V'(t)=-

100¢
(t+2)
(1+2)" (100)-100¢| 3(1+2)* (1)

(+2°)
(¢+2)7[100(r +2)~100¢(3)]
(t+2)°
_ =200¢ +200
(t+2)"
~200¢—200
 (e+2)?
V'(¢) exists for all values of #in [0,).
Solve V'(t)=0.
1000
(t+2)
-100¢=0
t=0
Since ¢ =0 is an endpoint of the domain,

there cannot be a relative extrema at 1 =0 .
We notice that V'(¢) < 0 for all x in the

domain, therefore, ¥ (¢) is decreasing over
the interval (0,<°). Since ¥ (¢) is decreasing,
the absolute maximum value of the
inventory will be $5000 when =0 .

Using the techniques of this section, we find

the following additional information:
Intercepts. There are no t-intercepts in

[0,00). The V-intercept is the point (0,50)
Asymptotes. There are no vertical
asymptotes in [0,).

The line V' =25 1is a horizontal asymptote.
There are no slant asymptotes.

Increasing, decreasing, relative extrema.
We have already seen that ¥ (¢) is
decreasing over the interval (0,eo). There

are no relative extrema.

59.

d)

323

Inflection points, concavity. V "(t) exist for
all values of 7in [0,00). ""(£) =0, when
t=1. We use this to split the domain into
two intervals. A: (0,1) and B: (1,0) .
Testing points in each interval, we see V(1)
is concave down on (0,1) and concave up on
(1,eo).

We use this information to sketch the graph.

Additional values may be computed as
necessary.

‘ 5 10 15 20 25 30 3‘5 4‘0 4‘5 5‘0 5‘5 6‘0 6‘5 7I0 t
N, Yes; The value below which V will
never fall is lim V' (1) =25 . We observed
t—o0

this from the horizontal asymptote on the
graph.

C(x)=5000+600x

R(x)=—lx2 +1000x
2

a)

b)

<)

Profit is revenue minus cost, therefore, the
total profit function is:
P(x) = R(x)—C(x)

= —%xz +1000x — (5000 + 600x)

=—%x2 +400x — 5000

—%xZ +400x — 5000

X

LT
2 X

As |x| approaches oo, A(x)approaches

—%x+400 . Therefore, y = —%x+400 is

the slant asymptote. This represents the
average profit for x items, when x is a large
number of items.
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d)

Using the techniques of this section we find
the following additional information.
Intercepts. The x-intercepts are (12.70,0)
and (787.30,0). There is no P-intercept.

Vertical: x=0
Horizonta: None

Asymptotes.

Slant: y= —%x +400

Increasing, decreasing, relative extrema.
A(x)is increasing over the interval (0,100]

and decreasing over the interval [100,o).
The point (100,300) is a relative maximum.
Inflection points, concavity. A(x)is concave
down on the interval (O, oo) . There are no

inflection points. We use this information
and compute other function values as
necessary to sketch the graph.

A(x)

3501 A =2+ 400
3001

250
200
150
100}

50

5000

I 1 1 |
200 400 600 800x

60. C(p)=-2000
100-p
a) c(o)=w=w=4go
100-0 100

b)

The cost of removing 0% of the pollutants

from a chemical spill is $480.

C(20)= 48,000 _ 48,000 _
100-(20) 80

The cost of removing 20% of the pollutants

from a chemical spill is $600.

C(80)= 48,000 _ 48,000
100-(80) 20

The cost of removing 80% of the pollutants

from a chemical spill is $2400.

C(90) _ 48,000 _ 48,000
100-(90) 10

The cost of removing 90% of the pollutants

from a chemical spill is $4800.

The domain of C'is 0 < p <100 since it is

600

=2400

=4800

not possible to remove less than 0% or more
than 100% of the pollutants, and C( p) is not

defined for p =100.

61.
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¢) Using the techniques of this section we find
the following additional information.
Intercepts. No p-intercepts. The point
(0,480) is the C-intercept.

Asymptotes. Vertical: ~ p =100
Horizontal : C=0
Slant: None

Increasing, decreasing, relative extrema.
C(p) is increasing over the interval (0,100).
There are no relative extrema.

Inflection points, concavity. C(p)is
concave up on the interval (0, 100) . there

are no inflection points.
We use this information and compute other
function values as necessary to draw the

graph.
C(p
$20,000
18,000 |-
16,000 - _ 48,000
14000 b CP=150-,
12,000 -
10,000 -
8,000 -
6,000 |-
4,000
2,000 -
1 1 1
20 40 60 80 100 p
d) . From the result in part (b) we see that

there is a vertical asymptote at p =100.

This means that the cost of cleaning up the
spill increases without bound as the amount
of pollutants removed approaches 100%.
The company will not be able to afford to
clean up 100% of the pollutants.

1
P(x)= o3
14+0.0362x
a)
P(5)= -
1+0.0362(5)
In 1995, the purchasing power of a dollar
was $0.85.
1

P(10)=————
(10) 1+0.0362(10)

In 2000, the purchasing power of a dollar
was $0.73.
1

P(25)=———
(23) 1+0.0362(25)

In 2015, the purchasing power of a dollar
was $0.52.

=0.84674

=0.73421439

=0.5249343
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b) Solve P(x)=0.50
. 0.50
1+0.0362x

1=0.50(1+0.0362x)
1=0.50+0.0181x
0.50=0.0181x
27.624 = x
27.6 years after 1990, or in 2017, the
purchasing power of a dollar will be $0.50.
¢) Find lim P(x).
X—>00
. . 1
lim P(x) = lim

X—>o0 x—e 1+ 0.0362x
1
. -
= lim ———— %
x> 1+40.0362x 1
X
1
= lim I X
T 40.0362
X
0+0.0362
lim P(x) =0.
X—oo
4
62. A(t)=
(v 2 +1
If we assume 100 cc is the initial amount
100
injected, then A(¢)= .
! (v £ +1
a) A(O) =1(2)—0 =100
(0)" +1

After 0 hours (at the time of injection) there
are 100 cc’s of medication in the

bloodstream.
100
A(l)= =50
9 (1) +1

After 1 hour, there are 50 cc’s of the
medication in the bloodstream.
100

A(2)= =20

@) (2) +1
After 2 hours, there are 20 cc’s of the
medication in the bloodstream.

A (7) = —1(2)0 =2

(7)"+1
After 7 hours, there are 2 cc’s of the
medication in the bloodstream.

b)

325

100

4(10) = ——— = 0.99009901

(10)"+1
After 10 hours, there is approximately
0.9901 cc’s of the medication in the
bloodstream.

A'(1)= 2001 Notice that A4'(¢) < 0 for

(t2 +1)2 .

all ¢ in the interval (0,e°), so there are no
relative extrema, and 4 (t) is decreasing on
the interval (0,eo). Therefore, the maximum
value of A(r) is the initial value of 100 cc at

the time of injection.

Using the techniques of this section we find
the following additional information.
Intercepts. There are no t-intercepts. The

A-intercept is (0,100).

Asymptotes. Vertical: None
Horizontal:  y=0
Slant: None

Increasing, decreasing, relative extrema.
A(t) is decreasing over the interval (0, ).

There are no relative extrema.
Inflection points, concavity.

200(3t2 - 1)

A"(1)= exists for all ¢ in the

(t2 +1)
interval [0,00). 4"(¢)=0when 3> —1=0.

The only solution to the equation on [0,) is

t= n . We divide the interval (0, o) into

3
two intervals (0 Lj and (L OOJ and test
7\/5 ‘\/g >

a point in each interval. 4(¢) is concave

down on the interval (O,L) and is concave
NG
up on the interval (L’mj . The point
NG}
(L, 75) is an inflection point.
3

The solution is continued on the next page.
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We use the information on the previous page
and compute other function values as

necessary to draw the graph.
A(D)

b) limE(n)= lim9-i= lim§= oo
n—0 n—0 n n—0 n
If the pitcher gives up one or more runs but
gets no one out, the pitcher would be

credited with zero innings pitched.

64. . Vertical asymptotes occur at values of the
variable for which the function is undefined.
Thus, they cannot be part of the graph.

65. ™ Asymptotes can be thought of as “limiting

d) . No, the medication does not completely lines” for the graph of a function. The graphs
leave the bloodstream. We notice that and limits in Examples 1, 3 and 6 in section 2.3
lim 4 ( t) —0. This means that as ¢ of the text book illustrate vertical, horizontal
1—>00 and slant asymptotes.

approaches <o, A approaches 0, but does
not actually reach the value 0. We also

i ; _ 1,2 =3x+—
notice that the equation A(¢)=0 has no 66. lim 3x+5 . X _
solution, so according to this model, the x> 2—X w2 1
medication will never completely leave the X
bloodstream. lim (-3x)+0

xomm .~ = fim (-3x)=—eo
4 -1 x—>—oc0
63. E(n)=9-—
n
a) Calculate each value for the given n. 67. lim M
4 x—0 X
E(9)=9'§=4'00 . -x, forx <0
Using |x| = , we have
4 x, forx>0
E(6)=9-—=16.00
6 o o
4 lim “—=-land lim-—=1I.
E(3)=9-§=12.00 x—0" X x—0" X
4 Therefore, lim H does not exist.
E(l):9~T:36.OO 0 X
E[2)29.2 o(4.3) 25400 IS (x+2)(x2—2x+4)
3 2 2 68. lim — = lim
g x>-2 x°—4 x—o-2 (x+2)(x—2)
2
. x"—2x+4
E 1 =9-i=9 4-E =108.00 = lim —————
3 1 1 =2 x=2
3 (-2)° —2(-2)+4
We complete the table. = W .
Innings Earned-Run
Pitched (n) average (E) =-3
9 4.00
6 6.00 3 —6x+—
3 12.00 69. lim —X 1Y _ iy x
1 36.00 xo—2x° —3x-10 X%—wz_é_m
2 54.00 x X
2 lim (=6x)+0
1 108.00 — X
2-0-0
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70.

71.

72.

73.

74.

Exercise Set 2.3

=N (x—l)(x2+x+1)
lim =lim
P e | (x—l)(x+1)
o oxP+x+l
=lim———
-1 x+1

(1)+1
_3
2
f(x)=xz+—2
X
f(x):x2+é
20
sl T T 0 )5
0
fx)=—=
x“+1
-
s - N
) SETENE IR SR 8
N\ L
2

! (x) - xr-x-2
g~ £t
20
-10 /A\ H nnnnnnn 14
-8
x*+2x* —15x
f(x)— x*—5x—14
-
85
—10 — {20
)

(1) +(1)+1

76.

77.

B P +2x2 = 3x
x?=25

3 2
F(x) = X°+2X7=3x
) x2-25

@
o

—20 |1 |LEJI1120
%0
1
f(x)=|=-2
x
w2
5
o1
x*-3
=5
F(x) = X2=3

2x-4

]

-10
a) Solve f(x)=0.
x* -3 B

2x—4

0

x2=3=0 x;tl
2

x2=3

x=+3=+1.732

The x-intercepts are:

(-1.732,0) and (1.732,0).
b) Evaluate at x =0.

0’-3 3
7(0)= 2(0)-4 4

The y-intercept is (0,0.75) .
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c) Vertical. x=2 We verify this algebraically.
Horizontal. None 7 = [ a2 B
Slant. Dividing the numerator by the lim YT #3x+2 (-2) +3(=2)+2
denominator we have x—-2" x-3 (—2) -3

2
x°=3 =0
f=5 = [ v
1 l hm x2+3x+2 _ (—1) +3(—1)+2
=5x+1+2 4 x—-1" x—3 a (—1)—3
X—
As |x|approaches oo, =0
£ (x) approaches §+1=0.5x+1. 79. f(x)= x53+x—9
The slant asymptote is i X" +6x
y=05x+1 Using long division we have:
x> -6
/x2+3x+2 x3+6x>x5 +x-9
78. N f(x)= Y2 .
x-3 X +6x
151 —6x° +0x” +x
10 —6x°  +36x
5 37x—9
- Therefore,
-8 -6 -4 -2 4 6 8 Crx-9 37x-9
-5 fx)="F5——=x"-6+= .
10 x” +6x x” +6x
As |x|gets large, f (x)approaches x* —6x .
-15 Therefore, the nonlinear asymptote is
a) lim f(x)=1 lim f(x)=-1 y=x2-6.
X—>00 X—>—o0

Using a calculator, we graph the function, £, and
the asymptote, y, below.

~

(x \/x2 +3x+2
X)=2—"2—_= andy=x2-6

= ——————— approaches
\/)CT _ m B x3+ 6x8

As x increases without bound,
x-3 f(x) = x5+x-9
X X ‘\ ] II
As x decreases without bound, ‘\\ 4
7
\
VX +3x+2 5| fr——|5
,V\\

X ) =————approaches
S(x)==———amp N4
[ 2
X
il u =-1. -8
X X
b) The domain of the function appears to be 30. ™
(=ee, _2] U [_1’ 3) U (3’ e2). We must throw a) Visually inspecting the graph, there appears

out values that make the radicand negative,
or the denominator 0.

to be relative maxiumum at (0,%) .
¢) From the graph it appears that

. . However, noticing the graph dips below the
XLH_%— ! (x) =0 and xLHPr ! (x) =0. horizontal asymptgote argouﬁd xp= 5,we
would think there is a relative minimum for
some value x > 5. This graph does not give
us enough detail to visually determine that
point.
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b) Calculating the first derivative, we have:
2
. x°—=10x+1
f= T
(x +x- 6)
f"(x)does not exist when x=-3 orx=2;

however, those values are not in the domain
of f(x).Soweset f'(x)=0and solve for

X.
x> —10x+1 _
(x2 +x— 6)2
x> =10x+1=0
By the quadratic formula, we have:
~(-10)£/(-10)" ~4(1)(1)
X =
2(1)
_10£+/100-4

2
_10£+/96
2
Using the calculator, f'(x)=0when

x=0.10and x=9.90.
Substititing these values back into the
function, we find the critical values occur

approximately at (0.101,0.168) and

(9.899,0.952).

c) Entering the graph in to the calculator and
using the maximum feature we see:

':——_hh‘-h\

Haxiraun
n=10101829 Y=.1eB0B164 .

The result is confirmed.
d) Entering the graph in to the calculator and
using the minimum feature we see:

"—\_\_\_\_\_:H:_'_'_'_,_o—'

Hiniraur

w=8.H9B9717 .V=.85189i1Bz5 .
The result is confirmed.

e) . Our estimates from part (a) are not very
close. Even the “obvious” maximum was
not correct. It is doubtful that we would
have identified the relative minimum
without calculus.

81.

82.

329

One possible rational function would be
—2x
x)= .
Sx)=—=
Using the techniques in this section, we sketch
the graph.
Intercepts. f (x) =0when x=0. It turns out

the x-intercept and the y-intercept is (0,0) .

Asymptotes. x =2 is the vertical asymptote.
The degree of the numerator equals that of the
denominator, the line y = -2 is the horizontal

asymptote.
Increasing, decreasing, relative extrema.

"(x) = 4
f( ) (x—2)2

x =2, however that value is outside the domain

. f'(x)is not defined for

of the function. f'(x)>0so f(x)is increasing
on the intervals (—ee,2)and (2,eo) . There are

no relative extrema.
Inflection points, concavity.

1=

does not exist when x=2.

(x-2)

The equation f "(x) =0 has no real solution, so
there are no possible points of inflection.
Furthermore, f"(x)> 0for all x in (—e,2), so
£ (x) is concave up on (—e,2), and,
S"(x)<0forallxin(2,e0),s0 f(x)is
concave down on (2,0) .

We use this information to sketch the graph.
Additional values may be computed as
necessary.

%)

One possible rational function would be
3x—1
x)= .
1=
Using the techniques in this section, we sketch
the graph.

1
Intercepts. f(x)=0when x= 3 The x-

intercept is (%,0). When x=0, f(x)is

undefined, so there is no y-intercept.
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83.

Asymptotes. x =0 is the vertical asymptote.
The degree of the numerator equals that of the
denominator, the line y = 3 is the horizontal
asymptote.

Increasing, decreasing, relative extrema.

f'(x)=i2. f'(x)is not defined for x=0,
x

however that value is outside the domain of the
function. f'(x)>0so f(x)is increasing on
the interval (—eo,0) and (0,e°) . There are no
relative extrema.

Inflection points, concavity.

-2
f"(x) = — does not exist when x=0. The
X

equation f"(x)=0 has no real solution, so
there are no possible points of inflection.
Furthermore, f"(x)> 0 for all x in (=c,0), so
£ (x) is concave up on (—e,0), and ,
J/"(x)<0forallxin(0,e),s0 f(x)is
concave down on (0,e0) .

We use this information to sketch the graph.
Additional values may be computed as
necessary.

f()
6
4
2

S 4 3 2 -1 1 2 3 4 5

One possible rational function would be

2
x°=2
x)= .
g(x) 21
Using the techniques in this section, we sketch
the graph.

Intercepts. g(x)=0when x= +4/2 . The x-
intercepts are (—JE , 0) and (\/5, O) When

x=0, g(x)=2, so the y-intercept is (0,2).
Asymptotes. x =—1and x =1 are the vertical
asymptote.

The degree of the numerator equals that of the
denominator, the line y = 11is the horizontal

asymptote.

84.
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Increasing, decreasing, relative extrema.

2
g'(x)= —x2 . g'(x)is not defined for
(x*-1)
x =%1, however that value is outside the
domain of the function. g'(x)=0, when x=0,

so there is a critical value at (0,2) .
We notice that g'(x) <0 when x <1 so g(x)
is decreasing on the interval (—eo,—1).
g'(x)>0 when 1< x so g(x)is increasing on
the interval (1,00). g'(x)<0 when —-1<x<0
so g(x) is decreasing on the interval (-1,0).
g'(x)>0 when 0<x<1 so g(x)is increasing
on the interval (0,1) . There are is a relative
minimum at (0,2).
Inflection points, concavity.

2347 +1)
g"(¥)=———5

=)

when x=21. The equation g"(x)=0 hasno

. g"(x) does not exist

real solution, so there are no possible points of
inflection.

Furthermore, g"(x)> 0 forallxin (-1,1), so
g(x)is concave up on (-1,1),and, g"(x)<0
for all x in(—e,—~1) and (1,°),s0 g(x)is
concave down on (—ee,—1) and (1,e).

We use this information to sketch the graph.
Additional values may be computed as
necessary.

One possible rational function would be

(x)z -3x> +15
& x2+2x

Using the techniques in this section, we sketch
the graph.

Intercepts. g(x)=0when x= +4/5 . The x-
intercepts are (—\/g ,O) and (\/g ,0). When x =0,

g(x) is undefined, so there is no y-intercept.
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Asymptotes. x =-2 and x = 0 are the vertical

asymptote.

The degree of the numerator equals that of the
denominator, the line y = -3 is the horizontal

asymptote.
Increasing, decreasing, relative extrema.

-6 (xz +5x+ 5)
x’ (x + 2)2

for x =—-2or x =0, however that value is

g'(x)= . g'(x)is not defined

outside the domain of the function. g'(x)=0,

o5 545
2 2

and x

when x = , so there

are critical values at

—5++/5 —3(\/§+5)
7

2

_s—5 3(v5-3)
PR

and
2
- 5 .
g'(x)<0 when x < so g(x)is
—-5-4/5
decreasing on the interval [—00, 2IJ

—5-+5
2

g'(x)>0 when <x<-2s0 g(x)is

55
2 T .

increasing on the interval (

g'(x)>0 when 2 < x < _5;\/5 so g(x)is
increasing on the interval [—2, - -;\/gJ .
There is a relative minimum at
_5_\/5 3(\/§—5)
2 72
We find that g'(x) >0 when _5;\/5 <x<0

so g(x) is increasing on the interval

[—5+\/§

> ,OJ . There is a relative maximum at

5445 —3(v5+3)

2 2

85.
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Inflection points, concavity.
) 6(2x7 +15x” +30x+20) )
g"(x)= . g"(x)does
x° ()c+2)3 (

not exist when x=-2 andx =0. The equation
g"(x)=0 has a solution when x =~ —4.816.

We find that g"(x)< 0 when x <—4.816 and
g"(x)>0when —4.816 <x <-2, 50 a point of
inflection exists at (—4.816,-4.025)
Furthermore, g"(x)> 0 for allxin (0,e), so
g(x) is concave up on (0,), and, g"(x)<0
for all x in(-2,0) , so g(x) is concave down on
(-2,0).

We use this information to sketch the graph.

Additional values may be computed as

necessary.
x)
S

-18-16-14-12-10 -8 -6 -4 ’2 0 2
-5

ﬁ
One possible rational function would be
-8
h(x)=———
x“+x-6
Using the techniques in this section, we sketch

the graph.
Intercepts. h (x) = 0 has no real solution. The

. 4
are no x-intercepts. When x=0, & (x) = E , SO

X

the y-intercept is (O,%) .

Asymptotes. x =-3and x = 2 are the vertical
asymptotes.

The degree of the numerator is less than that of
the denominator, the line y = 0 is the horizontal

asymptote.
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Increasing, decreasing, relative extrema.

2x+1
h'(x)= % h'(x) is not defined
(x=2)"(x+3)

for x = -3 or x =2, however those values are

outside the domain of the function. 4'(x)=0,

when x = _71 so there is a critical value at
S
2725
h'(x)<0 when —3<x<_71 s0 h(x)is
. . -1
decreasing on the interval (—3,7j .

We find A'(x) >0 when _71<x<2 s0 h(x)is

. . . -1 .
increasing on the interval (T’ZJ . There is a

. .. -1 32
relative minimum at S0 . Furthermore,

h'(x)<0 when x <=3 so /(x) is decreasing
on the interval (—e,—3). 4'(x)>0 when 2<x
so h(x)is increasing on the interval (2,0) .
Inflection points, concavity.
—16(3x7 +3x+7)

h"(x)= 3 3
(x - 2) (x + 3)
exist when x =-2 and x =0. The equation
h"(x)=0 has no real solution. Therefore /(x)

. h"(x)does not

has no points of inflection. /2" (x) < 0 when
x<-3and x>2.

Therefore, & (x) is concave down on the
intervals (—eo,—3) and (2,0).h"(x) >0 when
—3<x<2,s0 h(x)is concave up on (-3,2).

We use this information to sketch the graph.
Additional values may be computed as

necessary.
h(x)

N

-5

86.

Chapter 2: Applications of Differentiation

One possible rational function would be
3
h(x)= .
() 4x7 ~1
Using the techniques in this section, we sketch
the graph.
Intercepts. h(x)= 0 has no real solution. The

are no x-intercepts. When x=0, h(x)=-3,so

the y-intercept is (0,-3).
| 1 .
Asymptotes. x =——and x = 5 are the vertical

asymptotes.
The degree of the numerator is less than that of
the denominator, the line y = 0 is the horizontal

asymptote.
Increasing, decreasing, relative extrema.
24
h'(x)= —xz . h'(x) is not defined for
(4x2-1)

1 1
xX= —Eor x= 5 , however those values are

outside the domain of the function. 4 ’(x) =0,

when x = 0 so there is a critical value at (0, —3)

h'(x)>0 when —%<x<0 so h(x)is
increasing on the interval (%I,Oj . h'(x)<0
when 0< x <% so h(x)is decreasing on the

. 1 . . .
interval (O,Ej . There is a relative maximum at
(O,—3) .

Furthermore, h'(x)>0 when x < —% s0 h(x)
.. . . 1
is increasing on the interval _oo’_E and

1 . .
h'(x) < 0when 5 <x so h(x)is decreasing on

the interval (l , 00) .
2
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Exercise Set 2.3
Inflection points, concavity.
-24(12x +1)

h"(x) (4x2 _1)3

. h"(x) does not exist

when x = —% andx = i The equation

h"(x)=0 has no real solution.

Therefore & (x) has no points of inflection.

h"(x)<0when —%<x<%and x>2.

Therefore, & (x) is concave down on the interval

—l,l .h"(x)>0when ¥ <—% and when
2°2 2

1 . .
7 <X,S0 h (x) is concave up on the intervals

(=t -]

We use this information to sketch the graph.
Additional values may be computed as

necessary.
h(;

Copyright © 2016 Pearson Education, Inc.

333



334

Exercise Set 2.4

1. a) The absolute maximum gasoline mileage is
obtained at a speed of 55 mph.
b) The absolute minimum gasoline mileage is
obtained at a speed of 5 mph.
¢) At 70 mph, the fuel economy is 25 mpg.

2. Over the interval [30,70], the vehicle’s

absolute maximum fuel economy is 30 mpg at
55 mph. The vehicle’s absolute minimum fuel
economy is 25 mpg at 70 mph.

3. f(x)=5+x-x% [0,2]
a) Find f'(x)
f'(x)=l—2x

b) Find the Critical values. The derivative
exists for all real numbers. Thus, we solve

/'(x)=0
1-2x=0
1=2x
Z=x
2
c) List the critical values and endpoints. These
values are 0, %, and 2.

d) Evaluate f(x)at each value in step (c).
£(0)=5+(0)-(0) =5
2
I
2 2 2 4
£(2)=5+(2)-(2)" =3
The largest of these values, % , is the

. . 1
absolute maximum, it occurs at x = 3 The

smallest of these values, 3, is the absolute
minimum, it occurs at x =2.

4. f(x)=4+x-x% [0,2]
a) f'(x )—1 2x
) f'(x)exists for all real numbers. Solve:
1-2x=0
1
Xx=—
2

Chapter 2: Applications of Differentiation

¢) The critical value and the endpoints are:
0, l, and 2.
2
d) Evaluate f (x) for each value in step (c).
2
7(0)=4+(0)=(0) =4

2
A2 5o
2 2 2 4
£(2)=4+(2)-(2 =2
On the interval [0,2], the absolute

. .17 ) 1
maximum is — , which occurs at x = 7

The absolute minimum is 2, which occurs at
x=2.

f(x)=x —%xz —2X+5; [-2,1]
a) Find f'(x)
f'(x)=3x*—x-2

b) Find the critical values. The derivative exists
for all real numbers. Thus, we solve

f'(x)=0
3x?-x-2=0
(3x-2)(x-1)=0
3x+2=0 or x-1=0
2

X=——or x=1
3

c) List the critical values and endpoints. These
2
values are are: —2,—5, and 1.

d) Evaluate f (x) for each value in step (c).

f(—2)=(—2)3—%(—2) 2(-2)+5=-9
f(_g):(_gjlg(_g)z_2(_§)+5_§=3148
f(1)=(1)3+%(1)2—2(1) 5 %:75

On the interval [-2,1], the absolute

maximum is% , Which occursatx=1. The

absolute minimum is -9, which occurs at
X =-2.
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Exercise Set 2.4

f(x)=x3—x2—x+2; [—1,2]
a) f‘(x) =3x%? - 2x-1
b) f '(x) exists for all real numbers. Solve:
S'(x)=0
3x*—2x—1=0
(3x+1)(x—1)=0
1
xX=—-— or x=1
3
¢) The critical value and the endpoints are:
-1, —l, 1,and 2.
3
) Evaluate f(x) for each value in step (c).

=1 =(-=1) = (-1)+2=1

ENORE R
D=()'- (1) - ()+2=1
2)=(2) -(2) ~()+2=4

On the interval [-1,2], the absolute

f

~

f
f

(
(
(
(

maximum is 4 , which occurs at x =2 . The
absolute minimum is 1, which occurs at
x=-landx=1.

f(x)=x3+%x2—2x+4; [-2,0]

a) Find f'(x)
f'(x)=3x2+x—2

b) Find the critical values. The derivative exists

for all real numbers. Thus, we solve
3x%+x-2=0
(3x—2)(x+1)=0
3x-2=0 or x+1=0

2
xX=— or x=-1
3

.. 2. .
¢) The critical value x = 3 is not in the

interval, so we exclude it. We will test the
values: -2, —1, and 0.

d) Evaluate f(x) for each value in step (c).

£(2)=(2 +3(2) ~2(2)+a=2

11

D=1 +2(C1F ~2(-)+ 4= =53

335

£ (0)=(0) +2(0) ~2(0) +4 =4
On the interval [-2,0], the absolute

maximum is 5.5 , which occurs at x =—1.
The absolute minimum is 2, which occurs at
x=-2.

( ) ¥ —x —x+3 [—1,0]
) f'(x)=3x"-2x-1

) f'(x)exists for all real numbers. Solve:

f'(x)=0
3x?=2x-1=0
(3x+1)(x—1)=0
x=—l or x=1
3

List the critical values and endpoints. The
critical value x =1 is not in the interval, so
we exclude it. We will test the values

-1, —l, and 0.
3

d) Evaluate f (x) for each value in step (c).
S = (1) = (1) = (1) +3=2

RHE -2

£(0)=(0)’ = (0’ = (0)+3=3

On the interval [-1,0], the absolute

maximum is — , which occurs at x = ——

The absolute minimum is 2, which occurs at
x=-1.

f(x)=2x+4; [-11]
a) Find f'(x)

f(x)=2

b) andc)

The derivative exists and f'(x) =2 for all

real numbers. Note that the derivative is
never 0. Thus, there are no critical values for
f(x), and the absolute maximum and

absolute minimum will occur at the
endpoints of the interval.
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10.

11.

d) Evaluate f (x)at the endpoints.
f(-1)=2(-1)+4=2
f(1)=2(1)+4=6
On the interval [-1,1] , the absolute

maximum is 6, which occurs atx =1. The
absolute minimum is 2, which occurs at

x=-1.
f(x) =5x-17, [—2,3]
a) f'(x)=5
b) andc)

The derivative exists and is 5 for all real

numbers. Note that the derivative is never 0.

Thus, there are no critical values for f(x),

and the absolute maximum and absolute
minimum will occur at the endpoints of the
interval.

d) Evaluate f (x)at the endpoints.

f(=2)=5(-2)-7=-17
f(3)=5(3)-7=8
On the interval [-2,3], the absolute

maximum is 8, which occurs at x =3 . The
absolute minimum is —17, which occurs at
x=-2.

f(x)= 7—4x; [—2,5]
a) Find f'(x)
f(x)=-4
b) andc)
The derivative exists and is —4 for all real

numbers. Note that the derivative is never 0.

Thus, there are no critical values for f(x),

and the absolute maximum and absolute

minimum will occur at the endpoints of the

interval.

d) Evaluate f (x)at the endpoints.

f(-2)=7-4(-2)=15
f(5)=7-4(5)=-13

On the interval [-2,5], the absolute

maximum is 15, which occurs atx = -2 .

The absolute minimum is —13 , which

occurs at x =35.

12.

13.

14.

15.

Chapter 2: Applications of Differentiation

f(x)=-2-3x; [-10,10]
a) f'(x)=-3
b) andc)

f '(x) = -3 for all real numbers; therefore,

there are no critical points. The absolute
maximum and minimum values occur at the
endpoints.

d) Evaluate f (x)at the endpoints.

f(-10)=-2-3(-10)=28
£(10)=-2-3(10)=-32
On the interval [-10,10] , the absolute

maximum is 28, which occurs at x =-10.
The absolute minimum is —32 , which occurs
at x=10.

f(x)=-5; [-11]
Note for all values of x, f(x)=-5. Thus, the

absolute maximum is —5 for —1 < x <1 and the
absolute minimum is —5for —1<x<1.

f(x)=x2—6x—3; [—1,5]
a) f'(x)= 2x-6
b) f'(x)exists for all real numbers. Solve:
2x-6=0
2x=6
x=3
¢) The critical value and the endpoints are
-1, 3,and 5.

d) Evaluate f (x) for each value in step (c).
f(=1)=(=1)~6(-1)-3=4
£(3)=(6F ~6(3)-3=-12
£(5)= (5 ~6(5)-3=-8
On the interval [-1,5] , the absolute

maximum is 4, which occurs at x =—1. The
absolute minimum is —12 , which occurs at
x=3.

g(x)=24; [4,13]
Note for all values of x, g(x)=24. Thus, the

absolute maximum is 24 for 4 < x <13 and the
absolute minimum is 24 for4 < x<13.
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17.

18.

Exercise Set 2.4

f(x)=3-2x-5x% [-3.3]
a) f'(x) =-2-10x
b) f'(x)exists for all real numbers. Solve:
-2-10x=0
1

xX=—-—

5
¢) The critical value and the endpoints are

-3, —l, and 3.
5
d) Evaluate f(x) for each value in step (c).
f(-3)=3-2(-3)-5(-3)" =-36

1 1 1Y 16
——|=3-2|-=|-5|-=| =—=32
-5)=32l=5 )55 =5
£(3)=3-2(3)-5(3)* =48
On the interval [-3,3], the absolute

. . . 1
maximum is — , which occurs at x = -3

The absolute minimum is —48 , which
occurs at x =3.

f(x)=x2—4x+5; [—1,3]
a) f'(x)z 2x—4
b) f '(x) exists for all real numbers. Solve:
2x-4=0
2x=4
x=2
¢) The critical value and the endpoints are
-1, 2,and 3.
d) Evaluate f(x) for each value in step (c).
fF(=1)=(=1 =4(=1)+5=10
£(2)=(2) ~4(2)+5=1
f(3)=(3)° -4(3)+5=2

On the interval [-1,3], the absolute

maximum is 10, which occurs atx =—1. The

absolute minimum is 1, which occurs at
x=2.

f(x) =x° —3x2; [0,5]
a) f'(x)=3x"-6x

337

b) f '(x) exists for all real numbers. Solve:

3x2—6x=0

3x(x—2)=0
3x=0 or x-2=0
x=0 or x=2

The critical value and the endpoints are

0, 2, and 5 . Note, since 0 is an endpoint of
the interval, x = 0is included in this list as
an endpoint, not as a critical value.
Evaluate f (x) for each value in step (c).

£(0)= (0 -3(0F =0

1(2)=(2)-3(20 =4

£(5)=(5)-3(5) =50

On the interval [0,5], the absolute maximum

1s 50, which occurs at x = 5 . The absolute
minimum is —4, which occurs at x = 2.

( )=1+6x-3x% [0,4]

A ( ) 6—6x
) f'(x)exists for all real numbers. Solve:
6-6x=0

x=1
The critical value and the endpoints are
0, 1,and 4 . Note, since 0 is an endpoint of
the interval, x =0 is included in this list as
an endpoint, not as a critical value.
Evaluate f(x) for each value in step (c).

£(0)=1+6(0)-3(0)’ =1
F1)=1+6(1)-3(1)" =4
f(4)=1+6(4)-3(4)* =23

On the interval [0,4], the absolute maximum

is 4, which occurs at x = 1. The absolute
minimum is —23, which occurs at x = 4.

f(x) =x’=3x+6; [—1,3]
a) f'(x)=3x"-3

b) f'(x)exists for all real numbers. Solve:

3x2-3=0
¥2-1=0
x==1
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21.

22.

<)

d)

f(x)=x"-3x

a)
b)

¢)

d)

The critical value and the endpoints are

—1, 1, and 3. Note, since —1 is an endpoint
of the interval, x =—11is included in this list
as an endpoint, not a critical value.
Evaluate f (x) for each value in step (c).

S -3(-1) 68
F()=(1)-3(1)+6=4
£(3)=(3) -3(3)+6=24

On the interval [-1,3], the absolute

maximum is 24, which occurs at x = 3. The
absolute minimum is 4, which occurs at
x=1.

1]
f(x)=3x"-3
f '(x) exists for all real numbers. Solve:
3x*-3=0

X -1=0

x=z1

The critical value and the endpoints are
-5, —1, and 1. Note, since 1 is an endpoint
of the interval, x =1 is included in this list

as an endpoint, not a critical value.
Evaluate f(x) for each value in step (c).

F(-3)= (5 -3(-5)=-110

f(=D)=(=1)=3(-1)=2
£0)=(0-3(1)=-2

On the interval [-5,1], the absolute

maximum is 2, which occurs at x =—1. The
absolute minimum is —110, which occurs at
x=-5.

( )=
f( ) 6x—6x°

) f(x )exists for all real numbers. Solve:

[-5.1]

3x —2x3;

6x—6x>=0
6x (1 - x) =0
x=0 or x=1
The critical value and the endpoints are

-5, 0, and 1. Note, since 1 is an endpoint of

the interval, x =1 is included in this list as
an endpoint, not a critical value.

23.

24.

Chapter 2: Applications of Differentiation

d) Evaluate f (x) for each value in step (c).
F(-9)=3(5) 2(-s) =325
£(0)=3(0)*-2(0)’ =0
F0)=307 =20 =1

On the interval [-5,1], the absolute

maximum is 325, which occurs at x = —5.

The absolute minimum is 0, which occurs at

x=0.
f(x)=1- x3; [-8.8]
a) f'(x)=-
b) f'(x )ex1sts for all real numbers. Solve:
—3x*=0

x=0
c) The critical value and the endpoints are
-8, 0, and 8.

d) Evaluate f (x) for each value in step (c).
f(-8)=1-(-8)’ =513
£(0)=1-(0) =1
f(8)=1-(8) =-511
On the interval [-8,8], the absolute

maximum is 513, which occurs at x = —8.
The absolute minimum is =511, which
occurs at x =8.

f(x)=2x [-10,10]
a) f'(x)=6x>
b) f '(x) exists for all real numbers. Solve:
6x> =0
x=0
¢) The critical value and the endpoints are
—-10, 0, and 10 .

d) Evaluate f (x) for each value in step (c).
£(-10)=2(-10)
/(0)=2(0) =0
£(10)=2(10)* =2000
On the interval [-10,10], the absolute

=-2000

maximum is 2000, which occurs at x = 10.

The absolute minimum is —2000 , which
occurs at x =—10.
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26.

Exercise Set 2.4

f(x)=x’-6x"+10;  [0,4]
a) f' (x) 3x% —12x

b) ' (x) exists for all real numbers. Solve:

3x2-12x=0
3x(x—4)=0
3x=0 or x-4=0
x=0 or x=4

c) The critical values and the endpoints are
0 and 4 . Note, since the possible critical
values are the endpoints of the interval, they
are included in this list as endpoints, not as
critical values.

d) Evaluate f(x) for each value in step (c).

£(0)=(0)’-6(0) +10=10
f(4)=(4)’-6(4)’ +10=-22

On the interval [0,4], the absolute maximum

is 10, which occurs at x = 0. The absolute
minimum is =22, which occurs at x =4.

f(x)=12+9x-3x"-x*;  [-3,]]
a) f‘(x):9—6x—3x2

b) f '(x) exists for all real numbers. Solve:

9—6x-3x=0

x*+2x-3=0

(x+3)(x—1)=0
x=-3 or x=1

¢) The critical values and the endpoints are
-3 and 1. Note, since the possible critical
values are the endpoints of the interval, they
are included in this list as endpoints, not as
critical values.

d) Evaluate f(x) for each value in step (c).

f(-3)=12+9(-3)-3(-3)" = (-3)’ =15
F(1)=12+9(1)-3(1y° (1)’ =17

On the interval [-3,1], the absolute

maximum is 17, which occurs atx =1. The
absolute minimum is —15, which occurs at
x=-3.

339

27. f(x) =x’-x [—l,l]
a) f‘(x) =3x% —4x°

b) f '(x) exists for all real numbers. Solve:

3x2—4x3 =0

x*(3-4x)=0
x’=0 or 3-4x=0
x=0 or x=E
4

c) The critical values and the endpoints are
-1, 0, i, and 1.
4

d) Evaluate f (x) for each value in step (c).

FEN=(1) (- ) -2

3
£(0)=(0) ~(0)" =
4
R4
4 4 256
F)=0)-)" =0

e) On the 1nterval[— ,1], the absolute

. . . 3
maximum is —— , which occurs at x = 7

The absolute minimum is —2 , which occurs

at x=-1.
28, ( )= x* - 2x%; [-2.2]
) f! (x) 4x° —6x*
) f'(x)exists for all real numbers. Solve:
4x3—6x* =0
2x*(2x-3)=0
x=0 or x:E
2

¢) The critical values and the endpoints are
-2,0, i, and 2.
2
d) Evaluate f (x) for each value in step (c).
£(-2)=(-2)"~2(-2) =32
£(0)=(0)' ~2(0)" =0

4 3
A e
2 2 2 16

£2)=() ~2(2)' =0

The solution is continued on the next page.
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29.

30.

From the previous page, we determine on
the interval[-2,2], the absolute maximum is

32, which occurs at x =—2. The absolute

.. . . 3
minimum is ——— , which occurs at x = 3

f(x)=x4 —2x% +5;
a) f'(x)=4x’—4x

b) f'(x)exists for all real numbers. Solve:

[2.2]

4% —4x=0
4x (x2 - 1) =0
4x=0 or x*-1=0
x=0 or x=z1
c) The critical values and the endpoints are
-2,-1,0,1,and 2.

d) Evaluate f (x) for each value in step (c).
f(-2)=(-2)" —2(-2)* +5=13
P = (21 =4
£(0)=(0)*=2(0)*+5=5
F()=01)-2(1)*+5=4
F(2)=02)" -2(2)+5=13
On the interval [-2,2], the absolute

maximum is 13, which occurs at x = -2 and
x =2. The absolute minimum is 4 , which
occursat x=—land x=1.

f(x)=x4 —8x7+3;
a) f'(x)=4x’-16x
b) f'(x)exists for all real numbers. Solve:
4x° —16x=0
4x()c2 - 4) =0

[-3.3]

x*-4=0

x=0 or x=%2
c) The critical values and the endpoints are
-3,-2,0,2,and 3.

d) Evaluate f (x) for each value in step (c).

4x=0 or

f(-3)=(-3)" =8(-3) +3=12
f(-2)=(-2)" -8(=2)* +3=-13
7(0)=(0)"-8(0)" +3=3

31.

32.

Chapter 2: Applications of Differentiation

£(2)=(2)" =8(2)° +3=-13
F(3)=03)" -8(3) +3=12
On the interval [-3,3], the absolute

maximum is 12, which occurs at x = -3 and
x =3. The absolute minimum is —13 , which
occurs at x=-2and x=2.

f(x)=1-x"; [-8.8]
. __g - 2
a) f'(x)= 37 = =z

b) f'(x)does not exist for x=0. The
equation f'(x)= 0has no solution, so x =0

is the only critical value.
¢) The critical values and the endpoints are
—8,0, and 8.

d) Evaluate f (x) for each value in step (c).
f(-8)=1-(-8)* =3
F(O)=1-(0)" =1
/(8)=1-(8)" =3
On the interval [-8,8], the absolute

maximum is 1, which occurs atx =0. The
absolute minimum is -3, which occurs at

x=-8 and x=8.
f(x)=(x+3Y =5 [-45]
] _% _%z 2
a) f (x)— 3(x+3) —3(x+3)%

b) f'(x)does not exist for x=-3. The
equation f '(x) = 0 has no solution, so

x =—31is the only critical value.

¢) The critical values and the endpoints are
-4, -3, and 5.

d) Evaluate f(x) for each value in step (c).
F(4)=((~4)#3) ~5= 4
F(3)=((-3)+3)" 5=

7(5)=((3)+3) -5=-1
On the interval [-4, 5] , the absolute

maximum is —1, which occurs at x =5. The
absolute minimum is —5, which occurs at
x=-3.
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33. f(x)=x+i; [—8,—1]
X
a) f'(x)=1—4x*2=1—):i2

b) f'(x)does not exist for x =0. However,

x =01is not in the interval. Solve f'(x)=0.

4
1-—=0
x2

4
1:—2

X
x’ =4

x=%2
The only critical value in the interval is at
x=-2.
c) The critical values and the endpoints are
-8, —2and —-1.
d) Evaluate f (x) for each value in step (c).

18)= (94 =5 =83

f(—l):(—1)+m=—5

On the interval [-8,-1] , the absolute

maximum is —4, which occurs at x = -2.
.. .17 .
The absolute minimum is 5 which

occurs at x = —8.

3. f(x)=x+ s [1.20]
X

a) f'(x)=1—x_2 =1—xi2

b) f'(x)does not exist for x = 0. However,

x = 0is not in the interval. Solve f'(x)=0.

1
1-—=0
2
1
1=—
2
¥r=1
x=%1

The critical value x = —11s not in the
interval, and the other critical value is an
endpoint.

¢) The endpoints are 1 and 20.

341

d) Evaluate f (x) for each value in step (c).
f (1) = 1+% =2

1 401
20)=20+—=——=120.05
f( ) 20 20

On the interval [1,20] , the absolute

maximum is 20.05, which occurs at x = 20.
The absolute minimum is 2, which occurs at
x=1.

2
X

35. f(x) = e +1; [—2,2]
(x2 +1)(2x)—x2 (2x)
(x2 +1)2

_ 2x  +2x-2x°
) (xz +1)2
. 2x
) (x2 + 1)2
b) f'(x)exists for all real numbers. Solve:
/'(x)=0
2x
(x2 +1)2
2x=0
x=0

c) The critical values and the endpoints are
-2, 0,and 2 .

d) Evaluate f (x) for each value in step (c).

Quotient Rule

B f(x)=

=0

(2)° +1
On the interval [-2,2], the absolute
maximum is % , which occurs at x =-2 and

x = 2. The absolute minimum is 0, which
occurs at x =0.
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36. f(x) _ x;l:c-l’ [_3’3] d) Evaluate f(x) for;ach value in step (c).
, f(=2)=((=2)+1)> =—1
» (3> +1)(4)-4x(2x) p
a) f'lx)= ~1)=((-1)+1)* =0
(sz)z F(=1)=((-1) )y
4oay? f(26)=((26)+1)" =3
- (x2 . 1)2 On the interval [-2,26] , the absolute
minimum is —1, which occurs at x = -2.
b) f'(x)exists for all real numbers. Solve: The absolute maximum is 3, which occurs at
4_ax> x=26.
—= 0
(x*+1) 38. f(x)=Yx=x"; [8,64]
4-4x*=0 , 1 o5 1
x2_1:0 a) f(x)—g_x 3_3x%
x=+1 b) There are no critical values in the interval.
¢) The critical values and the endpoints are ¢) The endpoints are 8 and 64.
-3, -1, 1,and 3. d) Evaluate f (x) for each value in step (c).
d) Evaluate f (x) for each value in step (c). f (8) _ (8)% )
4(—
f(—3)=ﬁ=—g 1(64)=(64) =4
(=3) +1 On the interval [8,64], the absolute
f(—l) _ ﬂ - maximum is 4, which occurs at x = 64. The
(—1)2 +1 absolute minimum is 2, which occurs at
x=38.
4(1)
S(1)=—57==2
(1)"+1 39.— 48. Left to the student.
4(3) 6
7(3)= -— ) 0y 2
( ) (3)2+1 5 49 f(x) 30x—x

On the interval [-3,3], the absolute

maximum is 2, which occurs atx =1. The
absolute minimum is —2 , which occurs at
x=-1.

37, f(x)=(x+1)";
B (x)=(x+1)7 =

[-2,26]
1
3(x+1)*
b) f'(x)does not exist for x=—1. The
equation f '(x) = 0 has no solution, so

x =—11s the only critical value.

c) The critical values and the endpoints are
-2, —1, and 26.

When no interval is specified , we use the real
line (—oo,c0).
a) Find f'(x)
1! (x) =30-2x
b) Find the critical values. The derivative exists
for all real numbers. Thus, we solve

f'(x)=0.

f'(x)=0
30-2x=0
—2x=-30
x=15

The only critical value is x =15.
¢) Since there is only one critical value, we can
apply Max-Min Principle 2. First we find

f "(x).
£r(x)=2

The solution is continued on the next page.
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On the previous page, we determined the
second derivative is constant, so

f "(15) = -2 . Since the second derivative is
negative at 15, we have a maximum at

x =15. Next, we find the function value at
x=15.

£(15)=30(15)—(15)* = 225

Therefore, the absolute maximum is 225,

which occurs at x =15. There is no
minimum value.

f(x)=12x—x2; (o0, 00)
a) f'(x) =12-2x
b) f '(x) exists for all real numbers. Solve
['(x)=0
12-2x=0
6=x
The only critical value is x=6.
¢ f'(x)=-2.
f"(6)=-2<0.
Thus, we have a maximum at x = 6.
£(6)=12(6)- (6 =36
Therefore, the absolute maximum is 36,
which occurs at x = 6. The function has no
minimum value.
f(x)=2x*-40x+270
When no interval is specified , we use the
real line (—eo,0) .
a) Find /'(x)
f'(x)=4x-40
b) Find the critical values. The derivative exists
for all real numbers. Thus, we solve
f'(x)=0.
4x-40=0
4x =40
x=10
The only critical value is x =10. .
¢) Since there is only one critical value, we can

apply Max-Min Principle 2. First we find
S (%)

S"(x)=4.

The second derivative is constant, so

f"(10)=4.

52. f(x)=2x"—20x+340;

a)
b)

343

Since the second derivative is positive at 10,
we have a minimum at x =10. Next, we
find the function value at x =10.

£(10)=2(10)* =40(10)+270 = 70
Therefore, the absolute minimum is 70,

which occurs at x =10. The function has no
maximum value.

(~.2)
f'(x)=4x-20
f '(x) exists for all real numbers. Solve

f'(x)=0
4x-20=0

x=5

fr(x)=4
7(5)=4>0
Thus, we have a minimum at x = 5.
£(5)=2(5)> =20(5)+340 = 290
Therefore, the absolute minimum is 290,

which occurs at x = 5. There is no maximum
value.

53. f(x)=16x—§x3; (0,00)
a) Find f'(x)
f(x)=16-4x
b) Find the critical values. The derivative exists

for all real numbers. Thus, we solve

f'(x)=0.
16—4x* =0
4x* =16
x’=4
x=12

There are two critical values; however,
x =2 1is the only critical value on the

interval (0,c0).
Since there is only one critical value in the
interval, we can apply Max-Min Principle 2.

First we find f"(x).
f"(x) =—8x.

The solution is continued on the next page.
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54.

5S.

4
f(x)zx—§x3; (0,00)
a) f’(x) =1-4x*
b) f'(x)exists for all real numbers. Solve
1-4x* =0
—~4x* =1
=1
4
56.
xzil
2
There are two critical values; however, the
only critical value in (0, oo) isx 2% .
¢) f"(x)=-8x.
f "(l) =—4<0
. 2 *
. 1
Thus, we have a maximum at x = 3
REANGANEISR S
2 2) 3\2 3
Therefore, the absolute maximum is 3
which occurs at x = % The function has no
minimum value.
f(x) = x(60—x) = 60x — x*
When no interval is specified , we use the real
ling (—eo,c0).
57.

a) Find f'(x).

Next evaluate the second derivative at
x=2.

f”(2)= -16<0

Since the second derivative is negative at 2,
we have a maximum at x = 2.

F(2)=16(2)-3 (2 =%

Therefore, the absolute maximum is % ,

which occurs at x = 2. There is no minimum
value.

f'(x)=60-2x.

b) Find the critical values. The derivative exists

for all real numbers.

Chapter 2: Applications of Differentiation

Thus, we solve f'(x)=0.

f'(x)=0
60-2x=0
60 =2x
30=x

The only critical value is x =30.
Since there is only one critical value, we can
apply Max-Min Principle 2. First we find

f " ()C) .

fr(x)=-2.

The second derivative is constant, so

f "(30) = -2 . Since the second derivative is

negative at 30, we have a maximum at

x =30. Next, we find the function value at
x =30.

£(30)=30(60-30) =900

Therefore, the absolute maximum is 900,
which occurs at x = 30. The function has no
minimum value.

f(X)=x(25—x)=25x—x2;
a) f'(x)=25—2x

b) f'(x)exists for all real numbers. Solve

(o)

f'(x)=0
25-2x=0
25
T
o) fr(x)=-2
W25
f (7)=—2<0

. 25
Thus, we have a maximum at x = 5

25 25 25) 625
f(Z):(ZJ(ZS_ 2): 4
625

Therefore, the absolute maximum is 7

156.25

which occurs at x = % . There is no

minimum value.

f(x) = %xS —5x; [—3,3]
a) Find f'(x).

f’(x)=x2—5.
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b) Find the critical values. The derivative
exists for all real numbers. Thus, we solve

/'(x)=0.
x*=5=0
x2=5
x =15~ $2.236

Both critical values are in the interval [—3, 3] .
¢) The interval is closed and there is more than

one critical value, so we use Max-Min

Principle 1.

The critical points and the endpoints are

-3, —\/g, \/g, and 3.

Next, we find the function values at these
points.

f(3)=5(3)'-5(-3)=6
()= 5B ()= 5 s

3
F(8)= S5 (1) =107 =4

F(3)=56)-5(3)=-6

Thus, the absolute maximum over the

1045

interval[-3,3], isT , which occurs at

X = —\/g , and the absolute minimum over

1045

3 which occurs at x = \/g .

[-3.3]is -

x =13 =~ £1.732.
Both critical values are in the interval
[-2.2].
¢) The critical points and the endpoints are

-2, —\/5, \/5, and 2.

Next, we find the function values at these 60.

points.

59.

345

) -3(-2)=22 =333

3
—ﬁ)3 —3(—J§) =23 = 3.464
ﬁf —3(\5) =23 =~ -3.464

(2) -3(2)= -5 =333

~
—
|
&
—_ — ~
I 1]
—_— —_— —_

2) =
10)=1
Thus, the absolute maximum over the
interval [-2,2], is 243 , which occurs at
x =—+/3, and the absolute minimum over

[-2.2]is —24/3 , which occurs at x=+/3 .

f(x)=-0.001x" +4.8x - 60
When no interval is specified , we use the real
ling (—eo,c0) .
a) Find f'(x)
£(x)=-0.002x +4.8

b) Find the critical values. The derivative exists
for all real numbers. Thus, we solve

/'(x)=0.
-0.002x+4.8=0
-0.002x =-4.8
x =2400

The only critical value is x = 2400.
¢) Since there is only one critical value, we can
apply Max-Min Principle 2. First we find

f(x).

f"(x) =-0.002.

The second derivative is constant, so
£ "(2400) =-0.002 .

Since the second derivative is negative at
2400, we have a maximum at x = 2400.

Next, we find the function value at
x =2400.

£(2400) = —0.001(2400)" +4.8(2400) - 60

=5700
Therefore, the absolute maximum is 5700,
which occurs at x = 2400. The function has
no minimum value.

f(x)=-0.01x% +1.4x-30
a) f'(x)=-0.02x+1.4
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61.

b) f '(x) exists for all real numbers. Solve 62.
f'(x)=0
-0.02x+1.4=0
x=70

¢ f"(x)=-0.02
£"(70)=-0.02<0
Thus, we have a maximum at x = 70.
£(70)= —0.01(70)2 +1.4(70)-30=19
Therefore, the absolute maximum is 19,
which occurs at x = 70. There is no
minimum value.

f(x)=—x3+x2+5x—1; (0,00)

a) Find f'(x).

f'(x) = 3x? +2x+5.

b) Find the critical values. The derivative exists
for all real numbers. Thus, we solve
f'(x)=0.

-3x* +2x+5=0
—(3x—5)(x+1) =0
3x-5=0 or x+1=0 63.
x= % or x=-1
5. ..
x= 3 is the only critical value on the
interval (0,e0).
¢) The interval (O,oo) is not closed. The only

.. . . . 5
critical value in the interval is x = E

Therefore, we can apply Max-Min Principle
2. First, we find the second derivative.

f"(x) =—6x+2

5 5

"=|=—6]=|+2=-8<0

305
Since the second derivative is negative when

5 . ) 5
x= 3’ there is a maximum at x = 3
Next, find the function value:

3 2

fé:_é +£ +5§_1:&

3 3 3 3 27
Thus, the absolute maximum over the

. . 14 .
interval (0,c0) is 2—78 , which occurs at

5 . ..
x= 5 . The function has no minimum value.

Chapter 2: Applications of Differentiation

f(x)=—%x3 +6x° —11x-50;

a) f'(x)=-x*+12x-11

b) f'(x)exists for all real numbers. Solve

(0.3)

f'(x)=0
—x?+12x-11=0
x> —12x+11=0
(x—ll)(x—1)=0
x—11=0 or x-1=0
x=11 or x=1

¢) f"(x)=-2x+12
£'(1)=-2(1)+12=10>0.

Therfore, there is a minimum at x=1.

7= %(1)3 +6(1) - 11(1)-50 = -%

Thus, the absolute minimum over the
. . 166 .
interval (0,3) is - which occurs at

x=1.

f(x)=15x2—%x3; [0,30]
a) Find f'(x).
f’(x)=30x—%x2.

b) Find the critical values. The derivative exists
for all real numbers. Thus, we solve

S'(x)=0.

30x-2x2 =0
2

60x—3x> =0

3x(20-x)=0

3x=0 or 20-x=0

x=0 or x=20
Both critical values are in the interval
[0,30] .

¢) Since the interval is closed and there is more
than one critical value, we apply the Max-
Min Principle 1.
The critical values and the endpoints are
0, 20, and 30.

The solution is continued on the next page.
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Next, we find the function values.

1 65.

f(O):15(0)2—3(0)3 =0

£(20)=15(20)° —%(20)3 =2000

£(30)=15(30)° —%(30)3 =0

The largest of these values, 2000, is the
maximum. It occurs at x =20. The smallest
of these values, 0, is the minimum. It occurs
at x=0 and x =30.

Thus, the absolute maximum over the
interval [0,30], is 2000, which occurs at

x =20, and the absolute minimum over
[0,30]is 0, which occurs at

x =0 and x = 30.
f(x)=4x" —-=x%; [0,8]
32
a) f'(x)sz—Ex
b) f'(x)exists for all real numbers. Solve:
f'(x)=0
8x—§x2=0
16x-3x*=0
x(16-3x)=0
x=0 or 16x-3=0
x=0 or x:i
16

¢) The critical values and the endpoints are
0, i, and 8.
16

d) Find the function values.

£(0)=4(0) =3(0)° =0

)2 4] 5o
£ (8)=4(8 -5 (8)° =0

Therefore, the absolute maximum over the 66.

1024

interval [0,8] is or 37% , which

16 .. .
occurs at x = ? . The absolute minimum is

0, which occurs at x=0 and x =8.

347

72
f(x)—2x+7,

f(x) =2x+72x""
a) Find f'(x).

b) Find the critical values. f'(x)does not exist

for x =0; however, 0 is not in the interval
(0,00) . Therefore, we solve

f'(x)=0
72
2—-—=0
xz
-2
X
252 =72 Multiplying byxz, since x # 0.
x? =36
x =16

¢) The interval (0,e0) is not closed. The only

critical value in the interval is x = 6.
Therefore, we can apply Max-Min Principle
2. First, we find the second derivative.
3 144

fU(x)=144x7 =—
X
Evaluating the second derivative atx =6,
we have:

144 2
r(6)="2_259

() 3
Since the second derivative is positive when
x =6, there is a minimum at x = 6.

Next, find the function value at x = 6.
f(6) = 2(6)+%= 24

Thus, the absolute minimum over the
interval (0,e0) is 24, which occurs at x = 6.

The function has no maximum value over
the interval (0,e°) .

3600

f(x) =x+ L

) e
X

(0.2)
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b) Find the critical values. f'(x)does not

exists for x =0 ; however, 0 is not in the
interval (0,e0) . Therefore, we solve

f'(x)=0
. 36(2)0 o
X
x? =3600
x =160

¢) The interval (0,e0) is not closed. The only

critical value in the interval is x = 60.

7200
f"(x)= :
X
ey 7200 1
f (60)_ (60)3 - 30 >

Since the second derivative is positive when
x =60, there is a minimum at x = 60.

7(60)= (6o)+% 120

Thus, the absolute minimum over the
interval (0,e0) is 120, which occurs at
x = 60. The function has no maximum
value over the interval (0,e0).

67. f(x)=x2+ﬂ; (O,°°)
X

f(x) = x?+432x7"
a) Find f'(x).
432

f(x)=2x-432x" = 22—

b) Find the critical values. f'(x)does not exist
for x =0 ; however, 0 is not in the interval
(0,00) . Therefore, we solve

f'(x)=0
2x—£2220
X
432
szi2
X

2x3 =432  Multiplying by x2 , since x # 0.
X’ =216
x=6
¢) The interval (0,c) is not closed. The only

critical value in the interval is x = 6.

Therefore, we can apply Max-Min Principle
2.

Chapter 2: Applications of Differentiation

First, we find the second derivative.

f(x)=2+864x" = 2+¥
X

Evaluating the second derivative atx =6,

we have:

f"(6)=2+%=6>0.

Since the second derivative is positive when
x =6, there is a minimum at x = 6.
Next, find the function value at x = 6.

432
r(6)=(6Y +% =108
Thus, the absolute minimum over the
interval (O,oo) is 108, which occurs at x = 6.

The function has no maximum value over
the interval (0,e°) .

68. f(x)=x2+222; (0,%)
X

250
a) f'(x)= e
b) Find the critical values. f'(x)does not exist

for x =0; however, 0 is not in the interval
(0,00) . Therefore, we solve

f'(x)=0
2
2x—@=0
x
2
2x=§
x
X =125
x=5

¢) The interval (0,e0) is not closed. The only

critical value in the interval is x =5.

()22 50
X

f"(S):2+%:6>O.

There is a minimum at x = 5.
250
F3)=0)+

Thus, the absolute minimum over the
interval (0,e0) is 75, which occurs at x = 5.

=75

The function has no maximum value over
the interval (0,e°) .
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69.
a)

b)

<)

70.
a)

f(x) =2x*+x;

f(x) =2x"—x;

[-1.1]

Find 1 '(x) .

f’(x) =8x>+1.

Find the critical values. The derivative exists
for all real numbers. Thus, we solve

f'(x)=0.
8x +1=0
8x> =-1

o ..
The only critical value x = 3 is in the

interval [-1,1].

The interval is closed, and we are looking
for both the absolute maximum and absolute
minimum values, so we use Max-Min
Principle 1.

The critical points and the endpoints are

-1, —l, and 1.
2

Next, we find the function values at these
points.

F(=)=2(=1)" +(-1)=1

) o)
F)=2() +()=3

The largest of these values, 3, is the
maximum. It occurs at x =1. The smallest of

3 . ..
these values, e is the minimum. It occurs

1
atx=——.
2

Thus, the absolute maximum over the
interval[-1,1], is 3, which occurs atx =1,

and the absolute minimum over [—1, 1] is

3 . 1
——, which occurs at x = ——.

[-1.1]
f’(x) =8x>—1

71.

349

b) Find the critical values. The derivative exists
for all real numbers. Thus, we solve

f'(x)=0.
8x*-1=0
8x> =1
I

8

1

xX==

2

The only critical value x =% is in the

interval [-1,1].

¢) The interval is closed, and we are looking
for both the absolute maximum and absolute
minimum values, so we use Max-Min
Principle 1.
The critical values and the endpoints are

-1, l, and 1.
2

Next, we find the function values at these
points.
(-1)-

F)=2(-1)'
1 N (1
Zl=2 = =] =

EEHRE

F)=20) ~(1)=1

The largest of these values, 3, is the

maximum. It occurs at x =—1.

3
3
8

The smallest of these values, —%, is the

.. 1
minimum. It occurs at x = E .
Thus, the absolute maximum over the
interval[-1,1], is 3, which occurs at x=—1,

and the absolute minimum over [-1,1] is

3 . 1
——, which occurs at x = —.
8 2

f(x)=3x ="

a) Find f'(x)
TRV

f (x)_3x 3%/)(72

b) Find the critical values. f'(x)does not exist

[0.8]

for x=0. The equation f"'(x)=0has no

solution, so the only critical value is 0,
which is also an endpoint.
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©)

72. f(x)=ﬁ=x%;

a)

The interval is closed, and we are looking
for both the absolute maximum and absolute
minimum values, so we use Max-Min
Principle 1.

The only critical value is an endpoint. The
endpoints are 0 and 8.

Next, we find the function values at these
points.

1(0)=3o=0

7(8)=B=2

The largest of these values, 2, is the
maximum. It occurs at x =8. The smallest of
these values, 0, is the minimum. It occurs at
x=0.

Thus, the absolute maximum over the
interval[0,8] , is 2, which occurs at x =8,
and the absolute minimum over [0,8] is 0,

which occurs at x =0.

[0.4]
Lon_ 1

2 "ol

7(5)=

b) Find the critical values. f'(x)does not exist

¢)

for x=0. The equation f"'(x)=0has no

solution, so the only critical value is 0,
which is also an endpoint.

The interval is closed, and we are looking
for both the absolute maximum and absolute
minimum values, so we use Max-Min
Principle 1.

The only critical value is an endpoint. The
endpoints are 0 and 4 .

Next, we find the function values at these
points.

7(0)=0=0
f(4)=+4=2

The largest of these values, 2, is the
maximum. It occurs at x = 4. The smallest
of these values, 0, is the minimum. It occurs
at x = 0. Thus, the absolute maximum over

the interval [0,4] is 2, which occurs atx =4,
and the absolute minimum over [0,4]is 0,

which occurs at x =0.

73.

74.

Chapter 2: Applications of Differentiation

/(x)=(x-1)’
When no interval is specified , we use the real
line (—oo,c0).

a)

b)

Find f'(x).
£1(x)=3(x-1).

Find the critical values. The derivative exists
for all real numbers. Thus, we solve

S'(x)=0.

3(x=1)° =0
x—-1=0
x=1

The only critical value isx =1.
Since there is only one critical value, we can
apply Max-Min Principle 2. First we find

f " (X) .

f"(x) = 6(x—1) .

Now,

f"(l) = 6((1)— 1) =0, so the Max-Min
Principle 2 fails. We cannot use Max-Min
Principle 1, because there are no endpoints.
We note that f'(x)=3(x— 1)2 is never
negative. Thus, f(x)is increasing

everywhere except at x =1. Therefore, the
function has no maximum or minimum over
the interval (—oo,e0) .

Notice

f"(O) =—6<0
f"(2) =6>0
and

s(=o0

Therefore, there is a point of inflection at

(1,0).

£ ()= (x+1)°
When no interval is specified , we use the real
line (—oo,c0).

a)
b)

f'(x)z 3(x+l)2

f'(x)exists for all real numbers. Solve:
f'(x)=0
3(x+1)* =0
x=-1

The only critical value is x =—1.
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c) f"(x)=6(x+l)

£r(=1)=6((-1)+1)=0.
The Max-Min Principle 2 fails. We cannot

use Max-Min Principle 1, because there are
no endpoints. We note that

f(x)=3(x+ 1)2 is always positive, except

at x=—1.Thus, f(x)isincreasing

7. f(x) =2x-3;

351

Therefore, the absolute maximum over the
interval [-10,10]is 59, which occurs at

x =-10, and the absolute minimum over
the interval [-10,10]is —41 , which occurs

at x =10.

[-1.5)

a) Find f'(x)

everywhere except at x = —1. Therefore, the '
function has no maximum or minimum over f (x )=2
the interval (—oo,e0) . b) and c)
Notice The derivative exists and is 2 for all real
I ,,(_2) —_6<0 numbers. Therefore, f'(x) is never 0. Thus,

o (0) 650 there are no critical values. We apply the

- Max-Min Principle 1. There is only one

and endpoint, x =—1. We find the function
f(-1)=0 value at the endpoint.

Therefore, there is a point of inflection at

(~1,0).

F()=2(1)-3=5
We know f'(x)> 0over the interval, so the

function is increasing over the interval

75. f(x) =2x-3;
a) Find f'(x).
f '(x) =2.
b) and c)
The derivative exists and is 2 for all real
numbers. Therefore, f'(x)is never 0. Thus,

[-1.1] (-1,5). Therefore, the minimum value will
be the left hand endpoint. The absolute
minimum over the interval [-1,5)is -5,
which occurs at x =—1. Since the right
endpoint is not included in the interval, the
function has no maximum value over the

there are no critical values. We apply the interval [_1’5) ’

Max-Min Principle 1. The endpoints are
—1 and 1. We find the function values at the
endpoints.
£ (1) =2(-1)-3=-5

F(y=2(1)-3=-1
Therefore, the absolute maximum over the
interval [-1,1]is —1, which occurs at x=1,

78. f(x)zx%; [—1,1]

B (5= =

3.3x

b) Find the critical values. f'(x)does not exist

for x=0. The equation f"'(x)=0has no

solution, so the only critical value is 0.

¢) The interval is closed, and we are looking
for both the absolute maximum and absolute
minimum values, so we use Max-Min
Principle 1.
The critical value and the endpoints are

and the absolute minimum over the interval
[-1,1]is =5, which occurs at x =—1.

76.  f(x)=9-5x;
a) f'(x)=-5

[-10,10]

-1, 0,and 1.
b) andc) . . Next, we find the function values at these
The derivative exists for all real numbers points.

and is never 0. There are no critical values,
so the maximum and minimum occur at the
endpoints, —10 and 10. We find the function
values at the endpoints.

f(—lO) = 9—5(—10) =59

£(10)=9-5(10) =41

FEN=(1)7 =1
£(0)=(0)" =0
F)=()" =1

The solution is continued on the next page.
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79.

From the previous page, the largest of these
values, 1, is the maximum. It occurs at
x=—1and x =1. The smallest of these
values, 0, is the minimum. It occurs at x = 0.
Thus, the absolute maximum over the
interval[-1,1], is 1, which occurs at x =—1
and x =1, and the absolute minimum over
[~1,1] is 0, which occurs at x = 0.

f(x)=9-5x; [-2.3)

a) Find f'(x).
f '(x) =-5.

b) andc)
The derivative exists for all real numbers
and is never 0. There are no critical values.
The only endpoint is the left endpoint 2.
f'(x) < 0over the interval, so the function
is decreasing and a maximum occurs at
x=-2. We find the function value at
x=-2.
f(—Z) = 9—5(—2) =19.
The absolute maximum over the interval
[-2,3) is 19, which occurs at x =2 . The
function has no minimum value over the
interval [—2, 3) .

1 ; 2
X)==—x"—-x+—
/1 ) 3 3
When no interval is specified , we use the real
line (—oo,c0).
a) f'(x)=x*-1

b) Find the critical values. The derivative exists
for all real numbers. Thus, we solve

f'(x)=0.
xX*-1=0
x=%1

There are two critical values —1 and 1.
¢) The interval (—eo,c0) is not closed, so the

Max-Min Principle 1 does not apply. Since
there is more than one critical value, the
Max-Min Principle 2 does not apply.

A quick sketch of the graph at the top of the
next column will help us determine whether
absolute or relative extrema occur at the
critical values.

81.

82.

Chapter 2: Applications of Differentiation

f(x)

X
01 23456789

9 8 7 65 43

muww—)mw&m

We determine that the function has no
absolute extrema over the interval (—oo,oo) .

g(x) =
When no interval is specified , we use the real
ling (—eo,c0) .
a) Find g'(x).
g'(x)= 2 =2

b)

<)

3 3:3x
Find the critical values. g' (x) does not exist

for x=0. The equation g'(x)=0has no

solution, so the only critical value is 0.

We apply the Max-Min Principle 2.
" — 2
g (x) - 9x%

2"(0) does not exist.

Note that g'(x)<0for x<0Oand g'(x)>0
for x>0, s0 g(x)is decreasing on (—eo,0)
and increasing on (0,eo) .

Therefore, the absolute minimum over the
interval (—eo,c0) is 0, which occurs at x = 0.

The function has no maximum value.

f(x)=§x3—2x2 + x; [0,4]

a)
b)

f(x)= x? —4x+1
f"(x)exists for all real numbers. Solve:
f'(x)=0

X —4x+1=0
We use the quadratic formula to solve the
equation.

2
_—(=A)EJ(H) -40)0)
2(1)
4+ jﬁ 243
The solution is continued on the next page.
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Both critical values x =2— \/5 =(0.27 and
x=2+ \/§ = 3.73 are in the closed interval
[0,4].

The interval is closed, and there is more than
one critical value in the interval, so we use

Max-Min Principle 1.
The critical values and the endpoints are

0, 2—+/3, 2++/3, and 4.
Next, we find the function values at these

points.

£(0)=5(0) ~2(0) +(0)=0

e )= (o) +(o-6)

:-?uﬁzo.m

A/'(2+x/§)=é(2+\/§)3—2(2+\/§)2+(2+\/§)

10

=——=23=-6.797
3

£(4)= 3@ 24 +(4)

-2 6666
3
Thus, the absolute maximum over the
. .1 .
interval[0,4], is —?0+ 2+/3 , which occurs
atx=2-— \/5 , and the absolute minimum

over [0,4]is —?— 24/3 , which occurs at

x=2+x/§.

f(x)=%x3—%x2—2x+l

When no interval is specified , we use the real
line (—oo,e0).

a) Find f'(x)

f’(x)=x2—x—2

b) Find the critical values. The derivative

exists for all real numbers. Thus, we solve
f '(x) =0.
X —x-2=0
(x=2)(x+1)=0
x=2 or x=-1
There are two critical values —1 and 2.

¢)

353

The interval (—eo,eo) is not closed, so the

Max-Min Principle 1 does not apply. Since
there is more than one critical value, the
Max-Min Principle 2 does not apply.

A quick sketch of the graph will help us
determine absolute or relative extrema occur
at the critical values.

)

x

>'4JJ—-'J!

9 -8-76-5-4-3%-1

84. g(x) =%x3 +2x% +x;

a)
b)

”\745(\730

oo
o W b =

We determine that the function has no
absolute extrema over the interval (—oo,oo) .

(-4

g'(x)=x2 +4x+1

Find the critical values. The derivative exists
for all real numbers. Thus, we solve

g' (x) =0.

X +4x+1=0

We use the quadratic formula to solve the
equation.

The solution to the quadratic equation is
x=-2% \/g .
Both critical values x =—-2—+/3 ~-3.73

and x=-2 +\/7 =—(0.27 are in the closed
interval [—4,0].

The interval is closed, and there is more than
one critical value in the interval, so we use

Max-Min Principle 1.
The critical values and the endpoints are

—4, —2-/3, =2++/3, and 0.
Next, we find the function values at the

critical values and the endpoints.

g(-4)= % = 6.666

g(_z_\/i)=£+2ﬁz6.797

3
g(_2+\/§)=1?0—2\/—z—0.131
g(0)=0

The solution is continued on the next page.
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From the previous page, we determine the
absolute maximum over the interval[-4,0],

is?+2\/§ , which occurs at x = —2—\/§ ,

and the absolute minimum over [4,0] is

%— 2\/5 , which occurs at x =2 +\/§ .

8S. t(x) =x*-2x?
When no interval is specified , we use the real
line (—oo,c0).
a) Find 1'(x)
t‘(x) =4x —4x

b) Find the critical values. The derivative exists
for all real numbers. Thus, we solve

t'(x)=0.
4x° —4x=0
4x(x2—1)=0

x=0 or x’-1=0

x=0 or x=xI

There are three critical values —1, 0, and 1.
¢) The interval (—eo,c0) is not closed, so the

Max-Min Principle 1 does not apply. Since
there is more than one critical value, the
Max-Min Principle 2 does not apply.

A quick sketch of the graph will help us 87.-96.

determine whether absolute or relative

extrema occur at the critical values. 97

¥y
2

2 \/ 0 1 2
-1

-2

We determine that the function has no
absolute maximum over the interval
(—eo,00) . The function’s absolute minimum

is =1, which occursat x=—l andx=1.

86. f(x)=2x"-4x*+2
When no interval is specified , we use the real
ling (—eo,c0).
a) Find f'(x)
f'(x) =8x> —8x

Chapter 2: Applications of Differentiation

b) Find the critical values. The derivative exists

<)

for all real numbers. Thus, we solve

f'(x)=0.
8x>—8x=0
8x(x2—1)=0

x=0 or x*-1=0
x=0 or x=xI
There are three critical values —1, 0, and 1.

The interval (—oo,eo) is not closed, so the

Max-Min Principle 1 does not apply. Since
there is more than one critical value, the
Max-Min Principle 2 does not apply.

A quick sketch of the graph will help us
determine absolute or relative extrema occur

at the critical values.
Y

We determine that the function has no
absolute maximum over the interval
(—oo,oo) . The function’s absolute minimum

1s 0, which occurs at x=-1and x=1.

Left to the student.

M (t)=-2£*+100¢+180, 0<r<40

a)
b)

<)

M'(1)=—4t+100
M '(t)exists for all real numbers. We solve
M'(1)=0.
—4t+100=0

4t =100

t=25

Since there is only one critical value, we
apply the Max-Min Principle 2. First, we

find the second derivative.
M "(t)=-4. The second derivative is

negative for all values of 7 in the interval,
therefore, a maximum occurs at ¢ = 25.

M (25)=-2(25)” +100(25)+180 = 1430
The maximum productivity for 0 <z <40 is

1430 units per month, which occurs after
t =25 years of employment.
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N (a)=-a*+300a+6,

a)
b)

0<a<300
N’(a) =-2a+300
N'(a) exists for all real numbers. Solve:

N'(a)=0
—2a+300=0

a=150

Since there is only one critical value, we
apply the Max-Min Principle 2. First, we

find the second derivative.
N"(a)=-2. The second derivative is

negative for all values of ¢ in the interval,
therefore, a maximum occurs at a = 150.

N (150) = —(150)” +300(150)+ 6 = 22,506

The maximum number of units that can be
sold is 22,506. In order to achieve this
maximum, $150,000 must be spent on
advertising.

p(x)=-0.039x" +0.594x> —1.967x +7.555

We restrict our attention to the years 2003 to
2013. That is, we will look at the x-values
0<x<10.

a) Find p'(x).

p'(x)=-0.117x* +1.188x ~1.967 .

b) Find the critical values. p'(x) exists for all

real numbers. Therefore, we solve

p’(x) =0.

~0.117x* +1.188x—1.967 =0

Using the quadratic formula, we have:

(1.188)J_r\/(1.188)2 —4(-0.117)(~1.967)
2(-0.117)

_ —1.188+£+0.490788

-0.234
x=2.08 or x=8.07
The critical values are x =2.08 and x = 8.07

is in the interval [0,10].

¢) The critical values and the endpoints are

0, 2.08, 8.07, and 10.

d) Using a calculator, we find the function

values.
p(0)=7.555
1(2.08) =5.683
1(8.07)=9.869
p(10)=8.285

355

The absolute maximum occurs when

x=28.07.

According to this model, the maximum
percentage of unemployed workers in
service occupations occurred in 2011.

100. £ (x)=-0.0135x> +0.265x +74.6

We restrict our attention to the years 1992 to
2012. That is, we will look at the x-values
0<x<20.

a)
b)

<)

d)

f'(x)=-0.027x+0.265
f'(x)exists for all real numbers. Solve:
/'(x)=0
-0.027x+0.265=0
x=9.81
The critical value 9.81 is in the interval.
The critical value and the endpoints are
0, 9.81, and 20.
Find the function values.
£(0)=-0.0135(0) +0.265(0) + 74.6
=74.6
£(9.81) = -0.0135(9.81)* +0.265(9.81) + 74.6
=759

£(20)=-0.0135(20)" +0.265(20) + 74.6

=74.5
The maximum occurs when x =9.81.
According to this model for the period 1992
to 2012, the percentage of women aged 21-
54 in the U.S. Civilian labor forced was at
maximum in 2001.

101. We use the model

P(t)=2.69¢" —63.941" +459.895¢* —
688.692¢ +24,150.217

We consider the interval [0,o0), where

t =0 corresponds to the year 2000.

a) Find P'().
P'(¢) =10.761" —191.823¢” +919.79¢ — 688.692
b) P'(t)exists for all real numbers. Solve:

P'(t)=0

10.76¢° =191.823¢> +919.79¢ — 688.692 = 0

Using a graphing calculator, we approximate
the zeros of P'(t) . We find the solutions:

t=0914
t=7232
t=9.681
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¢) The critical values and the endpoints are:
0, 0.914, 7.232, and 9.681.
d) Find the function values.
P(0)=24,150
P(0.914) = 23,858
P(7.232) = 26,396

P(9.681) = 39,533

The absolute minimum production of world
wide oil was 23,858,000 barrels. The world
achieved this production 0.914 years after
2000, or approximately the year 2001.

1500

x* —6x+10
We will restrict our analysis to the nonnegative
real numbers [0, e0), since you cannot produce

102. P(x)=

and sell a negative number of amplifiers.
2 Px)=- 3000(;:—3)2
(x2 —-6x+ 10)
b) P'(x)exists for all real numbers. Solve
P’(x) =0
3000(x—3)

_ﬁ =0

(x —6x+ 10)

x=3
c) Since the interval is open, we apply the
Max-Min Principle 2.

3000(3x2 —18x+26)
P"(x) =

(xz —6x+ 10)3

P"(3)=-3000

Therefore, a maximum occurs atx =3 . We

find the function value at x=3.

P)=
(31 -6(3)+10

Producing and selling 3 amplifiers will

1500

result in a maximum weekly profit of $1500.

103. C(x)=5000+600x
R(x)=—%x2+1000x, 0< x <600
a) P(x)=R(x)-C(x)

= —%xz +1000x — (5000 + 600x)

=—%x2 +400x — 5000

Chapter 2: Applications of Differentiation

b) First, we find the critical values.
P’(x) =—x+400
P'(x) exists for all real numbers. Solve:
P'(x)=0
—x+400=0
x =400
The critical value is 400 and the endpoints
are 0 and 600. Using the Max-Min Principle

1. We evaluate the function at the endpoints
and critical values:

P(0)= —%(0)2 +400(0) - 5000
= 5000

P(400) = —%(400)2 +400(400) - 5000

=175,000

P(600) = ——=(600)° +400(600)— 5000

1
2
=55,000
The total profit is maximized when 400
items are produced.

104. From Exercise 103, we know that

P(x)z—lx2 +400x — 5000
2

P
a) A(x)z(—x)z—lx+400—m,
X 2 X
0<x<600.
1 5000

b) A'(x)=-—+ >

2 x

A'(x) exists everywhere on 0 < x <600 .
Solve A'(x)=0.

1
1 50(2)0 0
2 X
x? =10,000
x=1100

x =100 is the only critical value in the
interval 0 <x<600.

The critical value and the endpoint are 100
and 600.

A(100) =300

A(600)=91.67

The average profit is maximized when 100
items are produced.

105. B(x)=305x>-1830x, 0<x<0.16
a) B'(x)=610x-5490x"
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b) B'(x)exists for all real numbers. Solve:
B'(x) =0
610x —5490x* =0
610x(1-9x)=0
x=0 or 1-9x=0

x=0 or x=l=0.11
9

¢) The critical points and the endpoints are
0, l, and 0.16.
9

d) We find the function values.
B(0)=305(0)*~1830(0)’ =0

2 3
B(l) =305 [% - 1830[1)
9 9 9
=30 185
243
B(0.16)=305(0.16)* ~1830(0.16)’

=0.312
The maximum blood pressure is
approximately 1.255, which occurs at a dose

1
of x= 9 cc, or about 0.11 cc of the drug.

Nn finding the absolute extrema of a
function, the second derivative is used when
there is exactly one critical value interior to an
interval. If there is exactly one critical value, the
second derivative will determine the concavity
of the function on the interval, and thus
determine if there is an absolute maximum or
absolute minimum on the interval.

We look at the derivative on each piece of the
function to determine any critical values.

For -3<x <1, f'(x)=2 so there are no
critical values for this part of the function. For
l<x<2, f'(x)=-2x. f'(x)=0whenx=0,

which is outside the domain of this piece of the
function. Therefore, there are no critical values
of f (x) . The absolute extrema will occur at

one of the endpoints. The function values are:
f(-3)=2(-3)+1=-5

f()=2(1)+1=3

f(2)=4-(2)" =0
On the interval [-3,2], the absolute minimum

is =5, which occurs at x = —3. The absolute
maximum is 3, which occurs at x =1.

357

We sketch a graph of the function.
y

108. We look at the derivative on each piece of the

109.

function to determine any critical values.

For -2<x<0, g'(x)=2x. g'(x)=0when

x =0, which is also the endpoint of this part of
the domain. For 0 <x<2, g'(x)=5.
Therefore, there are no critical values of g(x) .

The absolute extrema will occur at one of the
endpoints. The function values are:

g(-2)=(-2)" =4
2(0)=(0)"=0
2(2)=5(2)=10
On the interval [-2,2], the absolute minimum

is 0, which occurs at x = 0. The absolute
maximum is 10, which occurs at x =2
A sketch of the graph is shown below.

10
8

6

-2 -1

T T T T 17 T 17T

._._
o
=

We look at the derivative on each piece of the
function to determine any critical values.

For -4 <x<0, h'(x)=-2x. h'(x)=0when
x =0, which is also the endpoint of this part of
the domain. For 0<x <1, h'(x)=-1.
Therefore, there are no critical values of # (x)
on this part of the domain. For 1<x <2,
h'(x)=1. Therefore, there are no critical values
of /(x) on this part of the domain. The

absolute extrema will occur at one of the
endpoints. The function values are determined
on the next page.
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110.

We determine the function values from the
previous page:

h(-4)=1-(-4)’ =-15

h(0)=1-(0)=1
h(1)=(1)-1=0
h(2)=(2)-1=1

On the interval |

is —15, which occurs at x = —4. The absolute
maximum is 1, which occurs at x =0 and x =2.
A sketch of the graph is shown below.

—4,2] , the absolute minimum

y
I T h P |
2 x

-10

-15

We look at the derivative on each piece of the
function to determine any critical values.

For 2<x<0, F'(x)=2x. F'(x)=0 when
x =0, which is also the endpoint of this part of
the domain. For 0<x <3, F'(x)=-1.
Therefore, there are no critical values of F (x)
on this part of the domain. For 3<x <67,

F'(x)=2\/;j.

critical values of F (x) on this part of the

Therefore, there are no

domain. The absolute extrema will occur at one
of the endpoints. The function values are:

F(-2)=(-2)"+4=8
F(0)=4-(0)=4
F(3)=+3-2=1
F(67)=~/67-2 =65 =8.062
On the interval [-2,67] , the absolute minimum

is 1, which occurs at x = 3. The absolute
maximum is approximately 8.062, which occurs
atx =67.

A sketch of the graph is shown below.

Chapter 2: Applications of Differentiation

111. a) The sketch of the graph is shown below:

b) From the graph, the absolute maximum is 6
and occurs at x =-2.

¢) The absolute minimum value for this
function is 2. This value occurs over the
range 0<x<4.

112. a) According to the graph, the maximum

elevation is 2290 feet, this elevation occurs
at 6.5 miles from the western edge of Rogers
Dry Lake.

b) According to the graph, the minimium
elevation occurs at 2269 feet. This elevation
occurs over the range of 0.5 miles to 5.5
miles from the western edge of Rogers Dry
Lake.

3. g(x)=x/x+3;  [-3.3]

a) Find g'(x

N|~

).
{ x+3) }+(1)(x+3)%

%
= —+(x+3
2(x+3)/ Hx3)”
o (x+3)% 2(x+3)"
o ' A
2(x+3)? L 2(x+3)"
Multiplying by a form of 1
X 2(x+3)
Ta(3)t 2(xe3)"
3x+6 3x+6
= , Or
2(x+3Y2 2Jx+3
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b) Find the critical values. g'(x) exists for all
values in [-3,3] except —3. This is a

critical value as well as an endpoint. To find
the other critical values, we solve

g'(x)=0
3x+6 -0
2Jx+3
3x+6=0
3x=-6
x=-2
The second critical value on the interval is

2.

¢) On aclosed interval, the Max-Min Principle
1 can always be used. The critical values
and the endpoints are =3, —2,and 3.

d) Find the function value at each value in step

(©)..
£(-3)=(-3[3) 3 -0

g(-2)=(-2)(-2)+3==2
2(3)=(3){(3)+3=3V6

Thus, the absolute maximum over the

interval [-3,3] is 3.6 , which occurs at

x =3, and the absolute minimum is -2,
which occurs at x =-2.

114. h(x)=x1-x; [0,1]

a) Find A'(x).
1

(x)=x( 30 )0

—X
ENEN
_—x 2(l-x)
“oox 2iox
_ —3x+2
N

b) &'(x) does not exist for x=1. Solve:

h'(x)=0
-3x+2
2V1—x
-3x+2=0
2
x==
3

¢) The critical values and the endpoints are

0, z, and 1.
3

359

d) Find the function Values
h (0) = (
\/ \f 33
h (1) =
Thus, the absolute maximum over the

2
337

2 ..
x= 5 , and the absolute minimum over the

interval [0,1] is which occurs at

interval is 0, which occurs at x =0 and
x=1.

115. C(x)=(2x+4)+( 26), x>6

=2x+4+2(x-6)
a) Find C'(x).

C'(x)=2-2(x-6)"(1)=2- .

(x-6)

b) Find the critical values.
C '(x) does not exist for x =6 ; however,
this value is not in the domain interval, so it
is not a critical value. Solve C'(x)=0.

2
- =0
(x-6)’
9o 2
(x-6)’
Multipl b 6
2(x 6) =2 Slrlllczr))cilglg Y(x )
(36—6)2 =1

- Taking the square root
x—6=4%1 of both sides.

=6%1
x=5 or x=7
The only critical value in (6,) is 7.

c) Since there is only one critical value, we
apply the Max-Min Principle 2.

C(x)=4(x—6)" = ; _46)3

4
c"(7)= =450
( ) (7_6)3
Therefore, since C"(7)> 0, there is a

minimum at x=7.
The Katie’s Clocks should use 7 “quality
units” to minimize its total cost of service.
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116. y= (x—a)2 +(x—b)2

a) %z2(x—a)+2(x—b)=4x—2a—2b

b) The derivative exists for all real numbers.
Solve:

dy
o
4x—-2a-2b=0
4x=2a+2b
= a+b

2
¢) There is only one critical value, we apply
the Max-Min Principle 2.
2
d—;} =4 > 0 for all values of x.
dx
a+b

Thus, y is a minimum for x =

117. From exercise 101, we know that the first

derivative is
R(t)=P'(t) =10.76¢" —191.823¢" +
919.79¢ - 688.692

a) We find the maximum rate of change, by
finding the critical values of the derivative.

(0,8). Taking the derivative we have:
P"(r) = 32.28/* —383.6461 +919.79
b) P"(¢) exists for all real numbers. Solve:
P"(¢)=0

32.28¢" —383.6461 +919.79 = 0
Using the quadratic formula, we find the

zeros of P"(¢).

_ —(-383.646) % \/(—383.646)2 -4(32.28)(919.79)

2(32.28)

The two solutions are ¢ = 3.33 and ¢ = 8.554.

Only one of the critical values, t =3.33, is
in the interval.

¢) Since there is only one critical value, we
apply the Max-Min Principle 2.
P"(t) = 64.56t —383.646

P"(3.33) = 64.56(3.33) - 383.646 = —168.6 < 0
Therefore, the absolute maximum over the
interval (0,8) occurs at ¢ =~3.33.
P'(3.33) =644.427 = 640.

In the year 2003 — 2004, worldwide oil
production was increasing most rapidly. It
was increasing at a rate of approximately
640,000 barrels per year.

118

119.

Chapter 2: Applications of Differentiation

. . The first derivative is used to find the critical

values of the function on an interval. For closed
intervals, we know that absolute extrema occur
at a critical value in the interval, or at an
endpoint of the interval. For open intervals,
absolute extrema, if they exists, will occur at a
critical value in the interval.

P(t)=0.0000000219¢* —0.0000167¢ +
0.00155¢* +0.002¢+0.22, 0<¢<110
a) FindP'(1).
P'(¢)=0.0000000876¢> —0.0000501¢* +

0.0031¢+0.002
P'(¢) exists for all real numbers. Solve

P'(t) =0. We use a calculator to find the

zeros of P'(r) . We estimate the solutions to

be:
x=-0.639
x=71333
x=501.223

Only one of the critical values, x = 71.333,
is in the interval [0,110]. We apply the
Max-Min Principle 1, to find the absolute
maximum.
The critical values and the endpoints are 0,
71.333, and 110.
The function values at these points are
P(0)=0.22

P(71.333)=2.755

P(110)=0.174

Thus, the absolute maximum oil production

for the U.S. after 1910 was 2.755 billion

barrels per year. This production level

occurred 71.333 year after 1910, or in 1981.
b) In2010, r=2010-1910=100 .We plug

this value into the first derivative to obtain:

P'(100)
= 0.0000000876 (100)° —0.0000501(100)* +
0.0031(100) +0.002

=—0.1014.

The rate of oil was declining at

approximately 0.1014 billion of barrels per

year.
The solution is continued on the next page.
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In 2015, t=2015-1910 =105 .We plug this
value into the first derivative to obtain:
P'(105)

= 0.0000000876 (105)" - 0.0000501(105)” +

0.0031(105) +0.002

=~ —0.1234.

The rate of oil was declining at
approximately 0.1234 billion of barrels per
year.

120. f(x) =3/ (x— 5); [1,4]
Using a calculator, we enter the equation into
the graphing editor:

Flotl Flotz Flobs
R = A AR e

wME=
Then, using the window:

We get the graph:

Using the table feature, we locate the extrema.
We estimate the absolute maximum to be

—2.520, which occurs at x =4, and the
absolute minimum to be —4.762 , which occurs

at x=2.
_3(2 V. i
121. f(x)—z(x 1) [4.)
Using a calculator, we enter the equation into
the graphing editor:

Flotl Flotz Flot:
“1ECE 40 (KM 2-10
“L2SED

wMe=
M=
wy=
wMe=
“MNE=

Then, using the window:

WIHOOW
AMin=.5
AMax=S
wecl=1
Ymin=-1
Ymax=3
Yal=1
Ares=1

We get the graph:
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Using the table feature, we locate the extrema.

We estimate the absolute minimum to be 0,
which occurs at x = 1. There is no absolute

maximum.

122. f(x)= x(%— 5)4 ;

R

Using a calculator, we enter the equation into

the graphing editor:

Flotl Flotz Flotz
M B CH 2507

Then, using the window:

WIHOOW
AMin=-5
AmaxE=2a
Ao l=0
Ymin=-2EEA
Ymax=Z2EEA
Yec =56
Ares=1

We get the graph:

~/

|

Looking at the graph, it is clear to see that there
are no absolute extrema over the real numbers.
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123. a) Using a graphing calculator, we fit the linear
equation y = x+8.857 . This corresponds to

the model P(¢)=¢+8.857. Where P is the

pressure of the contractions and ¢ is the time
in minutes. We substitute 7 for ¢ to find the
pressure at 7 minutes.

P(7)=7+8.857=15.857.
The pressure at 7 minutes is 15.857 mm of
Hg.

b) Rounding the coefficients to 3 decimal
places, we find the quartic regression
y=0.117x* —1.520x° +6.193x* —

7.018x +10.009
Changing the variables we get the model

P(t)=0.117¢* - 15206 +6.193£ —

7.018¢+10.009
Using the table feature, when x=7,
y =24.857. So the pressure at 7 minutes is
24.86 mm of mercury. (If we use the
rounded coefficients above, we get 23.897
mm of Hg.)
Using the trace feature, we estimate the
smallest contraction on the interval [0,10]
was about 7.62 mm of Hg. This occurred
when x = 0.765 min.
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Exercise Set 2.5

Express O = xy as a function of one variable.
First, we solve x+ y =70 for y.
x+y=70
y=70-x

Next, we substitute 70— x foryin O = xy .
O=uxy
0=x(70-x) Substituting

=70x—x°
Now that Q is a function of one variable we can

find the maximum. First, we find the critical
values.

Q'(x)=70-2x . Since Q'(x) exists for all real

numbers, the only critical value will occur when
Q'(x)=0. We solve:

70-2x=0
70 =2x
35=x

There is only one critical value. We use the
second derivative to determine if the critical
value is a maximum. Note that:

0"(x)=-2<0. The second derivative is

negative for all values of x. Therefore, a
maximum occurs at x = 35.

Now, Q(35)=70(35)-(35)" =1225
Therefore, the maximum product is 1225, which

occurs when x =35. If x =35, then
y =70-35=35. The two numbers are 35 and

35.

x+y=50,s0y=50-ux
Q(x) =xy= x(SO—x) =50x— x*
0'(x)=50-2x
0'(x) exists for all real numbers. Solve:

0'(x)=0
50-2x=0

x=25

0"(x)=-2<0 for all values of x, so a
maximum occurs at x = 25.
0(25)=50(25)-(25)* =625
Thus, the maximum product is 625 when
x=25and y=50-25=25.
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Let x be one number and y be the other number.
Since the difference of the two numbers must be
6, we have x—y =6.

The product, O, of the two numbers is given by
0O = xy, so our task is to minimize Q = xy,

where x—y=6.
First, we express O = xy as a function of one

variable.
Solving x— y =6 for y, we have:

x—y=6
-y=6-x
y=x-6
Next, we substitute x—6fory in Q = xy.
Q(x) = x(x—6)= x> —6x.
Finding the deriviative, we have:
Q' (x) =2x-6
The derivative exists for all values of x; thus,
the only critical values are where Q'(x)=0.
2x-6=0
2x=6
x=3
There is only one critical value. We can use the

second derivative to determine whether we have
a minimum.

0"(x)=2> 0for all values of x. Therefore, a

minimum occurs at x = 3.

0(3)= (3 -6(3)=-9
Thus, the minimum product is -9 when x =3,
and y=3-6=-3.

Let x be one number and y be the other number.
The product, Q, of the two numbers is given by
Q = xy, so our task is to minimize Q = xy,

where x—y=4.
First, we express Q = xy as a function of one
variable.
Solving x— y =4 for y, we have: y =x—4
Next, we substitute x—4 fory in Q = xy.
Q0= x(x—4) =x? —4x
Q' (x) =2x—-4
The derivative exists for all values of x; thus,
the only critical values are where Q'(x)=0.
2x—-4=0

2x=4

x=2

The solution is continued on the next page.
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There is only one critical value. We can use the
second derivative to determine whether we have
a minimum.

Q"(x)=2> 0for all values of x. Therefore, a

minimum occurs at x = 2.
2
0(2)=(2) -4(2)=—4
Thus, the minimum product is —4 when x = 2.
Substitute 2 for x in y = x—4to find y.

y=2-4=-2.
The two numbers which have the minimum
product are 2 and —2.

Maximize Q = xy*, where x and y are positive
numbers such that x + y* =4 .
Express O = xy” as a function of one variable
First, we solve x+ y* = 4 for y*.
x+ y2 =4
y2 =4-x
Next, we substitute 4 — x for y* inQ = xy”*.
0=x’
O=x (4 - x)

2
=4x—-x

Now that Q is a function of one variable we can
find the maximum. First, we find the critical
values.

Q'(x)=4-2x.
Since Q'(x) exists for all real numbers, the only
critical value will occur when Q'(x)=0. We

setQ'(x) =0 and solve for x:

4-2x=0
—2x=-4
x=2.

There is only one critical value. We use the
second derivative to determine if the critical
value is a maximum. Note that:
0"(x)=-2<0. The second derivative is
negative for all values of x. Therefore, a
maximum occurs at x = 2.

Now,

0(2)=(4)(2)-(2)" =4
Substitute 2 in for x in x + y* = 4 and solve for
V.

Chapter 2: Applications of Differentiation

2+y° =4
yr=4-2
y=2
y=12

y= V2 xand y are positive
Then Q is a maximum when x=2 and y =+/2 .

Maximize Q = xy*, where x and y are positive
numbers such that x + y> =1.
Express O = xy” as a function of one variable.
x+ y2 =1
y2 =1l-x
0=x’
0=x(1-x) =x—x
Now that Q is a function of one variable we can

find the maximum. First, we find the critical
values.

0'(x)=1-2x . Since O'(x) exists for all real

numbers, the only critical value will occur when
0'(x)=0. We solve:

Substituting

1-2x=0
1
—=X.
2

There is only one critical value. We use the
second derivative to determine if the critical
value is a maximum. Note that:

Q"(x) =-2<0. The second derivative is

negative for all values of x. Therefore, a

maximum occurs at x =—.

N | —

When x=% , we have
21
7 2
1 1
y SR

The maximum value of QO is% when x = % and

1
y_\/E.
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Minimize O = x* +2y*, where x+y=3.
Express Q as a function of one variable. First,
solve x+y =3 fory.

x+y=3

y=3-x
Then substitute 3 —x for yinQ = x> +2y%.
0=x+2(3-x)

=2 +2(9-6x+x7)

=3x? —12x+18
Find Q'(x), where O(x)=3x" —12x+18.
Q'(x)=6x—12

This derivative exists for all values of x; thus
the only critical values are where

0'(x)=0

6x-12=0
6x=12

x=2

Since there is only one critical value, we can use
the second derivative to determine whether we
have a minimum. Note that:

Q"(x) =6, which is positive for all real
numbers. Thus 0"(2)> 0, so a minimum
occurs when x =2. The value of Q is
0(2)=22+2(3-2)

=4+2

=6.
Substitute 2 for x in y =3 —x to find y.
y=3-x
y=3-2
y=1
Thus, the minimum value of Q is 6 when
x=2andy=1.

x+y=5,80 y=5-x.

0=2x2+3y? =22 +3(5-x)’

=5x" =30x+75
0'(x)=10x-30
Q'(x) exists for all real numbers. Solve:
Q'(x)=0
10x-30=0
x=3

365

There is one critical value, we use the second
derivative to determine if it is a minimum.

Q"(x) =10 > 0 for all values of x, therefore,

0"(3)> 0 and a minimum occurs when x =3.

When x=3, 0(3)=2(3)* +3(5-3)" =30.
When x=3, y=5-3=2.

Therefore, the minimum value of Q is 30 when
x=3and y=2.

Maximize Q = xy , where x and y are positive

4
numbers such that x +§ y?=1.
Express Q as a function of one variable. First,

solve x+§y2 =1for x.
4 >
x+—y" =1
3)/
4 5
x=1-—
3)/
. 4 , .
Then substitute 1—5 y forxinQ=xy.
4
Q=xy=(1—§y2]y
N
=y 3J’
. , 4 5
Find Q'(y), where Q(y)zy—gy :

0'(y)=1-4y
This derivative exists for all values of y; thus
the only critical values are where

Q'(v)=0
1-4y* =0
—4y* =1
1
2 [ p—
7Ty
1
:i —_
yesft
1
=+
d 2
1 .
y =5 y must be positive

Since there is only one critical value, we can use
the second derivative to determine whether we
have a maximum.

The solution is continued on the next page.
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10.

Note that:
0"(v)=-8y

and
L I
Q(zj_ 8(2) 4<0.

. 1). . .
Since Q"[E 1S negative, a maximum occurs at

_1
y 2
Evaluating the function at y = — we have:
of LY=L 41}
2) 2 32
_1 41
2 38
11
2 06
_1
3
Substitute 1 for yin x =1-— y* to find x.
4 >
x=1-—
3y
401V
x=1-—|—=
312
x:1—l
3
2
X==
3

Thus, the maximum value of Q is % when

2 1
x=—andy=—.
3 Y 2

4 5 4,
—x"+y=16,s0 y=16——x".
37 4 3

4, 4 ;
=xy=x|16——x" |=16x——x
O=uxy ( 3 ) 3

0'(x)=16-4x".
Q'(x) exists for all real numbers.
Solve:
0'(x)=0
16—4x* =0
x=12

x=2  x must be positive

11.

Chapter 2: Applications of Differentiation

Only 2is in the domain of Q.
Q"(x) =-8x
When x=2, 0"(2)=-8(2)=-16,s0a

maximum occurs when x = 2.

When x=2,

4, 2 16 32
=16-—(2) =16-— ===,
4 52) 33
and

32 64
2)=2-—=—.
Q() 3 3

Therefore, the maximum value of Q is 63—4 when

x=2andy=%.

Let x represent the width and y represent the
length of the area. It is helpful to draw a picture.

J

Since the rancher has 240 yards of fence, the
perimeter is 3x+ y = 240 . Solving this equation
for y, we have y =240-3x . Since x and y must
be positive, we are restricted to the interval
0<x<80.
The objective is to maximize area, which is
given by

A=1-w
Substituting y = 240 — 3x for the width and x for
the length, we have:

A(x) = x(240-3x) = 240x - 3x°.
We will maximize the area over the restricted

interval by first finding the derivative of the
area function.

A(x)=240x - 3x

A ’(x) =240-6x

The derivative exists for all values of x in the
interval (0,80) . The only critical values are

where:
A ’(x) =0
240-6x=0
—6x =-240
x=40

The solution is continued on the next page.
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Since there is only one critical value in the
interval, we use the second derivative to
determine whether we have a maximum. Note,

A"(x)=-6< 0 for all values of x, so there is a
maximum at x = 40.

Next we find the dimensions and the area.
When x =40,

y=240-3x = 240-3(40) =120
and

4(40) = 240(40)—3(40)" = 4800.
Therefore, the maximum area is 4800 yd?

when the overall dimensions are 40 yd by 120
yd.

Let x represent the length and y represent the
width of the swimming area.
Since the life guard has 180 yd of rope and
floats, the perimeter of the swimming area is
x+2y=180,0r x=180-2y
The objective is to maximize area, which is
given by

A=1-w
Substituting x = 180 — 2y for the length and y for
the width, we have:

A=(180-2y)y =180y -2y".
We will maximize the area over the interval
0< y <90, because y is the length of one side,
and cannot be negative. We find the derivative:
A'(y)=180-4y.
This derivative exists for all values of y in
(0,90) . Thus the only critical values are where

A'(y)=0
180-4y=0
y=45

There is one critical value on the interval.
A"(y)=-4<0for all values of y, so a
maximum occurs at y =45 .

Next, find the dimensions and the area.
When y =45, we have

x=180-2(45)=90

and

A(45)=180(45)—-2(45)" = 4050.

Therefore, the maximum area is 4050 yd* when
the overall dimensions are 45 yd by 90 yd.

367

13. Let x represent the width and y represent the

length of the area. It is helpful to draw a picture.
Y

y

Since 1200 yards of fence is available, the
perimeter is 4x+2y =1200 . Solving this
equation for y, we have y = 600—2x . Since x
and y must be positive, we are restricted to the
interval 0 < x <300.
The objective is to maximize area, which is
given by

A=1-w
Substituting y = 600 — 2x for the width and x for
the length, we have:

A(x) = xp = x(600 - 2x) = 600x — 2x> .
We will maximize the area over the restricted
interval by first finding the derivative of the
area function.

A(x)=600x - 2x>

A'(x)=600-4x
The derivative exists for all values of x in the
interval (0,300) . The only critical values are

where:
A’(x) =0
600—-4x=0
—4x =-600
x=150

Since there is only one critical value in the
interval, we use the second derivative to
determine whether we have a maximum. Note,
A"(x)=—4 <0 for all values of x, so there is a

maximum at x =150.
Next we find the dimensions and the area.
When x =150,

¥ =600—2x =600-2(150) =300
and
4(150) = 600(150) -2 (150)*
= 45,000.
Therefore, the maximum area is 45,000 yd>

when the overall dimensions are 150 yd by 300
yd.
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14. a)

b)

Let x represent the width and y represent the
length of the area. If the three areas are
parallel to the stone wall, only one of the
areas will utilize the stone wall as a side.
With 600 ft of fencing, the perimeter of the
total area will be

3x+2y =600, or y=300—%x. Since x

and y must be positive, we are restricted to
the interval 0 < x <200 . Using this
information, we find the area as a function
of x.

A(x)=xy = x(SOO—éxj = 200x-217.
2 2

Therefore,

A'(x)=300-3x

This derivative exists for all values of x.
Solve:

A’(x)zO
300-3x=0
x=100

There is one critical value on the interval.
A"(x)=-3<0 for all values of x. So a

maximum occurs at x =100.
When x =100,

y=300—%(100)=150
and
A(100) = 300(100)—%(100)2 =15,000.

Therefore, the maximum area is 15,000 ft*
when the overall dimensions are 100 ft by
150 ft.

Let x represent the width and y represent the
length of the area. If the three areas are
perpendicular to the stone wall, all three
areas will utilize the stone wall as a side.
With 600 ft of fencing, the perimeter of the
total area will be

4x+y =600, or y=600-4x. Since x and

y must be positive, we are restricted to the
interval 0 < x <150 . Using this information,
we find the area as a function of x.

A(x)=xy = x(600—4x) = 600x — 4x> .
Therefore,

A'(x)=600-8x

This derivative exists for all values of x.

Chapter 2: Applications of Differentiation

Solve:
A'(x)=0
600-8x=0

x=75
There is one critical value on the interval.
A"(x) =-8 < 0 for all values of x. So a

maximum occurs at x = 75.

When x =100,
y= 600—4(75) =300
and

4(75) = 600(75) - 4(75)° = 22,500.

Therefore, the maximum area is 22,500 ft°

when the overall dimensions are 75 ft by
300 ft.

15. Let x represent the length and y represent the

width. It is helpful to draw a picture.

X

X

The perimeter is found by adding up the length
of the sides. Since it is fixed at 42 feet, the
equation of the perimeter is 2x+2y =42 .

The area is given by 4 = xy .

First, we solve the perimeter equation for y.
2x+2y =42

2y =42-2x
y=21-x
Then we substitute for y into the area formula.
A=xy
= x(21—x) =21x—x?
We want to maximize the area on the interval
(0, 21) . We consider this interval because x is

the length of the rectangle and cannot be
negative.

Since the perimeter cannot exceed 42 feet, x
cannot be greater than 21, also if x is 21 feet, the
width of the rectangle would be 0 feet. We

begin by finding 4'(x).

A'(x) =21-2x.

This derivative exists for all values of x in
(0,21) . Thus, the only critical values occur
where A4'(x)=0. We solve the equation on the

next page.

Copyright © 2016 Pearson Education, Inc.



16.

Exercise Set 2.5

Solving 4'(x) =0, we have: 17.
21-2x=0
—2x=-21
X = 2 =10.5
2

Since there is only one critical value in the
interval, we can use the second derivative to
determine whether we have a maximum. Note
that

A"(x)=-2<0for all values of x. Thus,
A "(10.5) < 0, so a maximum occurs at

x=10.5.
Now,

A(x) =21x—x*
4(10.5)=21(10.5)— (10.5)°
=110.25

The maximum area is 110.25 ft* .
Note: when x=10.5, y=21-10.5=10.5, so

the overall dimensions that will achieve the
maximum area are 10.5 ft by 10.5 ft.

The perimeter is 2/ +2w=54,s0 [ =27-w
Since / and w must be positive, we are restricted
to the interval 0 <w < 27.

A(w)zl-wz (27—w)w= 27w—w?

A '(w) =27-2w

This derivative exists for all values of w. Solve:
A'(x)=0

27-2w=0

w=£=13.5
2

There is one critical value on the interval.
We find the second derivative.
A"(w)=-2 <0 for all values of w. So a

maximum occurs at w=13.5.

Whenw=13.5,
[=27-13.5=135
and

A(13.5)=13.5(27-13.5) =182.25.

Therefore, the maximum area is 182.25 ft?

when the overall dimensions are
13.5 ftby 13.5 ft.

369

When squares of length / on a side are cut out
of the corners, we are left with a square base of
length x. A picture will help.

The resulting volume of the box is
V=Ilwh=x-x-h=xh.

We want to express ¥ in terms of one variable.
Note that the overall length of a side of the
cardboard is 20 in. We see from the drawing,
that i+ x+h =20, or x+2h =20. Solving for &

we get:
2h=20-x

h =%(20—x)= 10—%)(.

Substituting # into the volume equation, we
have:

V=x’ (10 —%x) =10x* —%x3 . The objective
is to maximize ¥ (x) on the interval (0,20).
First, we find the derivative.

V'(x) = 20)6—%x2

This derivative exists for all x in the interval
(0,20) . We set the derivative equal to zero and

solve for the critical values

V'(x)=0
20x—232 =0
2
x(20—§xj=0
2

x=0 or 20—2x=0
2

x=0 or —§x=—20
2
x=0 or x=ﬂ=13%
3

The solution is continued on the next page.
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18.

From the previous page, the only critical value
. . 4
in (0,20) ISTO or about 13.33. Therefore, we

can use the second derivative V" (x) =20-3x

to determine if we have a maximum. We have
V"(ﬂ) = 20—3(ﬂj =-20<0.
3 3

. . 40
Therefore, there is a maximum at? .

2 3

y( 20 ZIO(EJ _l(ﬂ)
3 3) 203

16,000

=2 =59216

Now, we find the height of the box.
h=10—l 40 =£=3%.

203 3
Therefore, a box with dimensions
131in. by 131in. by 3+in. will yield a

maximum volume of 592;—2 in’.

Using the picture drawn in Exercise 17, the
resulting volume of the box is
V=Ilwh=x-x-h=xh.

We want to express ¥ in terms of one variable.
Note that the overall length of a side of the
aluminum is 50 cm. We see from the drawing,
that 4+ x+h =50, 0r x+2h=50. Solving for &

we get:
h =l(50—x) = 25—lx.
2 2

Substituting # into the volume equation, we
have:

1 1 ..
V= x? (25 —Ex) =25x7 _EX3 . The objective
is to maximize ¥ (x) on the interval (0,50).
First, we find the derivative.
V'(x) = SOx—%x2

This derivative exists for all x in the interval
(0,50), so the critical values will occur when

V'(x)=0. Solving this equation, we have:

50x—§x2 =0
2
x(SO—ixj =0
2
100 1

x=0 or )CZT:33§.

19.

Chapter 2: Applications of Differentiation

- . 1
The only critical value in (0,50) 1s % , or
about 33.33. Therefore, we can use the second
derivative 7 "(x)=50-3x to determine if we

have a maximum. We have
V"(m) = 50—3(m) =-50<0.
3 3

Therefore, there is a maximum at % .

2 3
p(100)_ 55100’ _1(100
3 3 20 3
250,000
=T = 9259 L

Now, we find the height of the box.

peas L1025 g,
20 3 3

Therefore, a box with dimensions

331 cm by 334 cm by 84 cm will yield a

maximum volume of 92597 cm’.

First, we make a drawing.

X
The surface area of the open-top, square-based,
rectangular tank is found by adding the area of
the base and the four sides. x” is the area of the
base, xy is the area of one of the sides and there
are four sides, therefore the surface area is given
byS=x+4xy.
The volume must by 32 cubic feet, and is given
by V=[-wh=x*y=32.
To express S in terms of one variable, we solve
x?y =32 for y:

_»

y= 2
Substituting, we have:

32

S(x)=x? +4x(—2)

X

=x’ +ﬁ =x? +128x7"
x
Now S is defined only for positive numbers, so

we minimize S on the interval (0, oo) .

The solution is continued on the next page.
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Exercise Set 2.5

First, we find S'(x).
S'(x)=2x-128x""

128
=2x——
x2

Since S'(x)exists for all x in (0,c), the only
critical values are where S'(x)=0. We solve

the following equation:

S'(x)=0

2x—¥=0
X

x° =64

x=4

Since there is only one critical value, we use the
second derivative to determine whether we have
a minimum. Note that

S"(x)=2+256x"" =2+2—536.
X

S"(4)=2 +§ =6>0. Since the second
JE

derivative is positive, we have a minimum at
x=4. We find y when x=4.

32
y=—

The surface area is minimized when x = 4 ft
and y =2 ft. We find the minimum surface

area by substituting these values into the surface
area equation.

S=x2+4xy
= (4) +4(4)(2)
=16+32
=48
S(4)=4>+4-4.2=48,

Therefore, when the dimensions are 4 ft by 4 ft
by 2 ft, the minimum surface area will be 48 ft*.

Using the drawing in Exercise 19, we see that
S=x’+4xy and V =1-w-h=x*y=62.5.

2 2

62.5 2.
Then y=——, and S(x)=x2+4x(6 5j,or
x x

S(x)z x? +@= x2 +250x7".
x

21.

371

We restrict the analysis to the interval (0,eo).

S'(x)=2x-250x" = 2x—%
S'(x) exists for all values of x in (0,) . Solve:
S'(x)=0
2x—% =0
x* =125
x=5

There is one critical value in the interval. We
use the second derivative to determine if it is a
minimum.

500

S"(x)=2+500x"" =2+

S"(5)= 2+55—030 =6>0, so a minimum occurs

when x=5.

62.5

Whenx=5, y=5—2—2.5.

Therefore,
S(5)=5"+4-5-25=75.

Therefore, when the dimensions are 5 in by 5 in
by 2.5 in, the minimum surface area will be 75
e

in".

First, we make a drawing.

2x

The surface area of the open-top, rectangular
dumpster is found by adding the area of the base

and the four sides. 2x? is the area of the base,
xy is the area of two of the sides, while 2xy is

the area of the other two sides. Therefore the
surface area is given by

S =2x" +2xy+2(2xy) =2x° +6xy.
The volume must by 12 cubic yards, and is
givenby ¥V =l-w-h=2x-x-y=2x>y=12.

The solution is continued on the next page.
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To express S in terms of one variable, we solve
2x%y =12 for y:

Now S is defined only for positive numbers, so
we minimize S on the interval (0,e0).

First, we find S'(x).
S'(x)=4x-36x7"

—4x-=
x2

Since S'(x)exists for all x in (0,e0), the only
critical values are where S ’(x) =0. We solve

the following equation:

36
4x-—=0

X

36

4)6 = —2
X

x*=9

x=39~2.08

Since there is only one critical value, we use the
second derivative to determine whether we have
a minimum.

Note that S"(x) =44+72x73 = 4+2_

I
n(3 72 .
S (\/5) =4+——>=12>0. Since the second
(%)
derivative is positive, we have a minimum at
x=3/9 =2.08. The width is 2.08 yd.;
therefore, the length is 2(2.08) =~ 4.16 . We find

the height y
o O
2
6
(2.08)*
=1.387
The overall dimensions of the dumpster that

will minimize surface area are 2.08 yd by 4.16
yd by 1.387 yd.

22.

23.

Chapter 2: Applications of Differentiation

Let x be the width of the container, y be the
length of the container and 2x be the height of
the container.

Since we are including the top and the bottom
of the container, the surface area is given by:

S =4x? +6xy and the volume is given by
V= y~x'2x=2x2y=18

9
Then, y=—, and
X

2

S=4x>+6x (ij =4x* +54x7",
X

We are restricted to the interval (0,) .

S’()c)=8x—54x_2 =8x—i—j
S’ (x) exists for all x in the interval. Solve:
§'(x)=0
54
8x——=0
2
8x® =54
£
4
x=~1.89

Since there is only one critical value, we use the
second derivative to determine if it is a
minimum.

108
§"(x)=8+2

X

5"(1.89)=24>0
Therefore, there is a minimum at x =1.89 .
The height is twice that of the width, therefore,
the height is 2(1.89) = 3.78 . We solve for the
length y using:
9
(1.89)

Therefore, the dimensions of the compost
container with minimal surface area are 1.89 ft.
by 2.52 ft. by 3.78 ft.

S=2.

R(x)=50x-0.5x%; C(x)=4x+10
Profit is equal to revenue minus cost.
P(x)=R(x)-C(x)

=50x-0.5x" — (4x+10)

=-0.5x" +46x—10
The solution is continued on the next page.
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Exercise Set 2.5

Because x is the number of units produced and
sold, we are only concerned with the
nonnegative values of x. Therefore, we will find

the maximum of P(x)on the interval [0,c).
First, we find P'(x).

P’ (x) =-x+46

The derivative exists for all values of x in[0, o).

Thus, we solve P'(x)=0.

-x+46=0
—-x=-46
x =46

There is only one critical value. We can use the
second derivative to determine whether we have
a maximum.

P"(x) =-1<0
The second derivative is less than zero for all
values of x. Thus, a maximum occurs at x = 46.

P(46)=-0.5(46)" +46(46)—10
=-1058+2116-10

=1048
The maximum profit is $1048 when 46 units are
produced and sold.

R(x)=50x-0.5x%; C(x)=10x+3
P(x)= R(x)—C(x)
=50x—0.5x" — (10x +3)

=—-0.5x> +40x -3,
P'(x)=-x+40

0<x<oo

The derivative exists for all values of x in [0, oo) .

Thus, we solve P'(x)=0.

-x+40=0

x=40
There is only one critical value.
P"(x)=-1<0

The second derivative is less than zero for all
values of x. Thus, a maximum occurs at x = 40.

P(40)=-0.5(40)" +40(40) -3 =797

The maximum profit is $797 when 40 units are
produced and sold.

25.

26.

373

R(x)=2x; C(x)=0.01x*+0.6x+30
Profit is equal to revenue minus cost.
P(x)=R(x)-C(x)
= 2x-(0.01x> +0.6x+30)
=-0.01x> +1.4x-30
Because x is the number of units produced and

sold, we are only concerned with the
nonnegative values of x. Therefore, we will find

the maximum of P (x)on the interval [0, ).
First, we find P'(x).

P'(x)=-0.02x+1.4

The derivative exists for all values of x in[O,oo) .

Thus, we solve P'(x)=0.

-0.02x+1.4=0
-0.02x=-14
x=70

There is only one critical value. We can use the
second derivative to determine whether we have
a maximum.

P"(x)=-0.02<0

The second derivative is less than zero for all
values of x. Thus, a maximum occurs at x = 70.

P(70)=-0.01(70)’ +1.4(70)-30
=—49+98-30
=19
The maximum profit is $19 when 70 units are
produced and sold.

R(x)=5x; C(x)=0.001x*+1.2x+60
P(x)z R(x)—C(x)
- 5x—(0.001x2 +1.2x+60)

=-0.001x> +3.8x — 60,
P'(x)=-0.002x+3.8

0<x<oo

The derivative exists for all values of x in [0, o) .
Thus, we solve P'(x)=0.
—-0.002x+3.8=0

x=1900
There is only one critical value.
P"(x)=-0.002<0
The second derivative is less than zero for all
values of x. The maximum occurs at x =1900.
P(1900) = -0.001(1900)" +3.8(1900) - 60 = 3550

The maximum profit is $3550 when 1900 units
are produced and sold.
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27. R(x) =9x—2x2

C(x)z ¥} =3x% +4x+1
R(x)and C(x)are in thousands of dollars and x

is in thousands of units.
Profit is equal to revenue minus cost.

P(x)=R(x)=C(x)
=9x—2x’ —(x3 -3x2 +4x+1)
=—x’+x*+5x-1
Because x is the number of units produced and
sold, we are only concerned with the

nonnegative values of x. Therefore, we will find
the maximum of P (x)on the interval [0,c).

First, we find P'(x).
P'(x)=-3x"+2x+5

The derivative exists for all values of x in [0, oo) .

Thus, we solve P'(x)=0.

“3x*+2x+5=0

3x*-2x-5=0

(3x—5)(x+1):O
3x-5=0 or x+1=0
3x=5 or x=-1
x=§ or x=-1

There is only one critical value in the interval
[0,00) . We can use the second derivative to
determine whether we have a maximum.
P"(x)=-6x+2

Therefore,

P"(EJ:—6(§)+2:—10+2:—8<0
3 3

The second derivative is less than zero for

5 . 5
X = 3 Thus, a maximum occurs at x = 3

3 2
P[2)=—[2] +[2] +5[2]-1
3 3 3 3
125 25 25
27 9 3
__125,75 205 27

27 27 27 27
_148
27

1

28.

Chapter 2: Applications of Differentiation

Note that x = g thousand is approximately

1.667 thousand or 1667 units, and that %

thousand is approximately 5.481 thousand or
5481.

Thus, the maximum profit is approximately
$5481 when approximately 1667 units are
produced and sold.

%x3—6x2+89x+100

R(x)and C(x)are in thousands of dollars and x

C

R x)= 100x — x*
x)=

(
(

1s in thousands of units.
P(x)=R(x)-C(x)

=100x— x> —Gﬁ —6x> +89x+100j

=—%x3+5x2+11x—100, 0<x<oo

P'(x)=-x"+10x+11
The derivative exists for all values of x in[0, o).
Thus, we solve P'(x)=0.
x> +10x+11=0
x*=10x-11=0
(x—ll)(x+1)=0
x—11=0
x=11 or x=-1

There is only one critical value in the interval
[0, oo) . We can use the second derivative to

or x+1=0

determine whether we have a maximum.
P"(x) =-2x+10

Therefore,

P"(11)=-2(11)+10=-12<0

The second derivative is less than zero for
x=11. Thus, a maximum occurs at x =11.

P(ll):—%(llf +5(11)° +11(11)-100

=182.333
Note that x =11 thousand is 11,000 units, and
that 182.333 thousand is 182,333.
Thus, the maximum profit is approximately
$182,333 when 11,000 units are produced and
sold.
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29. p=280-0.4x Price per unit.
C(x)=5000+0.6x> Cost per unit.

a) Revenue is price times quantity. Therefore,
revenue can be found by multiplying the
number of unit sold, x, by the price of the
unit, p . Substituting 280—0.4x for p, we

have:
R (x) =x'p
= x(280-0.4x)
R(x)=280x-0.4x"
b) Profit is revenue minus cost. Therefore,
P(x) = R(x)— C(x)
= 280x—0.4x” —(5000+ 0.6+

=-x>+280x-5000, O<x<oo
Since x is the number of units produced and
sold, we will restrict the domain to the
interval 0 < x < oo,
¢) To determine the number of suits required to
maximize profit, we first find P'(x).

P'(x)=-2x+280.

The derivative exists for all real numbers in
the interval [0,e0). Thus, we solve

P'(x)=0
-2x+280=0
—2x =-280
x=140

Since there is only one critical value, we can
use the second derivative to determine
whether we have a maximum.
P"(x)=-2<0
The second derivative is negative for all
values of x; therefore, a maximum occurs at
x =140.
Riverside Appliances must sell 140
refrigerators to maximize profit.

d) The maximum profit is found by substituting
140 for x in the profit function.

P(140) = — (140 +280(140) — 5000
=-19,600+ 39,200 - 5000
=14,600

The maximum profit is $14,600.

e) The price per refrigerator is given by:
p=280-0.4x

Substituting 140 for x, we have:

p=280-0.4(140)=224

The price per refrigerator will be $224.

30.

31.

375

p=150-0.5x,C(x)=4000+0.25x>
a) R(x)=x-p=x(150-0.5x)=150x—0.5x"
b) P(x)=R(x)-C(x)

=150x-0.5x> ~(4000+0.25x’)

P(x)=-0.75x" +150x— 4000, 0<x<oo

¢) P'(x)=-1.5x+150
P' (x) exists for all real numbers in the

interval [0,¢). Solve:
-1.5x+150=0

x=100
Since there is only one critical value, we can
use the second derivative to determine
whether we have a maximum.
P"(x)=-15<0
The second derivative is negative for all
values of x; therefore, a maximum occurs at
x =100.
Raggs, Ltd. must sell 100 suits to maximize

profit.
d) Substitute 100 for x in the profit function.

P(100) = —0.75(100)” +150(100) - 4000
=3500
The maximum profit is $3500.
e) p=150-0.5(100)=150-50=100
The price per suit will be $100.

Let x be the amount by which the price of $80
should be increased. First, we express total
revenue R as a function of x. There are two
sources of revenue, revenue from tickets and
revenue from concessions.

R(x)= (Number ofj . (price ij

Rooms Rooms

Note, when the price increases x dollars, the

number of rooms occupied falls by x rooms.

Thus, the number of rooms is 300 — x when
price increases x dollars. Therefore, the total
revenue function is

R(x)=(300-x)(80+x)

=—x? +220x + 24,000

The solution is continued on the next page.
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32.

The cost of maintining each occupied room is
$22. Therefore the total cost function is:

Number of
C (x) = ( )-22
Rooms
=(300-x)22
=6600—22x.

Now we can find the profit function for the
hotel.

P(x) = R(x)— C(x)
= —x? +220x + 24,000 — (6600 — 22)
= —x7 +242x+17,400.
To find x such that P(x) is a maximum, we first
find P'(x):
P’(x) =-2x+242

This derivative exists for all real numbers x.
thus, the only critical values are where

P'(x)=0; so we solve that equation:

P'(x)=0
—2x+242=0
—2x =242
x=121

The second derivative P"(x)=-2<0is

negative for all values of x, therefore a
maximum occurs atx =121 .

The charge per unit should be $80 + $121, or
$201.

Let x be the amount by which the price of $18
should be decreased (if x is negative, the price
would be increased to maximize revenue). First,
we express total revenue R as a function of x.
There are two sources of revenue, revenue from
tickets and revenue from concessions.

tickets concessions

Revenue from Revenue from
R (x) = +

Number of | [ Ticket Number of
= . ) + -4.50
People Price People

Note, the increase in ticket sales is 10,000 x,
when price drops 3x dollars. Therefore, the

>

increase in ticket sales is

x when price

drops x dollars.

33.

Chapter 2: Applications of Differentiation

R(x)= (40,000+@x)(18—x)+

10,000

(40, 000+ x)(4.50)
10,000

= Tx +35,000x + 900,000

Therefore, the total revenue function is

R(x)= —%xz +35,000x + 900,000

R' (x) =
This derivative exists for all real numbers x.

thus, the only critical values are where
R'(x)=0; so we solve that equation:

—wx+35,000=0

—Mx +35,000

_Mx =-35,000
x=35.25
The second derivative R"(x) = _20,000

3

is negative, for all values of x, therefore a
maximum occurs at x = 5.25 . In order to
maximize revenue, the university should charge
$18-985.25, or $12.75.

We can find the attendance using
40,000+@(5.25) =57,500

The average attendance when ticket price is
$12.75 is 57,500 people.

Let x be the amount the number of new officers
Oak Glen should place on patrol. The total
number of parking tickets written per day is

Number of | [ Avg. Tickets
p ( x) = .

officers per day
=(8+x)(24-4x)
= —4x* —8x+192.
To find x such that p(x) is a maximum, we first
find p'(x):
p'(x) =—-8x-38.

This derivative exists for all real numbers x.
thus, the only critical values are where

P'(x)=0.

The solution is continued on the next page.
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35.

Exercise Set 2.5

We solve the equation:

P’(x)=0

—8x—-8=0

—8x=8
x=-1

The second derivative P"(x)=-8<0is

negative for all values of x, therefore a
maximum occurs atx = —1.

This means that Oak Glean should place one
fewer officer on patrol in order to maximize the
number of parking tickets written in a day.

Let x equal the number of additional trees per
acre which should be planted. The total yield
per acre is equal to the yield per tree times the
number of trees so, we have:

Y (x)=(30-x)(20+x)

=600+10x—x”
Find ¥ '(x):
Y'(x)=10-2x.
This derivative exists for all real numbers x.
Thus, the only critical values are where
Y'(x)=0; so we solve that equation:
10-2x=0

x=5
This corresponds to planting 5 trees.

Since this is the only critical value, we can use
the second derivative,

R "(x) = -2 < 0, which is negative for all values
of x. A maximum occurs at x = 5.

Therefore, in order to maximize yield, the apple
farm should plant 20 + 5, or 25 trees per acre.

a) First find the slope of the line.

1.12-1 12
m=—==—-——
0.59-1 41
12
—1=——=(x-1
Y a7y
12,
RVTRRDT
So the demand function is:

12 53
X)=——x+—
a(x) 417 41

36.

b)

a)

b)

377

First, we express total revenue R as a
function of x. Revenue is price times
quantity demanded, therefore,

R(x)=x-q(x)
R(x):x(—£x+£)
41 41
12 , 53
=——x"+—x
41 41

To find x such that R(x) is a maximum, we
first find R'(x):

R'(x):—%ﬁfﬁ

R'(x) exists for all real numbers. Solve:

R'(x)ZO
—ﬁx+220
41 41
53
xX=—
24
x=221

The second derivative R"(x) = —% <0,

is negative, for all values of x, therefore a
maximum occurs atx = 2.21.
To maximize revenue, the price of nitrogen

should increase 221% from the January
2001 price.

When x=25, g=2.13. When x=25+1,
or 26, then ¢ =2.13-0.04 =2.09. We use
the points (25,2.13) and (26,2.09) to find

the linear demand function q(x) . First, we

find the slope:
= 2.13-2.09 _0.04 004,
25-26 -1

Next, we use the point-slope equation:

q—2.13=-0.04(x—25)

g—2.13=-0.04x+1
q=-0.04x+3.13

Therefore, the linear demand function is:
q(x) =-0.04x+3.13.

Revenue is price times quantity; therefore,
the revenue function is:

R(x) = x-q(x)
=x(-0.04x +3.13)

=-0.04x" +3.13x
The solution is continued on the next page.
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Find R‘(x):
R'(x)= -0.08x+3.13.

This derivative exists for all values of x. So
the only critical values occur when
R ’(x) =0 ; so we solve that equation:

—0.08x+3.13=0
—0.08x =-3.13
x=39.125

Since this is the only critical value, we can

use the second derivative,

R "(x) =-0.08<0,

to determine whether we have a maximum.
Since R"(39.125)is negative, R(39.125)is
a maximum.

In order to maximize revenue, the State of

Maryland should charge $39.125 or
rounding up to $39.13 per license plate.

37. Let x be the number of $0.10 increase that

should be made. Then,
R (x) = (Attendance) . (Admission Price)

=(180—x)(5+0.1x)
=-0.1x> +13x+ 900

To find x such that R(x) is a maximum, we first
find R'(x):
R'(x)=-02x+13

R ’(x) exists for all real numbers. Solve:

R'(x)=0
-0.2x+13=0
x=65

Since there is only one critical value, we can
use the second derivative,

R"(x)=-0.2<0,

to determine whether we have a maximum.
Since R "(65) is negative, a maximum occurs at
x=65.

When x = 65 the admission price that will
maximize revenue is given by:
$5+0.1(65)=11.50

Therefore, the theater owner should charge
$11.50 per ticket.

38.

Chapter 2: Applications of Differentiation

The volume of the box is given by
V=x~x~y=x2y=320.

The area of the base is x> . The cost of the base
is 15x? cents.

The area of the top is x* . The cost of the top is

10x? cents.
The area of each side is xy . The cost of the four

sides is 2.5(4xy) cents.

The total costs in cents is given by

C =15x" +10x” +2.5(4xy) = 25x° +10xy.

To express C in terms of one variable, we solve
x%y =320 for y:

_320
x2 .
Then,
2 2
C(x)=25x> +10x(¥) = 2552 42200
X X

The function is defined only for positive
numbers, so we are minimizing C on the
interval (0,c0).

First, we find C'(x).

3200

x2

Since C'(x)exists for all x in (0,e°) , the only

C'(x)=50x-3200x"> = 50x —

critical values are where C '(x) =0. Thus, we

solve the following equation:

50x — 32?0 =0
X
s = 320
X
x° =64
x=4

This is the only critical value, so we can use the
second derivative to determine whether we have
a minimum.

- 6400
C"(x)=50+6400x"> =50 +——
X
Note that the second derivative is positive for all
positive values of x, therefore we have a

minimum at x =4. We find y when x =4.
320 320 320
== W ST
The cost is minimized when the dimensions are
4 ft by 4 ft by 20 ft.
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39. The area of the parking area is given by

A=x-y=5000.
Since three sides are chain link fencing, the total
cost of the chain link fencing is given by
4.50(2x +y)dollars.
One side is wooden fencing, the cost of the
wooden fence is 7y dollars.
The total costs in dollars is given by
C=4.50(2x+y)+7y

=9x+11.5y.
To express C in terms of one variable, we solve
xy = 5000 for y:

5000

X

Then,
5000

C(x)=9x+11.5(7j

57,500
+ R
x
The function is defined only for positive
numbers, so we are minimizing C on the
interval (0,c0).
First, we find C'(x).

=9x

57,500

x2

Since C'(x)exists for all x in (0,eo) , the only

C'(x)=9-57,500x7 =9

critical values are where C '(x) =0. Thus, we

solve the following equation:

o 57,200 o
X
57,500
9="2"
X
9x% =57,500
, 57,500
Xt =—
9
[57,500
X =
9
x=79.93

This is the only critical value, so we can use the
second derivative to determine whether we have
a minimum.

3 172,500
C"(x)=172,500x" = ———

X

Note that the second derivative is positive for all
positive values of x, therefore we have a
minimum at x = 79.93.

40.

379

We find y when x =79.93.
~ 5000 5000

— = =6255.
x  (79.93)

The cost is minimized when the dimensions are
62.55 ft by 79.92 ft. (Note, the wooden fence
side should be 62.55 feet.)

Substituting these dimensions into the cost
function we have:

C=9x+11.5y

=9(79.93)+11.5(62.55)

=1438.695 = 1439.
The total cost of fencing the parking area is
approximately $1439.

A=x-y=1200
Cost of Stone = 35 (Zx)

Cost of Wood = 28(2y)

Therefore the total cost function is:
C=70x+56y.

To express C in terms of one variable, we solve
xy =1200 for y:
1200

x
Then,

1200

C(x)= 70x+56(—J = 70x+ 97200
X

X
The function is defined only for positive
numbers, so we are minimizing C on the
interval (0,e0).

First, we find C'(x).

67,200

2
X

Since C'(x)exists for all x in (0,e°) , the only

C'(x)=70-

critical values are where C '(x) =0. Thus, we

solve the following equation:

67,200
70-—5—=0
X
70x% = 67,200
x=30.98

This is the only critical value, so we can use the
second derivative to determine whether we have
a minimum.

134,400
Cr(x) =2
X
Note that the second derivative is positive for all
positive values of x, therefore we have a
minimum at x = 30.98.
The solution is continued on the next page.
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We find y when x =30.98.

y=o 3873,
30.98

Therefore, the cost will be minimized when the
stone wall is 30.98 yards long and the wooden
fencing is 38.73 yards long. The minimum cost
is given by:

C= 70(30.98)+ 56(38.73) =4337.48.

The minimum cost will be approximately
$4337.

Let x and y represent the outside length and
width, respectively.

A ¥
X 0.75
A
0.5
| x-15 PR
x (52 >
y—1
v
0.75
v
Yy

[
»

A

12
We know that xy =73.125, soy = 73.125 .
X

We want to maximize the print area:

A=(x-15)(y-1)
=xy—x—-15y+1.5.

Substituting for y, we get:

A(x):x(73.125j_x_1.5(73.125}1.5
X X

109.6875

— 4
X

109.6875
X

=73.125-x~ 1.5

=74.625-x~—

109.6875
+—

2
X

A'(x)=-1+109.6875x % = -1

A (x) exists for all values in the domain of 4.

Solve:
A'(x) =0
14 109.62875 ~0
X
x* =109.6875

x =14/109.6875

The only critical value in the domain of 4 is

x =4/109.6875 ;

42,

Chapter 2: Applications of Differentiation

Therefore, we can use the second derivative to
determine if it is a maximum.

A"(x)=-219.375x" = - 219'375 :

X
A"(\/109.6875) <0, s0 A(\/109.6875) isa
maximum.
When
x=+/109.6875 =~ 10.47,

73.125

Y 09,6875 %
Therefore, the outside dimensions should be
approximately 10.47 in. by 6.98 in. to maximize
the print area.

Let x equal the lot size. Now the inventory costs
are given by:

_Yearly Carrying
¢ (x ) - Cost
Yearly carrying costs:

Cc(x)=20-§

Yearly reorder

T Cost

=10x
Yearly reorder costs:

C,(x)=(40+ 16%%)

=299 1600

x
Hence, the total inventory cost is:
C(x)=C,(x)+C,(x)

00 +1600.
x

We want to find the minimum value of C on the
interval [1,100] . First, we find C'(x):

4000

5.
X

=10x+

C'(x)=10-4000x">=10-

The derivative exists for all x in [1,100], so the
only critical values are where C'(x)=0.
C'(x)=0

4000

x2

10— 0

4000
- 2

X
10x* = 4000
x> =400
x =120
The only critical value in the interval is x =20.
The solution is continued on the next page.
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We can use the second derivative to determine
whether we have a minimum.

C"(x)=8000x"" = 82(3)0

Notice that C"(x) is positive for all values of x
in [1,100], we have a minimum at x = 20. Thus,

to minimize inventory costs, the store should
1 .
order pool tables % = Stimes per year. The

lot size will be 20 tables.

Let x be the lot size.

_Yearly Carrying , Yearly reorder
¢ (x ) - Cost Cost

We consider each cost separately.
Yearly carrying costs, C,(x): Can be found by

+

multiplying the cost to store the items by the
number of items in storage. The average

. . X .
amount held in stock is 3 and it cost $4 per

bowling ball for storage. Thus:
X
C.(x)=4 Y
=2x
Yearly reorder costs, C,(x): Can be found by

multiplying the cost of each order by the
number of reorders. The cost of each order is
1+ 0.5x , and the number of orders per year is

@ . Therefore,
X
C,(x)= (1+o.5x)(@j
x
=299 100
X

The total inventory cost is given by:
C(x) =C, (x) +C, (x)

=2x+@+100,
X

We want to find the minimum value of C on the
interval [1,200]. First, we find C'(x):

1<x<200

C'(x)=2-200x" = 2—2—020
X
C'(x)exists for all x in [1,200] . [1,100], so the

only critical values are where C'(x)=0.

44.

381

Solving the equation, we have:

C'(x)=0
200
2———=0
2
x==10

The only critical value in the domain is x =10.
Therefore, we use the second derivative,
3 400
C"(x)=400x" =—-
X
to determine whether we have a minimum.
C"(10)=0.4>0,s0 C(10)is a minimum.

In order to minimize inventory costs. The store
2 .
should order % =20 times per year. The lot

size will be 10 bowling balls.

Let x equal the lot size.

_Yearly Carrying | Yearly reorder
¢ (x ) - Cost Cost

Yearly carrying costs, C, (x) :

+

C

c

(x)=2 % —x
Yearly reorder costs, C, (x) :

720) 3600

C,(x)= (5+2.50x)(7 +1800

7
X

Hence, the total inventory cost is:
C(x) =C, (x) +C., (x)

=2+ 299 4 1800,
X
Then,
C'(x)=1-3600x7 =1- 36(2)0.
X

The derivative exists for all x in [1,720] . Solve:

C'(x)=0
- 3680 o
X
2 _
x> =3600
x =160

The only critical value in the interval is x =60,
so we can use the second derivative to
determine whether we have a minimum.

7200
-
X

C"(x)=7200x" =

The solution is continued on the next page.
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Notice that C"(x) is positive for all values of x

in [1,720], we have a minimum at x = 60. Thus,

to minimize inventory costs, the store should
720 .
order calculators o0 =12 times per year. The

lot size will be 60 calculators.

Let x equal the lot size. Now the inventory costs
are given by:

_ Yearly Carrying , Yearly reorder
C(x)= Cost +t Cost

We consider each cost separately.
Yearly carrying costs, C,(x): Can be found by

multiplying the cost to store the items by the
number of items in storage. The average

. . X .
amount held in stock is 3 and it cost $2 per

calculator for storage. Thus:
X
C.(x)=8—
c ( ) 2
=4x
Yearly reorder costs, C,(x): Can be found by

multiplying the cost of each order by the
number of reorders. The cost of each order is
10+ 5x , and the number of orders per year is

360 . Therefore,
x
C,(x)= (10+5x)(@)
x
= 3600 +1800
X

Hence, the total inventory cost is:
C(x)=C. (x)+C, (x)
3600
x
We want to find the minimum value of C on the
interval [1,360] . First, we find C'(x):

3600
T2
X

=4x+

+1800, 1<x<360

C'(x)=4-3600x">=4

The derivative exists for all x in [1,360], so the

only critical values are where C'(x)=0. We

solve the equation at the top of the next column.

Chapter 2: Applications of Differentiation

C'(x)=0
4 3620 o
X
3600
4 =
x2
4x* =3600
¥ =900
x =130

The only critical value in the domain is x =30 .
Therefore, we use the second derivative,
7200

C"(x)=7200x" = 5

to determine whether we have a minimum.
C"(30)=0.27>0,s0 C(30)is a minimum.

In order to minimize inventory costs. The store
360 .
should order 30 =12 times per year. The lot

size will be 30 surf boards.

46. Let x equal the lot size.

Yearly carrying costs:
X
C.(x)=2-—
c ( ) 2

=X
Yearly reorder costs:

c,(x)=(4+z.50x)(%j

_lo4 o
X

Hence, the total inventory cost is:
C(x) =C, (x) +C., (x)
1024
X
We want to find the minimum value of C on the
interval [1,256]. First, we find C'(x):

1024

x2

=x+ +640.

C'(x)=1-1024x7 =1-

The derivative exists for all x in[1,256] , so the
only critical values are where C'(x)=0. We

solve that equation:

1024
1- 02 =0
X
1024
1:
x2
x2 =1024
x =132

The solution is continued on the next page.
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48.

Exercise Set 2.5

The only critical value in the interval is x =32,
so we can use the second derivative to
determine whether we have a minimum.

2048

C"(x)=2048x" = 5

Notice that C"(x) is positive for all values of x

in[1,256], so we have a minimum at x = 32.

Thus, to minimize inventory costs, the store

should order calculators % = 8 times per year.

The lot size will be 32 calculators.

Let x be the lot size.

Yearly carrying cost. C, (x) = 8-% =4x
C.(x)= (10+6x)(@)
Yearly reorder cost: o
_ 3600 +2160
X
Therefore,
C(x)=C.(x)+C,(x)
=4x+m+2160, 1<x<360
X
C'(x)=4-3600x" =4~ 36(2)0
X
C'(x) exists for all x in [1,360] . Solve:
C'(x)=0
4 36(2)0 ~0
X
x =230

The only critical value in the domain is x =30.
Therefore, we use the second derivative,

3 7200
C"(x)=7200x" =——
to determine whether we have a minimum.
C"(30)=0.27>0,s0 C(30)is a minimum.

In order to minimize inventory costs. The store
should order % =12 times per year. The lot

size will be 30 surf boards.

The volume of the container must be 250 in>.
Therefore, we use formula for the volume

cylinder to obtain 250 = 7z7%h .
Solving for # we have:

pa 250,
r

383

The container consists of a circular top and a
circular bottom. The area for each of the top and

bottom of the container is given by 4= 7.
The side material that when laid out is a
rectangle of height # and whose length is the
same as the circumference of the circular ends,
27tr . Therfore, the surface area of the side
material is 4 =2zrh . Therefore, the total
surface area is the sum of the area of the top and
the bottom plus the the side material:

A=2mr" +27rh .
Substituting for 4, we have area as a function
of the radius, 7.

250

A(r)= 27 + 27y (—2)
r

A (r) =27 + 200
P
The nature of this problem requires »>0. We
differentiate the area function with respect to r:
500
A'(r) =4nr——.
r
We find the critical values by setting the
derivative equal to zero and solving for r.
Remember, r>0.

A'(r)ZO
4ﬂr—@=0
r
47[1”:@
r
47 =500
A
T
r=3.414

This is the only critical value in the interval
r>0. We will calculate the second derivative
to determine the concavity of the function.

1000
A"(r)=4z+——.

r

Evaluating the second derivative at the critical
value, we have:

A(3.414) =z + 1000

(3.414)°

=37.697 > 0.
Since the second derivative is positive at the
critical value, the critical value represents a
relative minimum.
The solution is continued on the next page.
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We determine the height of the container by

substituting back into
pa 250,
r
h= Az =~ 6.828
7(3.414)

Therefore, the dimensions of the container that
will minimize the surface area are a height of
6.828 inches and a radius of 3.414 inches.

The volume of the container must be 400 cm”.
Therefore, we use formula for the volume

cylinder to obtain 400 = 7z7%h .
Solving for # we have:
e 400

7Z'}”2

Therefore, the total surface area is the sum of
the area the bottom plus the the side material:

A=nmr* +2zrh .
Substituting for 4 in area formula we have area
as a function of the radius, r.

A(r) = 7r’ +27r (4_()2))

r
A(r) = 771 +—800
-

The nature of this problem requires »>0. We
differentiate the area function with respect to 7:

A'(r) = 27[;’—8—020 .

r
We find the critical values by setting the
derivative equal to zero and solving for r.

Remember, »>0.

A'(r)ZO
27[1/-@:0
r
27[r=@
B
800
27
r=3 ﬂ
V4
r=5.03

This is the only critical value in the interval
r>0. We will calculate the second derivative
to determine the concavity of the function.
1600

A'(r)=2m e

We evaluate the second derivative at the critical
value at the top of the nexg column.

50.
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1699 _ 15 85550,

(5.03)
Since the second derivative is positive at the
critical value, the critical value represents a
relative minimum. We determine the height of
the container by substituting back into

400
h="".
r

=20 503

 z(5.03)
Therefore, the dimensions of the container that
will minimize the surface area are a height of
5.03 cm and a radius of 5.03 cm.

A4"(5.03)=27+

The cost function for the container would be is

given by:
area of the
C =0.005

top and bottom

area of the
+0.003| )
side material

Using the information from problem 48, we
know the total area for the top and bottom of the

can was given by 2777% and the area of the side

. . 500
material was given by ——. Therefore, the cost
r

function is:
C(r)=0.005(227*)+0.003 [ﬂj
-
=001z +12.

r
The nature of the problem still requires 7 > 0.
Calculating the derivative of the cost function
we have:

C'(r)= 0.01(27zr2’1)+ 1.5(_1,,—1—1)

1.5

=0.027r ——-
2

Find the critical values by setting the derivative
equal to zero and solving for r.

C'(r)=0
0.027zr——=0
r
s
T
r=3 E
\ 7
r=2.879

The solution is continued on the next page.
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From the previous page, we determine

r =2.879 is the only critical value in the
interval r> 0.

Next, we find the second derivative:

C"(r)= o.ozn+%.

Substituting the critical value into the second
derivative, we have:

C"(2.879)=0.0227 Jr;3
(2.879)

=0.19>0.
Since the second derivative is positive at the

critical value, the critical value represents a
relative minimum. We substitute the critical

2
value back into 4= ig to determine the
r

value for 4. Notice, we substitute before the
rounding of 7.
_ 250

 7(2.879411)°

=~9.598
The dimensions of the container that will

minimize the cost of the container are a radius
0f2.879 in and a height of 9.589 in.

The cost function for the container would be is
given by:

area of
C=0.0015
the base
area of
+0.0008 .
the side

Using the information from problem 49, the
cost function is:
C(r)=0.0015(7r*}+0.0008 (@j

r

=0.00157+* + 0.64 .

r
The nature of the problem still requires » > 0.
Calculating the derivative of the cost function

we have:
j [0.00157172 + 0'64}

r r

c'(r)

0.64

V2

=0.0037r -

52.
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Find the critical values by setting the derivative
equal to zero and solving for r.

C'(r)=0
0.0037zr - 0'24 =0
r
0.00377 = 0‘24
r
3 0.64
r =
0.0037
[ 0.64
r=3
0.0037
r=4.08

This is the only critical value in the interval
r>0.

Next, we find the second derivative:

c"(r)= di(o.omm— 0’24)
r r

= 0,007+

»
Substituting the critical value into the second
derivative, we have:

C"(4.08) = 0.0037 + 2

3
(4.08)
=0.028 > 0.
Since the second derivative is positive at the
critical value, the critical value represents a
relative minimum. We substitute the critical

value back into 4 = 4—0(2) to determine the
r

value for 4. Notice, we substitute before the
rounding of r.
400

7(4.08)’
=7.65
The dimensions of the container that will

minimize the cost of the container are a radius
0f 4.08 cm and a height of 7.65 cm.

h=

Case L.

If y is the length, the girth is
x+x+x+x, or 4x.

Case II.

If x is the length, the girth is
X+y+x+y,or2x+2y.

Case L.
The combined length and girth is
y+4x=84.

The volumeis V = x-x-y=x"y .
The solution is continued on the next page.
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We want express V in terms of one variable.
We solve y+4x =84, fory.

y+4x =284
y=84—4x
Thus,
V=x(84—4x)=84x" —4x’.
To maximize V (x)we first find V' (x).
V'(x)=168x-12x
This derivative exists for all x, so the critical
values will occur when 7'(x) = 0 ; therefore,

we solve that equation.

168x—12x* =0
12x(14—x)=0
12x=0 or 14-x=0
x=0 or x=14

Since x # 0, the only critical value is x = 14.
We can use the second derivative,
V"(x)=168-24x,

to determine whether we have a maximum.
V"(14)=168-24(14)=-168 <0

Therefore, we have a maximum at x =14 .

If x=14,then y =84-4(14)=28.
Therefore, the dimensions that will maximize
the volume of the package are 14 in. by 14 in.

by 28 in. The volume is 14 x 14 x 28 = 5488 in®.

Case II.

The combine length and girth is
xX+2x+2y=3x+2y=284.

The volumeis V = x-x-y=x>y.

We want express ¥ in terms of one variable.
We solve 3x+2y =84, for y.

3x+2y=284
2y=84-3x
3
=42-—x
4 2
Thus,

V=x* (42—3)5) —a? 23

2 2
To maximize V (x)we first find V'(x).
V‘(x) = 84x—%x2

This derivative exists for all x, so the critical

values will occur when V'(x) =0. We solve the

equation at the top of the next column.

53.
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84x—— x> =0
2

3x(28—§xj =0
2

3x=0 or 28—%x=0

x=0 or ——x=-28
x=0 or xzﬁ
3

. .. . 56
Since x # 0, the only critical value is x = 3
We can use the second derivative,

V"(x)z 84-9x ,

to determine whether we have a maximum.

V"(ﬁj:84—9(&j:—84<0
3 3

. 56
Therefore, we have a maximum at x = 3

tx=20 21867, then y=42->[ 0|14,
3 2\ 3

Therefore, the dimensions that will maximize
the volume of the package are 18.67 in. by
18.67 in. by 14 in. The volume is
36,030 14~ 48782 in.

3 3
Comparing Case I and Case II, we see that the
maximum volume is 5488 in® when the
dimensions are 14 in. by 14 in. by 28 in.

Let y represent the dimension on the lot line and
let x represent the other dimension. Then the
length of fencing that the person must pay for is

1 +x+ +x—2x+2
2y ¥ 2)’-

We know xy = 48 ; therefore, y = ﬁ
X

The length of fencing as a function of x is:

F(x)=2x+é(ﬁj=2x+2, 0<x<oo.
2\ x by
F'(x)=2—72x‘2=2—@
x

F'(x) exists for all x in (0,e0) . Solve:
F'(x)=0

72
-2

2

x =16

The solution is continued on the next page.
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Only the critical value x =6is in (0, o). Since

there is only one critical value, we use the
second derivative to determine whether we have
a minimum.
3 144
F'(x)=144x7 =—
X
2 . ..
F"(6)= 3 >0,s0 F(6)is a minimum.

When x=6, y = % = 8. The dimensions that

minimize the cost are 6 yd by 8 yd. Where the
longer side of the lot is adjacent to the
neighbor’s yard.

Use the figure in the text book. Since the radius
of the window is x, the diameter of the window
is 2x, which is also the length of the base of the
window.

The circumference of a circle whose radius is x

is given by:
C=2rxx. (C = 27zr)
Therefore, the perimeter of the semicircle is
1
—C= 27x =7Ix.
2 2

The perimeter of the three sides of the rectangle
which form the remaining part of the total
perimeter of the window is given by:
2x+y+y=2x+2y.

The total perimeter of the window is:
Tx+2x+2y=24.

Maximizing the amount of light is the same as
maximizing the area of the window. The area of
the circle with radius x is:

(A=7zr2).

Therefore, the area of the semicircle is:

A=7zx2,

1
—A=—71x>.

2 2
The area of the rectangle is2x - y .

The total area of the Norman window is
1
A= Py X’ + 2xy.

To express 4 in terms of one variable, we solve
Tx+2x+2y=24 fory:
x+2x+2y=24

2y=24-2x-r7x

T
=12-x-—x
g 2

387

Then,
A(x)zlﬂx2 +2x(12—x—£x)
2 2
= %ﬂxz +24x-2x% —7x?
1 2
= (——ﬂ—ij +24x
2
We maximize A4 on the interval (0,24) . We first
find A’(x).
A'(x)=(-m-4)x+24.
Since A'(x)exists for all x in (0,24), the only

critical points are where A'(x)=0. Thus, we

solve the following equation:

A‘(x)ZO
(-7-4)x+24=0
(-m—4)x=-24
-24
24
x=%:3.36

This is the only critical value, so we can use the
second derivative to determine whether we have
a maximum.

A"(x)=-7m—4<0
Since A4"(x)is negative for all values of x, we

. 24
have a maximum at x =—— . We find y when
T+4

p— 24 .
T+4’

y=12—%x—x

.~ 24 ) 24
2\7+4) rw+4

:12(7[+4)_ 127 24

T+4) w+4 rw+4
_R2r+48-127-24
T+4
=i:3.36
T+4

The solution is continued on the next page.

Copyright © 2016 Pearson Education, Inc.



388

5S.

To maximize the amount of light through the

. . . 24
window, the dimensions must be x = —— ft
T+4

24 .
and y=——- ft, or approximately
T+4
x=3.36 ftand y = 3.36 ft.
Since the stained glass transmits only half as

much light as the semicircle in Exercise 54, we
express the function 4 as:

Azl-l][x2 +2xy
22

1
=—7x" +2x
2 y
The perimeter is still the same, so we can

substitute 12 —%x—x for y to get:
1
A(x)=—7rx2 +2x 12—£x—x
4 2
= %ﬂxz +24x-2x% — 7x*

=(—%7Z—2jx2 +24x, 0<x<?24.
Find A'(x).
A'(x)=(—%7z—4jx+24

Since A'(x)exists for all x in (0,24), the only
critical points are where A'(x)=0. Thus, we

solve the following equation:
(—Eﬂ—4)x+24= 0
2

(37+8)x—48=0

48
x= =2.75
3z +8
This is the only critical value, so we can use the
second derivative to determine whether we have

a maximum.

A"(x)= —%7[—4 <0
Since A”(x) is negative for all values of x, we

have a maximum at x =

48 . We find y
3r+8

8
when x = 2 at the top of the next column.

Chapter 2: Applications of Differentiation

4
=12——x—x
4 2
RPECH G I . B
2\ 37z+8) 37+8
_ 127z +48 ~ 49D
37+8
To maximize the amount of light through the
window, the dimensions must be x = 48 ft
37 +8

1277 +48

37r+8
x=2.75ftand y = 4.92 ft.

and y= ft or approximately

56-110. Left to the Student.

iy 1.
111. Let x represent a positive number. Then, —is
x

the reciprocal of the number, and x? is the
square of the number. The sum, S, of the
reciprocal and five times the square is given by:

1 2
S(x)=—+5x".
()=Less
We want to minimize S (x)on the interval
(0,e0) . First, we find S'(x)
S'(x)=-x7 +10x=—i2+10x
x

Since S'(x)exists for all values of x in (0,0),
the only critical values occur when S'(x)=0.

We solve the following equation:

-—+10x=0
x2
10x=—2
X
10x° =1
3.1
10
oo L
10 310

Since there is only one critical value, we use the
second derivative,
_ 2
S"(x)=2x7+10=—=-+10,
X
to determine whether it is a minimum. The

second derivative is positive for all x in (0,e0) ;

therefore, the sum is a minimum when x =

1
fo”

Copyright © 2016 Pearson Education, Inc.



112.

113.

Exercise Set 2.5

Let x represent a positive number. The sum, S,
of the reciprocal and four times the square is
given by:

S(x) =%+4x2.

We want to minimize S (x) on the interval

(0,00) . First, we find S'(x)
S’()c)=—x_2 +8x = —xl—2+8x

S'(x)exists for all values of x in (0,) . Solve:
5'(x)=0

8 2

Since there is only one critical value, we use the
second derivative,

S"(x)=2x_3+8=%+8,

to determine whether it is a minimum. The
second derivative is positive for all x in (0,e0) ;

. .. 1
therefore, the sum is a minimum when x = 3

Let A represent the amount deposited in savings
account and 7 represent the interest rate paid on
the money deposited. If A4 is directly
proportional to 7 , then there is some positive
constant k such that 4 = ki . The interest earned
by the bank is represented by 18%4, or 0.184 .
The interest paid by the bank is represented by
iA . Thus the profit received by the bank is
given by

P=0.184-iA.

We express P as a function of the interest the
bank pays on the money deposited, i , by
substituting ki for 4.

P=0.18(ki)—i(ki)

=0.18ki — ki*
We maximize P on the interval (0,eo) . First, we
find P'(i) .
P'(i)=0.18k - 2ki
Since P'(i) exists for all i in (0,e°), the only

critical values are where P'(i)=0.

114.

389

We solve the following equation:

0.18k = 2ki = 0
—2ki = —0.18k
018k
Tk
i=0.09

Since there is only one critical point, we can use
the second derivative to determine whether we

have a minimum. Notice that P"(i)= -2k,
which is a negative constant (k > 0) . Thus,
P"(0.09) is negative, so P(0.09)is a

maximum. To maximize profit, the bank should
pay 9% on its savings accounts.

The circumference of the circle is x =27zr.
. . x
Solving the equation for » we get, r = P
V4
The area of the circle is 4= 7z, thus,

2 2
substituting for » we have A=7x (zi) =X

V3 4
The perimeter of the square is 24— x .

The length of a side of the square is 24-x .

Therefore, the area of the square is:

L _[24mx) X7 —48x 4576
s 4 16 ’
The total area is:
A=A, + A,
_i x> —48x+576
4 16
Pl |
== +—x*-3x+36
4 16
B O
dr 16
:[4+7zjx2—3x+36
167

We minimize the area on the interval (0,24) .
First, we find A'(x).

A'(x):2(4+”jx—3

167

=(4+7zjx_3
8

A'(x) exists for all x in (0,24); therefore, the

only critical value occurs when A4'(x)=0.

The solution is continued on the next page.
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Setting the derivative equal to zero, we solve for
the critical value.

(4+ﬂ)x_3:0
8

= 3(8_”J _ 24 10.56
4+ ) 4+7w

Since there is only one critical value, we use the
second derivative,

A”(x):4;”>0
T

to determine whether we have a minimum. The
second derivative is positive for all values of x
in the interval; therefore a minimum occurs at
x= 24 =10.56.

4+
The wire should be cut to x =10.56 in. in order
to form the circle and 24-10.56 =13.44 in. in
order to form the square.
There is no maximum if the string is to be cut.
One would interpret the maximum to be at the
endpoint, with the string uncut and used to form
a circle.

Using the drawing in the text, we write a
function that gives the cost of the power line.
The length of the power line on the land is given
by 4-x, so the cost of laying the power line
underground is given by:

C, (x)=3000(4-x)=12,000-3000x.

The length of the power line that will be under
water is v1+x? , so the cost of laying the
power line underwater is given by:

Cyy (x) = 5000y1+ x*

Therefore, the total cost of laying the power line
is:

C(x) =C; (x)+CW (x)
=12,000-3000x+ 50001+ %2,
We want to minimize C (x)over the interval

0 < x <4. First, we find the derivative.
C'(x)=-3000+ 5000(%)(1 +x? )_% (2x)

-

= —3000+5000x(1+x2)
5000x

V1+x?

=-3000+

C"(x)=

Chapter 2: Applications of Differentiation

Since the derivative exists for all x, we find the
critical values by solving the equation:

C'(x) =0
5000x

\ll-i-x2

—-3000~3/14 x2 +5000x = 0

-3000+ =0

5000x = 3000~3/1+ x>

SR

25

xt=14a7
9
Ex2 1
9
29
==
16
x== 2
V16
x=i-é
4

The only critical value in the interval [0,4]is

3 .
x= "k so we can use the second derivative to

determine if we have a minimum.

(1422 )% (5000) - 5000 B(sz)% (2x)]

(2]
] 500031+ x* —f/%
(1+x2)

_ 5000 5000x”
V42 (1+x2)%

) 5000(1 +x2)— 5000

(1 +x? )%
_ 5000
(1 +x° )%

The solution is continued on the next page.
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C"(x)is positive for all x in [0,4]; therefore, a The only critical value in [0,8]is x =3.755, so

we can use the second derivative to determine

.. 3 3
minimum occurs atx = 4 When x = 4’ whether we have a maximum.

4_22223 25 Note that E,,(x):LZry and that
25. %
4 4 (9+7)

Therefore, S should be 3.25 miles down shore . .

from the power station. E"(x)> 0 for all x in the interval [0,8] .
Therefore, a minimum occurs when x = 3.755.

Note: since we are minimizing cost over a The pigeon should reach land about 8 —3.755

closed interval, we could have used Max-Min or 4.245 miles down shore from 4.

Principle 1 to determine the minimum, and

avoided finding the second derivative. The 117. The objective is to maximize the parallel areas

subject to the constraint of having k units of

.. . 3
critical value and the endpoints are O,Z, and 4. fencing, Using the figure in the book, we can let

The function values at these three points are: x equal the length of the two parallel sides and y
3 equal the length of the three parallel sides. Since
C(0)=12,000-3000(0)+ 5000( 1+(0) ) the two areas are the identical, we can either
maximize the area of one of the smaller areas or
=17,000 maximize the area of the entire field. That is, we
3 3 32 can either maximize
C(Z) = 12,000—3000(Z)+5000 1+(Zj A =x-y or 4y =2x-y.
First we will maximize A4,. The perimeter of the
=16,000 fields is given by P =4x+3y . Since we have k&
2 units of fencing, we know that
C(4):12,000—3000(4)+5000( 1+(4) ) 4x+3y =k
~20.615.53 Solve for y and substitute into the area function
’ 3 to get the area as a function of one variable.
Therefore, the minimum occurs when x = e or 4x+3y=k
when S is 3.25 miles down shore from the 3y=k-4x
power station. _k-4x
Y73
The distance from point C to point S is given by 1 ' 4
=—k—-——x
V9+x? , and the distance from point S to point 7 3 3
A'is 8— x . Therefore, the total energy expended Substituting into the area function we have:
by the pigeon is: Alzx(lk—ixj:lkx—ixz.
E(x):l.28rx/9+x2+r(8—x),whererisa 33 3 3
positive constant measuring the rate of energy We find the first derivative with respect to x.
the pigeon uses. a4, _ 1,8
We want to minimize E (x) on the interval dx 3 37
[ 0 8] The deriviative exists for all values of x. We
e find the critical values by solving:
1.2
E'(x)= 128 r a4 _ 0
2\
(9 +x ) dx
. . 1, 8
E'(x)exists for all x in [0,8] . Solve: gk —gx =0
E'(x)=0 8 _ 1
1.28rx 3703
— =0 !
(9 +x? ) x=—k.
8
x =13.755

The solution is continued on the next page.

Copyright © 2016 Pearson Education, Inc.



There is only one critical value, so we can use
the second derivative to determine if it is a
maximum. Notice that the second derivative,
d*4,
2
dx
Therefore the maximum area will occur when

= 3 is negative for all values of x.

the width of the fields are %k units long. We

substitute in to find the length of the fields y.

:—k——
FERETRY
1

L AL,
37 308
1
RS

37 6
_1, Kk
6 6

Therefore the length of the rectangular areas
that will maximize the area given k& units of

L k.
fencing is y = s units.

Notice, if we maximized 4, =2x-y . The
constraint is the same:

1, 4
dx+3y=k=>y=—k——x.
y y 3573

A4, =2x~(lk—ixj =gkx—§x2.

3 3 3 3
dA
—2=gk—Ex.
dx 3 3

dA
2 _9
dx
Ek—Ex= 0
3 3
1
x=—k.
8

There is only one critical value, so we can use
the second derivative to determine if it is a
maximum. Notice that the second derivative,
d* 4,
dx?
Therefore the maximum area will occur when

= —?, is negative for all values of x.

the width of the fields are %k units long. We

substitute in to find the length of the fields y.

141 k
L LA .
73 3(8) 6

118.
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Therefore the length of the rectangular areas
that will maximize the area given k& units of

o k. .
fencing is y = " units as determined

previously.

Using the drawing in the text, we write a
function which gives the total distance between
the cities.

The distance from C; to the bridge can be given

by (@’ +(p- x)2 . The distance over the bridge

is 7. The distance from the bridge to C, can be

given by \b? +x* . Therefore, the total
distance between the two cities is given by:

D(x)=\la2+(p—x)2 +r+x’ +b°

To minimize the distance, we find the derivative
of the function first.
A

1
D'(x) =5 @ +(p=x) | " -2(p-2)(-1)+
1 WA
E[bz +x2] ? (Zx)
X—p N X
\/a2 +(p—)c)2 \/b2 +x7
The derivative exists for all values of x in the
interval [0, p]. Therefore, the only critical

values occur when D'(x) = 0. We solve this

equation.
X=p X

+
\/a2+(p—x)2 b+ 2

The solution to this equation is

=0.

x= bp orx= bp

—-a b+a
Only x = b isin [0, p|
b+a e

Since there is only one critical value, we can use
the second derivative to determine if there is a
minimum. The second derivative is given by:

pr(x)=— -
"(x)= —+ —.
[a2+(p—x)2:|é [x2+b2JA

D"(x)> 0 for all values of x; therefore, a

minimum occurs at x = . The bridge
+a
should be located such that the distance x is
b .
P \nits.
+a
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3
119. C(x)=8x+20+——
100

a) To determine the average cost, we divide the
total cost function by the number of units
produced:

C(x)
Alx) =
(1)==
x3
8x+20+——
A —_
(1) =——
2
_gy 20, X7
x 100

b) Taking the derivative of the total cost
function and the average cost function we

have:
3
C'(x)zi 8x+20+——
dx 100
2
=8+3L.
100
2
A(x)=T g4 20
dx x 100

2.x
¥2 50
¢) The derivative exists for all x in (0,e0) ;

therefore, the critical values occur when
A4'(x)=0. Solve:

—§+%=0
x 20
50 2

x-x* =20-50

x> =1000
x=10

There is only one critical value, so we use
the second derivative to determine whether
we have a minimum.

" 40 1
A (x) :?'ﬁ‘%

A"(10)= 3 >0.Thus A(10) is a minimum.
50

120.

121.

393

Find the function value when x =10:

A(10)=8+—+—=11.
10 100

The minimum average cost is $11 when 10
units are produced.

C'(10)=8+%(102)=11.

The marginal cost is $11 when 10 units are
produced.
d) The two values are equal:

4(10)=C'(10) =11,

a) Taking the derivative of A(x)we have:
A'(x) =i|:—c(x):|
de| x
X C'(x C(x)-l
X C'(x x

_ C(x)

) ; Quotient Rule
X

2
b) The derivative exists for all x in (0,e0),

therefore, the critical values will occur when
A'(xy)=0. We solve the equation:

x0~C‘(x0)—C(x0) ~0

2
X0

X0+ C'(x9)—C(x9) =0 Multiplying by x,” # 0.

Express Q as a function of one variable. First,
solve x+ y =1for y. We have:

y=1l-x.
Substituting we have:
0=x"+2(1-x)
=y +2(l—3x+3x2 —x3)
=—x>+6x>—6x+2
Next, we find Q'(x).
0'(x)=-3x"+12x-6
The derivative exists for all values of x in the
interval (0,e0).

The solution is continued on the next page.
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122.

Note the constraint y =1—x actually limits us
to look at the interval (0,1).

The only critical values are where Q' (x) =0.
We solve the equation:

—3x% +12x-6=0

x*—4x+2=0
Using the quadratic formula, we have:

x=2%42.

When x=2++2, y=1—(2+ﬁ)=—1—ﬁ.
When x=2-+2, y=1—(2—ﬁ)=—1+ﬁ.
Since x and y must be positive, we only consider
x=2—\/§ and y=—1+\/5.

Note, 0"(x)=-6x+12 and
0"(2-+2)=-6(2-+2)+12=848>0, 50 we

have a minimum at x =2—+/2 .
The minimum value of Q is found by
substituting.

Q=x3+2y3
=(2—\5)3+2(—1+\/5)3
=6-42

Express Q as a function of one variable. First,
solve x? + y? =2 for y. We have:

Y22y

y=i\/2—x2

v is areal number if x is in the interval

(23],
If y= —\/ﬁ , we substitute for y to get:
0=3x+)’
0=3x+ (—\/ﬁ )3

“3x-(2-#)"
Next, we find Q'(x).

0'(x)= 3—@(2—3‘2)% (=2x)

=3+3x(2—x2)%

=343xy2-x2

Chapter 2: Applications of Differentiation

The derivative exists for all values of x in the
interval [—\/5 ,\/5 J ; thus, the only critical

values are where Q'(x)=0. We solve:
0'(x)=0
343x72-x% =0
3=-3xy2-x2
1= (—x\/ﬁ )2
1=x7(2-27)
1=2x>—x*

=232 41=0

x=%1
We notice that x =1 is an extraneous solution
which does not work.

343(1)y2—- (1)’ =3+3=6%0.

Therefore, the only critical value isx =—1. The
critical value and the endpoints are

—\/5, —1, and \/E
Q(—ﬁ)zs(—ﬁ)—(z—(—ﬁ)zjé =32

0(-1)=3(-1)~(2-(-1f) =4

Q(ﬁ)=3(ﬁ)—(2—(\/§)2)% =32
The minimum value of O is -3+2 and occurs
whenx=—-/2 and y=- 2—(—\/5)2 =0

Next, we repeat the process for y=+v2— x* .
We notice that:

0=3x+)’
Q:3x+(\/2—x2)3
:3x+(2—x2)%

The solution is continued on the next page.
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Next, we find Q'(x).

0'(x)= 3+@)(2— X )% (-2x)

=3—3x(2—x2)%

=3—3X\/2—x2

The derivative exists for all values of x in the
interval [—\/E , 2 ] ; thus, the only critical

values are where Q'(x) =0. We solve the
equation:

3-3xy2-x% =0
3=3xy2-x2
1=x'\/2—x2

1=x2(2—x2)
1=2x%—x*
xt-2x*+1=0
(xz—l)z—O
x-1=0
x*=1
x=%1

We notice that x = —1is an extraneous solution
which does not work.

3-3(=1)y2- (1) =3+3=6%0.

Therefore, the only critical value is x=1. The
critical value and the endpoints are

—2, 1,and v2. We evaluate the function:
O(-2)=3(~2)+{2-(-) | =
0(1)= 3(1)+(2—(1)2)% —4

0(2)=3(Z)+{2-(2] | =342

The minimum value of O is —3+/2 occurs when

x=—2 and y=—,12—(—ﬁ)2 =0.

Regardless of what value of y we chose, we see
that the minimum of Q, is -34/2, when
x=—/2 and y=0.

123. Let x be the lot size.

Yearly carrying cost: C, (x) =a % = %
C.(x)=(b+ cx)(—)
Yearly reorder cost: ) .
= —Q+ cQ
x
Then,
C(x)=C,(x)+C,(x)
—ﬂ+Q+CQ, 1£x<Q

2 X
To find the minimum, we take the first
deriviative:

a 2 a bQ
C'(x)=—-b0Ox " =———

C'(x)exists for all x in [1,Q]. So the only

critical values occur when C ’(x) =0. Solve:

C'(x)=0
a_b9_,
2 x?
a_»b9
2 X2
ax2=2bQ
2200
a
x=% 2bQ

The only critical value in the domain is

= 22
a

Since there is only one critical value in the
domain, we use the second derivative,

C"(x)=2b0x" = 2)[:—3Q

to determine whether we have a minimum.
C"(x)>0forallxin [1,0], so a minimum

260

a

occurs atx =

395

In order to minimize inventory costs. The store

should order 9 =, ,Q times per year.
[2b0 2b
a
The lot size will be /2bQ units.
a
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124. From Exercise 123, we know that the store

should order a lot size of ,fsz units, %
a \

times per year.

When Q =2500, a =10, =20, c=9, the

store should order:

f 10(2500
% = M = 25 times per year.

2(20)

The lot size of each order should be:

2(20)(2500)
10

=100 units.

125-128. The starting value and step size were
chosen to limit the amount of space used .

Approaches can vary.

125. Using a spreadsheet we numerically estimate

the maximum:

Chapter 2: Applications of Differentiation

126. Using a spreadsheet we numerically estimate
the maximum:

Starting
Value: 3.22
Step Size: 0.01
x y=V16-x’ Q=x’-y
3.22 2.373099239 | 24.60524215
3.23 2.35947028 | 24.61611748
3.24 2.345719506 | 24.62442508
3.25 2.331844763 | 24.63011031
3.26 2.317843826 | 24.63311704
3.27 2.303714392 | 24.63338762
3.28 2.289454083 | 24.63086281
3.29 2.275060439 | 24.6254817
3.3 2.260530911 | 24.61718162

We determine the maximum of O = 24.63 to

occur when x =3.27 and y = 2.30.

127. Using a spreadsheet we numerically estimate
the maximum:

Starting
Value: 24
Step Size: 0.25
100 -2x
x S g=x-y

24 | 17.33333333 416

24.25 | 17.16666667 | 416.2917

24.5 17 416.5

24.75 | 16.83333333 416.625

25 16.66666667 416.6667

25.25 16.5 416.625

25.5 | 16.33333333 416.5

25.75 | 16.16666667 416.2917

26 16 416

We determine the maximum of Q =416.67 to

occur when x =25 and y =16.67.

Copyright © 2016 Pearson Education, Inc.

Starting
Value: 2.2
Step Size: 0.01
X y=+10-0.5x" O=x)
2.2 2.75317998 | 45.91202934
2.21 2.749172603 | 45.91962105
2.22 2.745141162 | 45.92477319
2.23 2.741085551 | 45.92748186
2.24 2.737005663 | 45.92774328
2.25 2.732901389 45.,9255538
2.26 2.728772618 | 45.92090987
2.27 2.724619239 | 45.91380804
2.28 2.720441141 | 45.90424501

We determine the maximum of O =45.93 to

occur when x = 2.24 and y = 2.74.
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128. Using a spreadsheet we numerically estimate
the maximum:

Starting
Value: 4.6
Step Size: 0.1

X y=\/50—x2 Q=>c2-y2

4.6 5.370288633 610.2544

4.7 5.282991577 616.5319

4.8 5.192301994 621.1584

4.9 5.098038839 624.0199

5 5 625
5.1 4.897958759 623.9799
5.2 4.79165942 620.8384

5.3 4.680811895 615.4519

5.4 4.565084884 607.6944

We determine the maximum of Q =625 to

occur when x=5and y =5.
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Exercise Set 2.6

1. R(x)=50x-05x"; C(x)=4x+10

a)

b)

¢)

d)

Total profit is revenue minus cost.
P(x) = R(x)-C(x)
P(x)=50x—-0.5x" —(4x+10)
=50x—-0.5x" —4x-10
=—0.5x" +46x—10
Substituting 20 for x into the three
functions, we have:
R(20) = 50(20) - 0.5(20)" = 800
The total revenue from the sale of the first
20 units is $800.
C(20)=4(20)+10=90
The total cost of producing the first 20 units
is $90.
P(20)=R(20)-C(20)
=800-90
=710
The total profit is $710 when the first 20

units are produced and sold.
Note, we could have also used the profit

function, P(x) , from part (a) to find the
profit.

P(20)= —0.5(20)2 +46(20)-10=710
Finding the derivative for each of the
functions, we have:

R'(x) =50—-x
C'(x)=4
P'(x) =-x+46

Substituting 20 for x in each of the three
marginal functions, we have:

R'(20) =50-20 =30

Once 20 units have been sold, the

approximate revenue for the 21st unit is $30.

C'(20)=4

Once 20 units have been produced, the
approximate cost for the 21st unit is $4.
P'(20) =—-20+46 =26

Once 20 units have been produced and sold,

the approximate profit from the sale of the
21st unit is $26.

Chapter 2: Applications of Differentiation

R(x)=5x C(x)=0.001x"+1.2x+60

a)

b)

d)

e)

Total profit is revenue minus cost.
P(x) = R(x) —C(x)
=5x—(0.001x” +1.2x +60)

=5x-0.001x" —1.2x — 60

=—0.001x" +3.8x— 60
R(100) = 5(100) = 500
The total revenue from the sale of the first
100 units is $500.
€(100) = 0.001(100)" +1.2(100) +60 = 190
The total cost of producing the first 100
units is $190.
P(100) = -0.001(100)" +3.8(100) — 60 = 310
The total profit is $310 when the first 100
units are produced and sold.
R '(x) =5
C'(x)=0.002x+1.2
P'(x)=-0.002x+3.8
R'(100) =5
Once 100 units have been sold, the
approximate revenue for the 101st unit is $5.
C'(100) =14
Once 100 units have been produced, the
approximate cost for the 101st unit is $1.40.
P'(100) = —-0.002(100) +3.8 =3.6
Once 100 units have been produced and
sold, the approximate profit from the sale of
the 101st unit is $3.60.
Nn part (b), we are observing the total
revenue, cost and profit from the production
and sale of the first 100 items. In part (d),
we are observing the approximate revenue,
cost and profit from the production and sale
of the 101st unit only. These quantities are

also known as the marginal revenue,
marginal cost and marginal profit.

C(x) =0.002x> +0.1x* +42x +300

a)

Substituting 40 for x into the cost function,
we have:

C(40) = 0.002(40)’ +0.1(40)" +42(40)+300
=2268 (hundreds of dollars)

The current daily cost of producing 40
security systems is $226,300.
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b)

d)

In order to find the additional cost of
producing 41 chairs monthly, we first find
the total cost of producing 41 security
systems in a day.

C(41)=0.002(41)’ +0.1(41)" +42(41)+300
=2327.94 (hundreds of dollars)

Next, we subtract the cost of producing 40
security systsems daily found in part (a)
from the cost of producing 41 security
systems daily.
C(41)-C(40)=2327.94-2268 = 59.94
The additional daily cost of increasing
production to 41 security systems daily is
$5994.

First, we find the marginal cost function,

C'(x) =0.006x> +0.2x +42

Next, substituting 40 for x, we have:

C'(40) =59.6

The marginal cost when 40 security systems
are produced daily is $5960.

In part (a) we found that it cost $2268
hundred to produce 40 security systems per
day. The additional cost of producing 2
additional security systems is

2($59.60) = $119.20 hundreds. Therefore,

the estimated daily cost of producing 42
security systems per day is
C(42) = $2268+$119.20 = $2387.20

hundreds or $238,720 per day.

C(x) =0.001x" +0.07x* +19x +700

a)

Substituting 25 for x into the cost function,
we have:

€(25) =0.001(25)’ +0.07(25)" +19(25) +700

=1234.375
The current monthly cost of producing 25
daypacks is $1234.38.

b) We first find the total cost of producing 26

daypacks in a month.

C(26) =0.001(26)" +0.07(26)" +19(26) +700

=1258.896
Therefore,

C(26)—C(25) =1258.896 —1234.375
=24.521

The additional cost of increasing production
to 26 daypacks monthly is $24.52.

©)

d)

399

C'(x) =0.003x* +0.14x +19.

C'(25) =0.003(25)" +0.14(25) +19
=24.375

The marginal cost when 25 daypacks have

been produced is $24.38.

Using the marginal cost from part (c), the

additional cost required to produce 2

additional daypacks monthly is:

2(24.375) = 48.75.

Therefore, the difference in cost between
producing 25 and 27 daypacks per month is
approximately $48.75.

In part (a) we found that it cost $1234.38 to
produce 25 daypacks per month. In part (d)
we found that the difference in cost between
25 daypacks and 27 daypacks per month
was $48.75. Therefore, the approximate total
cost of producing 27 daypacks per month is

C(27) = 1234.38 +48.75 = 1283.13.

We predict the cost of producing 27
daypacks monthly will be $1283.13.

R(x) =0.005x> +0.01x* +0.5x

a)

b)

Substituting 70 for x, we have:
R(70) = 0.005(70)" +0.01(70)" +0.5(70)
=1715+49+35
=1799
The currently daily revenue from selling 70
lawn chairs per day is $1799.
Substituting 73 for x, we have:
R(73)=0.005(73)" +0.01(73)" +0.5(73)
=2034.875
=2034.88

Therefore, the increase in revenue from
increasing sales to 73 chairs per day is:

R(73)-R(70) =2034.88-1799

=235.88
Revenue will increase $235.88 per day if the
number of chairs sold increases to 73 per
day.
First we find the marginal revenue function
by finding the derivative of the revenue
function.

R'(x) =0.015x" +0.02x +0.5
Substituting 70 for x, we have:
R'(70) = 0.015(70)" +0.02(70) +0.5

=75.40
The marginal revenue when 70 lawn chairs
are sold daily is $75.40.
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d)

In part (a) we found that selling 70 lawn
chairs per day resulted in a revenue of
$1799. In part (¢) we found that the
marginal revenue when 70 chairs were sold
is $75.40. Using these two numbers, we
estimate the daily revenue generated by
selling 71 chairs is
R(71) = R(70) + R'(70)

=$1799 +$75.40 = $1874.40.
Similarly, the daily revenue generated by
selling 72 chairs, or 2 additional chairs,
daily is approximately
R(72) = R(70)+2-R'(70)

~ $1799 +2($75.40) = $1949.80.

The daily revenue generated by selling 73
chairs, or 3 additional chairs, daily is
approximately

R(73) = R(70)+3-R'(70)

=~ $1799 +3($75.40) ~ $2025.20.

P(x) =-0.006x" —0.2x +900x — 1200

a)
b)

d)

P(60) =$50,784
P(60) - P(59) = 50,784 — 49,971.53 = 812.47
The dealership would lose $812.47 per week

if it were only able to sell 59 cars weekly.
P'(x) =-0.018x> —0.4x +900

P'(60) = ~0.018(60)" —0.4(60) +900
=811.20

The marginal profit is $811.20 when 60 cars

are sold each week.

P(61) = P(60)+ P'(60) = $51,595.20

The estimated profit of selling 61 cars per

week is $51,595.20.

R(x) =0.007x* —0.5x” +150x

a)

Substituting 26 for x, we have:
R(26)=0.007(26)" —0.5(26)" +150(26)
=123.032-338+3900

=3685.03
The current monthly revenue is $3685.03.

Chapter 2: Applications of Differentiation

b) First we find the total montly revenue for
selling 28 suitcases

R(28)=0.007(28)" —0.5(28)" +150(28)
=3961.66

The difference in monthly revenue from

selling 26 suitcases and 28 suitcases a month

is:

R(28) - R(26) = $3961.66 — $3685.03

=$276.63.
If sales increased from 26 to 28 suitcases,
monthly revenue would increase $276.63

c) First we find marginal revenue by taking the
derivative of the revenue function.
R'(x)=0.021x* = x+150
Next we substitute 26 in for x.

R'(26) =0.021(26)" —(26) +150 = 138.196
Marginal revenue is 138.20 when 26
suitcases are sold.

d) From part (a), we know that when 26
suitcases are sold, total monthly revenue is
$3685.03. From part (c), we know that when
26 suitcases are sold, marginal revenue is
$138.20. Therefore, we estimate:

R(27) = R(26) +R'(26)

R(27) ~ $3685.03 +$138.20 = $3823.23
We estimate the revenue from selling 27
suitcases per month to be $3823.23.

P(x) =-0.004x —0.3x" +600x — 800

a) Substituting 9 for x, we have:
P(9)=-0.004(9)" —0.3(9)" +600(9)-800

=4572.784
The currently weekly profit is $4572.78.

b) The difference in weekly profit from selling
8 laptops and 9 laptops per week is
P(9)-P(8) =4572.78 -3978.75

=594.03
Therefore, Crawford Computing would lose
$594.03 each week if 8 laptops were sold
each week instead of 9.
¢) P'(x)=-0.012x> —0.6x+600

P'(9) =-0.012(9)" —0.6(9) +600

=593.628
The marginal profit is $593.63 when 9
laptops are sold weekly.
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d) We estimate: 12.

P(10) = P(9)+P'(9)
= 4572.78 +593.63

= 5166.41
The total weekly profit is approximately
$5166.41 when 10 laptops are built and sold
weekly.

N(1000) = 500,000 means that 500,000

computers will be sold annually when the price
of the computer is $1000. N'(lOOO) =-100

means that when the price is increased $1 to
$1001, sales will decrease by 100 computers per
year.

N(1025) = N(1000) +25-N'(1000)

N(1025) = 500,000 +25(—100) = 497,500 13.

We estimate that 497,500 computers will be
sold annually if the price is increased to $1025.

C(x) =0.01x" +1.6x +100
AC =C(x+Ax)-C(x)
Substituting x = 80, and Ax =1we have
AC =C(80+1)-C(80)
=0.01(81)" +1.6(81) +100 -
[0.01(80)" +1.6(80) +100

=3.21
The additional cost of producing the 81st unit is
$3.21.

Finding the derivative of C (x) we have:

C'(x)=0.02x+1.6

Substituting 80 for x, we have:

C'(80) = 0.02(80) +1.6 =3.20 14.

The marginal cost when 80 units are produced is
$3.20.

401

C(x) =0.01x* +0.6x +30
AC =C(x+Ax)-C(x)
AC =C(70+1)-C(70)
=C(71)-C(70)
=0.01(71)" +0.6(71) +30 -
[0.01(70)" +0.6(70) +30|
=2.01

The additional cost of producing the 71st unit is
$2.01.

C'(x)=0.02x+0.6
C'(70) =0.02(70) +0.6 =2.00

The marginal cost when 70 units are produced is
$2.00.

R(x) =2x
AR = R(x+Ax)-R(x)
Substituting x = 70, and Ax =1 we have
AR =R(70+1) - R(70)
= R(71) - R(70)
=2(71)-[2(70) ]
=2

The additional revenue from selling the 71st
unit is $2.00.

Finding the derivative of R(x) we have:
R'(x) =2.

The derivative is constant; therefore,
R'(70)=2

The marginal revenue when 70 units are
produced is $2.00.

R(x)=3x

AR=R(x+Ax)—R(x)

AR = R(80+1) - R(80)
=3(81)-[3(80) |
=3

The additional revenue from selling the 81st
unit is $3.00.

R'(x)=3.
R'(80)=3

The marginal revenue when 80 units are
produced is $3.00.
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C(x) =0.01x* +1.6x +100; R(x) =3x

a) Finding the profit function we have:

P(x) =R(x)—C(x)
- 3x—(0.01x2 +l.6x+100)
=—0.01x* +1.4x—100

b) AP =P(x+Ax)-P(x)

Substituting x = 80, and Ax =1we have
AP = P(80+1) - P(80)

=-0.01(81)" +1.4(81)~100 -
[-0.01(80)° +1.4(80) - 100

=-0.21
The additional profit of producing and
selling the 81st unit is —$0.21.

Finding the derivative of P(x) we have:
P'(x)=-0.02x+1.4

Substituting 80 for x, we have:

P'(80) = —0.02(80) +1.4 =—0.20

The marginal profit when 80 units are
produced and sold is —$0.20.

Note: We notice that AP = AR — AC and
P'(x) = R‘(x) —C'(x) . We could have used
this knowledge and our work from Exercises

11 and 14 to simplify our work. We have:
AP =AR-AC

=3-321=-0.21
P'(80) = R'(80)—C"(80)
=3-3.20
=-0.20

C(x) =0.01x* +0.6x+30; R(x) =2x

a) Finding the profit function we have:

P(x)=R(x)-C(x)
= 2x—(0.01x2 +O.6x+30)
=—0.01x* +1.4x-30

b) AP =P(x+Ax)-P(x)

AP = P(70+1) - P(70)
= P(71)-P(70)
=-0.01(71)" +1.4(71)-30 -
[-0.01(70)" +1.4(70) - 30|
=-0.01

17.

18.

Chapter 2: Applications of Differentiation

The additional profit of producing and
selling the 71st unit is —$0.01.

P'(x) =-0.02x+1.4
P'(70) = -0.02(70) +1.4 = 0.00

The marginal profit when 70 units are
produced and sold is $0.00.

S =0.007p*-0.5p> +150p
a) We take the derivative of the supply
function with respect to price.

fll]—S=o.021p2 — p+150

P
b) Substituting 25 for p in the supply function
we have:

§=0.007(25)" -0.5(25)" +150(25)
=109.375-312.50+3750

=3546.875
Producers will want to supply 3547 units
when price is $25 per unit.
c) ~ Substituting 25 for p into the answer
from part (a) we have:

A 0.021(25) -25+150 =138.125

ap| s

This result implies when the price is $25, a
$1 increase in price will lead to an increase
in supply of approximately 138 pens.

d) . We would expect the rate of change of
quantity with respect to price to be positive.
All things being equal, it is reasonable to
assume as the price of a good or service
increases, the supply for that good or service
will increase.

A(x) _ 13x+100
X
x(13)—=(13x+100)(1
) 202134 100)()
x
__100
x2
Therefore,
AAzA'(x)Ax
zA'(lOO)Ax (x=100)
100
=— 1 Ax=1
) (@
=-0.01

The average cost changes by about —$0.01.
(We see an approximate decrease in average
cost of one cent.)

Copyright © 2016 Pearson Education, Inc.



19.

20.

Exercise Set 2.6

M (1) = =2¢* +100¢ +180

a)

b)

<)

d)

S(p)=0.08p" +2p*> +10p+11

Substituting for ¢, we have:

M (5) =-2(5)" +100(5) +180 = 630

M (10) = -2(10)* +100(10) +180 = 980
M (25) = -2(25)" +100(25) +180 = 1430

M (45) = -2(45)" +100(45) +180 = 630
To find marginal productivity, we take the
derivative of the productivity function:

M'(1) = -41+100..

N Substituting for ¢, we have:

M'(5) =-4(5)+100=80

M'(10) = -4(10) +100 = 60

M'(25) = —4(25) +100 = 0

M'(45) = —4(45) +100 = -80

We see that the additional monthly output
per years of service decreases each year the
employee is with the company.

. The employees marginal productivity is
at its highest point when the employee is
new to the company. The employee is still
learning how to do the job and will make the
greatest gains. As the employee gains
experience, the marginal productivity begins
to decrease. The employee is still being
more productive each month, but just
doesn’t increase total output as much as the
previous month’s increase. Eventually, age
catches up to the employee and they cannot
produce the output they once did. Marginal
productivity becomes negative as total
output starts to fall.

p=18.00, Ap =18.20-18.00 =0.20
S'(p)=024p* +4p+10
ASzS'(p)Ap

= §'(18.00) Ap
~[0.24(18)" +4(18) +10) (0.2)
~31.952

The supplier will supply approximately 32 more
units.

25.

21.

22,

23.

24,

403

P(x) = 567 +x(36x"° ~104)

=567 +36x"° —104x
x is the number of years since 1960; therefore,
the year 2014 corresponds to
x=2014-1960 =54, and the year 2015
corresponds to x =2015-1960 =55 . To
estimate the increase in gross domestic product
from 2014 to 2015, we establish that
x =54 and Ax =1. Next, we find the derivative

of P(x):
P'(x) =36(1.6) x> —104 =57.6x"° 104 .

Therefore,

AP = P'(x)Ax
= P'(54)Ax [x=54]
~(57.6(54)"* ~104) Ax
~ (526.7521497) (1) [Ax=1]
~526.75

The gross domestic product should increase
about $526.75 billion between 2014 and 2015.

N(x)=-x>+300x+6
x is in thousands of dollars so, x =100, Ax =1.
N'(x)=-2x+300
AN = N'(x) Ax
=~ N'(100) Ax
=~[-2(100) +300](1)

=100
Norris will sell approximately 100 more units
by increasing its advertising expenditure from
$100,000 to $101,000.

AN Yes, the taxation in 2014 was progressive.
The 25,001st dollar is taxed at a rate of 15%, the
80,001st dollar is taxed at a rate of 25%, and the
140,001st dollar is taxed at a rate of 33%.

Marcy’s marginal tax rate is 28%, while Tyrone
marginal tax rate is also 28%. However, an
increase in $5000 will push Tyrone into the next
tax bracket putting his marginal tax at
33%.Therefore, since Marcy is in a lower
marginal tax bracket, she will keep more of the
$5000 after taxes.

Alan’s marginal tax rate is currently 25%. If he
earns another $10,000, dollars, this will push
him into the 28% tax bracket and he will pay
about $0.28 per dollar earned in taxes.
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26.

27.

28.

29.

The marginal tax rate at $50,000 is 25%. By
earning an extra $3000 it will not push her out
of the 25% tax bracket. Therefore, her tax
liability will not grow if she takes the extra
work.

y=f(x)=x’, x=2, and Ax=0.01

Ay =1 (e Ax)= £ ()
= F(2+0.01)- £ (2) e
=f(2.01)-1(2)
=(2.01) - (2)
=0.1206
() =3x" - Ax [f(x)=x3;f'(x)=3x2]
F(2)Ax=3(2) (001) e

~12(0.01)
=0.12

y=f(x)=x*, x=2, and Ax =0.01
Ay = f(x+Ax)- f(x)
=f(2+0.01)- f(2)

£'(2)Ax =2(2)-(0.01)
=4(0.01)
= 0.04

y=f(x)=x+x’, x=3, and Ax=0.04
Ay = f(x+Ax)- f(x)
= T
=/

3+0.04)- £(3)
= (3.04)- £ (3)
=[(3.04)+(3.04)" |-[ (3)+(3)']
= [12.2816]-[12]
=0.2816

f(x)=x+ xz;}
f(x)=1+2x
f'(3)Ax =[1+2(3)]-(0.04)
= [7](0.04)

=0.28

£'(x)Av = (142x)-Ax {

Substituting 3 for x and
0.04 for Ax

30.

31.

32.

Chapter 2: Applications of Differentiation

y=f(x)=x-x* x=3, and Ax = 0.02

Ay = f(x+Ax) - f(x)
= f(3+0.02) - £(3)
=[(3.02)-(3.02)" |- [ (3) - (3)" |
=—0.1004

f'(x)Ax=(1—2x)-Ax

£(3) Ax = (1-2(3)) (0.02)

Substituting 1 for x and
0.2 for Ax

Substituting 1 for x and
0.2 for Ax

S(1)Av=(~(1)")(0.2)

f'(x)Ax =-2x7-Ax
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33. y=f(x)=3x—-1,x=4, and Ax=2

Ay = f(x+Ax)- f(x)
=S(a+2)=r(4) e
=/(6)-/(4)
=[3(6)-1]-[3(4)-1]

=[17]-[11]

=6
I(x)Ax
['(4)Ax

(3)-Ax [ f(x)=3x—1;f"(x)=3]
(3) ( ) 2ufbit22ting4forx and

6

34. y=f(x)=2x-3,x=8 and Ax=05
Ay:f(x+Ax)—f(x)
= £(8+0.5)— f(8)

=[2(8.5)-3]-[2(8) -3]

—1

Ax=(2):
'(8) =(2)( 5)
1

35. We first think of the number closest to 26 that is
a perfect square. This is 25. What we will do is

approximate how y = Jx , changes when x
changes from 25 to 26. Let
y=f(x)=r = o5
1 ,1
Then f'(x)= =
() =5 2f

Using, Ay = f'(x) Ax , we have
Ayzf'(x)Ax

~ A

2Jx

We are interested in Ay as x changes from 25 to
26, so

Replacing x with 25 and Ax with 1

36.

37.

405

We can now approximate /26 ;

V26 =25+ Ay

To five decimal places V26 =5.09902. Thus,
our approximation is reasonably accurate.

Let y=f(x)=+x, x=8, Ax=1
Ay = f'(x)Ax
1
:m.m
1
m'(l)

l—0 167
6

N

We can now approximate V8
V8 =49 -Ay

=3-Ay

=3-0.167 = 2.833

To five decimal places J/8 =2.82843. Thus,
our approximation is reasonably accurate.

We first think of the number closest to 102 that
is a perfect square. This is 100. What we will do

is approximate how y = Jx , changes when x
changes from 100 to 102. Let

- (o)==

Then f‘(x)—; 7y—2\/_

Using, Ay = f'(x) Ax , we have
Ay = f'(x)Ax

1
= - Ax
2Jx
We are interested in Ay as x changes from 100
to 102, so

= -2 Replacing x with 100 and Ax with 2

24100
O
2-10
Lo

=0.100

The solution is continued on the next page.
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38.

39.

We can now approximate V102 ;
V102 =100 + Ay

=10+Ay

=10+0.100

=10.100

To five decimal places +/102 =10.09950. Thus,
our approximation is reasonably accurate.

Let y = f(x) =+/x, x =100, Ax =3
Ayzf‘(x)Ax

A

2Vx

1
N TR

zi=0.150
20

We can now approximate V103
V103 =+/100 + Ay

=10+0.15

=10.150

To five decimal places v103 =10.14889. Thus,
our approximation is reasonably accurate.

We first think of the number closest to 1005 that
is a perfect cube. This is 1000. What we will do

is approximate how y = Yx , changes when x
changes from 1000 to 1005. Let

() = =
1 =2 1

Th (x)==x 7=

en f'(x) 3" W
Using,Ayzf'(x)Ax,wehave
Ay = f'(x)Ax

= ! - Ax

R/x?

Chapter 2: Applications of Differentiation

We are interested in Ay as x changes from 1000
to 1005, so

1
~ -Ax
3R/x?
Replacing x with 1000 and Ax with 5, we have

1
~— .5

3-3/(1000)°
1

3-100

We can now approximate 1005 ;
m = M + Ay

=10+Ay

=10+0.017

=10.017

To five decimal places /1005 =10.01664 Thus,
our approximation is reasonably accurate.

40. Let y=f(x)=3/x, x=27, Ax=1
Ay = f'(x)Ax

L =0.037
27

We can now approximate 28 ;
i/ﬁ = ﬁ + Ay

=3+0.037

=3.037

To five decimal places 328 =3.03659 Thus,
our approximation is reasonably accurate.

41. y=+/3x- (3x 2)

First, we find @ :

dx
B L i g D
0 2(3x 2)72(3) Nk
Then
3
dy = ——=dx.
Y 23x-2 !

Note that the expression for dy contains two
variables x and dx.
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2. y=x+l=(x+1)"

First, we find ? :

x
dy 1 - 1
—=—(x+1) 72(1) = .
oL A A
Then
1
dy = d
Y 20 x+1 *

3. y=(2x +1)%

First, we find L :
dx

dy 3

djc) > (2 + 1)/ (6)(2) By the extended power rule
1

=9x” (2)63 + 1)4

=9x°/2x° +1.

Then

dy =9x*2x" +1dx .

Note that the expression for dy contains two

variables x and dx.

4. y=x'(2x+5)

First, we find @

X

% =*[2(2x+5)(2) ]+3x* (2x+5)°
= 4x* (2x+5) +3x* (2x+5)°
= (4x +3x* (2x+5)) (2x +5)
=(4x* +6x" +15x°)(2x +5)
=(10x +15x)(2x+5)
=5x7 (2x+3)(2x+5).

Then

dy=5x2(2x+3)(2x+5)dx.

407

_ X Hx+2

45.
X +3

dy
First, we find — . By the quotient rule we have:

ﬂ: (x2 +3’)(3x2 +1)—(x3 +x+2)(2x)

dx (x2 +3)2
C(3x" 1007 +3) - (24 +2x7 +4x)
) (+3)°
_x'+8x7 —4x+3
o (e+3)
Then
dy _ X +8x —4x+3
(x2 +3)2

Note that the expression for dy contains two
variables x and dx.

46. y=R/x+27 (x+27)

First, we find @

X
O el 1) P —
de 5 5-3(x+27)*
Then
dy=;4dx.
5-3(x+27)

47. y=x"'-2x"+5x+3x-4

First, we find —
dx

ﬂ=4x3 —6x* +10x+3.
dx

Then

dy =(4x" —6x" +10x+3)dx.

Note that the expression for dy contains two
variables x and dx.

48. y= (7—)5)8

First, we find @ :
dx

%=8(7—x>7(—1) = 8(7-x).
Then

dy=-8(7-x) dx.
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49. From Exercise 48, we know:
dy = —8(7—x)7 dx,
when x =1and dx =0.01, we have:
dy =-8(7-1)"(0.01)
=-8(6) (0.01)
=-22,394.88.

50. From Exercise 47, we know:
dy =(4x" —6x" +10x+3)dx.
When x =2 and dx = 0.1 we have:
dy=(4(2)'=6(2)" +10(2)+3)(0.1)
=(31)(0.1)

=31

51. y=(3x-10)

First, we find ﬂ :

dx
dy 4
E = 5(3x - 10) (3) By the extended power rule
=15(3x-10)"
Then

dy =15(3x-10)" dx.
When x =4 and dx = 0.03 we have:
dy =15(3(4)-10)" (0.03)
=15(2)"(0.03)
=72
52, y=x"-2x"-Tx

First, we find @ :

dx
ﬂ=5)c4 -6x*—7.
dx
Then

dy = (5)54 —-6x7 —7)dx .

When x =3 and dx = 0.02 we have:

dy=(5(3)" -6(3)" =7)(0.02)
=6.88.

Chapter 2: Applications of Differentiation

53. Let y=f(x)=x"—-x"+8

54.

First we find f'(x) :
f'(x) =4x’ -2x.
Then
dy = f'(x) dx
= (4x3 - 2x) dx
To approximate f (5.1) , we will use
x =5 and dx = 0.1to determine the differential
g)l}l'bstituting 5 for x and 0.1 for dx we have:
dy = f'(5)dx
=(4(5)" -2(5))(0.1)
= (4(125)-10)(0.1)
=(500-10)(0.1)
=(490)(0.1)

=49
Next, we find

F(5)=(5)" =(5)"+8

=625-25+8
=608
Now,
(5.1 = f(5)+f'(5)dx
~ 608 +49
~ 657

Let y =f(x) =x"—5x+9
First we find f'(x) :
f'(x)=3x"-5.
Then
dy = f'(x) dx

=(3x* -5 dx
To approximate f (3.2) , we will use
x =3 and dx = 0.2 to determine the differential
dy.
dy = f'(3)dx

=(3(3)-5(0:2)

=(27-5)(0.2)

=(22)(0.2)

=44
The solution is continued on the next page.
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Next, we find
£(3)=(3) -5(3)+9

=27-15+9
=21
Now,
f(32)=£(3)+£'(3)dx
~21+4.4
=254

S — O 02235h0.42246w(),51456

We begin by noticing that we are wanting to
estimate the change in surface area due to a
change in weight w; therefore, we will first find

d—S. Since & =160, we have:
dw

S = 0-02235(160)0’42246 051456
= 0.02235(8.53399783) w1456

=0.19073485w" 14
Now we can take the derivative of S with
respect to w.

Z—S =0.19073485(0.51456) w****
w

= 0.09814452y 04854
Therefore,

ds =(0.09814452w ™) dw

Now that we have the differential, we can use
her weight of 60 kg to approximate how much
her surface area changes when her weight drops
1 kg.

We substitute 60 for w and —1 for dw to get:

ds =(0.09814452(60) ™) (1)

=—0.01345
The patient’s surface area will change by
-0.01345 m®.

~0.8¢+1000
5t+4

First we find N '(t) by the quotient rule.
N'(r) = (51+4)(0.8) —(0.82t+1000)(5)
(5:+4)
_ 4r+3.2-41-5000
- (51 +4)’

_ 4996.8
- (5 +4)°

N(1)

57.

409

The differential is:

dN =N'(t)dt

_ 49968
(5t +4)’

We approximate the change in bodily
concentration from 1.0 hr to 1.1 hr by using 1.0
for # and 0.1 for dt.

4996.8

N =208 (0.1)

(5(1.0)+4)
- 2080

(o)
=—6.16889
Next, we approximate the change in bodily
concentration from 2.8 hr to 2.9 hr by using 2.8
for £ and 0.1 for dt.

49968
(5(2.8)+4)
_4996.8

= 0.1
8y (0.1)
=—1.54222
The concentration changes more from 1.0 hr to
1.1 hr.

dt

p(x) =0.06x" —0.5x" +1.64x+24.76
First we find p'(x).
p'(x)=0.06(3x*)-0.5(2x) +1.64
=0.18x* —x+1.64.
The differential is:
dp=p'(x)dx
= (0.18x —x+1.64) dx

Since x is the number of years since 2008, we
have 2010 implies x = 2 and 2012 implies

x =4. To estimate the change in ticket prices
from 2010 and 2012, we substitute 2 for x and 2
for dx.

dp=(0.18(2)" = (2)+1.64)(2)
=(0.36)(2)=0.72
To estimate the change in ticket prices from

2014 and 2016, we substitute 6 for x and 2 for
dx.

dp=(0.18(6)" =(6)+1.64)(2)
= (2.12)(2) = 4.24

Ticket prices will increase more between 2014
and 2016.
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58.

59.

60.

The circumference of the earth, which is the
original length of the rope, is given by

C (r) =27xr , where r is the radius of the earth.
We need to find the change in the length of the

radius, Ar , when the length of the rope is
increased 10 feet.

Using differentials, AC = C '( r) Ar represents
the change in the length of the rope. Therefore,
AC =10, and we have:
10=C '(r) Ar
Noticing that C '(r) =27, we have:
10 =27 Ar
1
—0 =Ar
2z
Therefore, the rope is raised approximately

Ar = 2 = 1.59 feet above the earth.
T

C(x)
X
To find Marginal Average Cost, we take the
derivative of the average cost function. By the
quotient rule we have:
x-C'(x)=-C(x)(1

2
X

A(x) =

a) The surface area of the water tank is given
by A=27r?.
Calculating the differential we have:
dA= A '(r)dr =4rxrdr.
The tolerance is in feetis +0.5.
dA = 4(3.14)(100)(20.5) ~ 628
The approximate difference in surface area
when the tolerance is taken into
consideration is 628 square feet.

61.

62.

63.

64.

Chapter 2: Applications of Differentiation

b) The possible extra area is 628 square feet.
Since each additional can will cover 300
square feet, they will need to bring 3 extra
cans to account for any extra area.

¢) 3 additional cans will cost the painters $90.

The volume of the spherical cavern is given by:
4
V (r) = 3 r

First we find the derivatve of the volume
function.

4

V'(r) = —7[(3r2) =47,
3

Therefore, the differential is:

dV =4znridr

Substituting the given information, we have:
dVv = 4(3.14)(400)2 (2) =4,019,200.

The enlarged cavern will contain an additional
4,019,200 cubic feet.

p=100—+/x

R(x) =p-x
= (100~ Vx) x
= 100x 2.

RY(x)=100-2 1 _100-3YE
2 2
p=400-x

Since revenue is price times quantity, the
revenue function is given by:

R(x)=p-x
= (400 - x) x
=400x - x°

To find the marginal revenue, we take the
derivative of the revenue function. Thus:

R'(x) =400-2x

p=500—-x

R(x)=p~x
=(500-x)x
=500x — x°

R'(x)=500—-2x.
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66.

67.

68.

Exercise Set 2.6

4000

X
Since revenue is price times quantity, the
revenue function is given by:

+3

R(x)zp-x

_ (4000 +3)x
X

=4000 +3x
To find the marginal revenue, we take the
derivative of the revenue function. Thus:

R'(x)=3

3000

= +5
X
R(x)=p-x
_ (3000 +5jx
X
=3000+5x.
R'(x)=5.

. Answers will vary. Calculus in its present
form was essentially developed independently
in the 17th century by Isaac Newton and
Gottfried Wilhelm von Leibniz. During the 18"
century calculus was challenged by some
philosophers and religious leaders who argued
that the infinitely small quantities represented
by differentials were meaningless. These critics
were silenced when the concept of “limit” was
introduced. In it, a differential was not thought
of as an infinitely small quantity; rather, a
derivative was considered to be the limit
approached by two differentials as each
becomes infinitely small.

. For a function y=f (x) , the differential, dy,
can be used to approximate the true change in
the value of f (x) when a small change is made

in the value of x.
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Exercise Set 2.7

1.

a) The demand function is
q= D(x)=400—x .

The definition of the elasticity of demand is
x-D' (x)
D(x)
find the elasticity of demand, we need to

find the derivative of the demand function
first.

4 _pr(x)=L
dx dx
Next, we substitute —1 for D'(x), and

given by: E(x) =-— . In order to

(400~ x)=~1.

400— x for D (x)into the expression for

elasticity.

X (—1) X

400-x  400—x

b) Substituting x = 125 into the expression
found in part (a) we have:

E(125)——(125) 1B
400-(125) 275 11

E(x)=—

Since E(125)= 15_1is less than one, the

demand is inelastic.
¢) The values of x for which E (x) =1 will

maximize total revenue. We solve:

E(x)=1

AR
400—x

x=400-x
2x =400

x =200
A price of $200 will maximize total revenue.

q:D(x)zSOO—x;x=38
a) D'(x)=—l
_x-D'(x)_ x-(—l)_ X

E(x)= . -
(x) D(x)  500-x 500-x
b) E(3g)=i=£
500-38 231

E(38)<1, so demand is inelastic.

Chapter 2: Applications of Differentiation

¢) Solve E(x)=1
X —
500-x
x=500-x

2x =500

x =250
A price of $250 will maximize total revenue.

1

q=D(x)=200—4x; x =46

a) D'(x)=—4
E(x)=_x-D'(x)=_ x-(—4) _ 4x
D(x) 200—-4x 200-4x
X
50-x

b) Substituting x = 46 into the expression
found in part (a) we have:
E(46)=i=ﬁ=£=11.5

50-46 4 2
Since E(46)>1, demand is elastic.
¢) Wesolve E(x)=1
x —
50-x
x=50-x
2x=50

x=25
A price of $25 will maximize total revenue.

g =D(x)=500-2x; x=57

a) D'(x)=—2
E(x)z_x~D'(x)=_ x~(—2) _ 2x
D(x) 500-2x  500-2x
_ X
©250-x
b) E(57):L:i
250-57 193

E(57) <1, so demand is inelastic.
¢) Solve E(x)=1
X —
250-x
x=250-x
2x =250

x=125
A price of $125 will maximize total revenue.
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q=D(x)=@; x=50
X
a) First, we rewrite the demand function.
D(x)= 490 _ 400471
X

Next, we take the derivative of the demand
function, using the Power Rule.
D'(x)=400(~1) x> = -400x"

Making the appropriate substitutions into the
elasticity function, we have

x-D'(x)  x-(-400x7)
E(x) =— =— = =
D(x) 400x
_400x7"
400x”"
Therefore, E (x) =1 for all values of x .

b) E(50)=1, so demand is unit elastic.

¢) E(x)=1forall values of x. Therefore, total

revenue is maximized for all values of x.
In other words, total revenue is the same
regardless of the price.

q=D(x)=3OOO; x =60
x

a) D(x)= @ =3000x""

D'(x)=-3000x"

Making the appropriate substitutions into the
elasticity function, we have

D' x-(—3000x72
E(x)z—x (x):_ ( — ):
D (x) 3000x
3000x7"
3000x~"
Therefore, E (x) =1 for all values of x.

b) E(60)=1, so demand is unit elastic.

¢) E(x)=1forall values of x. Therefore, total

revenue is maximized for all values of x.
In other words, total revenue is the same
regardless of the price.

g= D(x) =+600—x; x =100
a) First rewrite the demand function:
D(x)=(600-x)*.

413

Next, we take the derivative of the demand
function, using the Chain Rule:

1 - d
D'(x)==(600—x)"?-—(600—x
()= 2(600-x) - (600 x)

-1

" 2J600—x

Making the appropriate substitutions into the
elasticity function, we have

-1
E<x>—_x-D'<x>__x‘(zmj_
~ D(x)  Jeoo-x

X
_ 24600—x _ X
~ Je00—x  2(600-x)
X
1200 2x
b) Substituting x = 100 into the expression
found in part (a) we have:
100 100 1
1200-2(100) 1000 10
Since E(100)<1, demand is inelastic.

¢) Solve E(x)=1

E(100)=

X

1200-25
x=1200-2x
3x=1200
x =400

A price of $400 will maximize total revenue.

g =D(x)=/300-x; x =250
a) D(x)=(300—x)".
D'(x)= %(300—x)% (%(300—@)
-1

T 2300+
1
_xD'(x) x.(Z«BOO—xJ

E(x)z D(x) T \/300—x -

X
_2300-x  «x
~ B00—x  2(300-x)
_ X
600 2x
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b) E(250) = L: 3
600-2(250) 2
Since E(250)> 1, demand is elastic.
¢) Solve E(x)=1
x
600—-2x
x=600-2x
3x =600

x =200
A price of $200 will maximize total revenue.

1
9. q:D(x)=L02;x=l
(x + 3)
a) First, we rewrite the demand function:
D(x)=100(x+3)".
Next, we take the derivative of the demand
function, using the Chain Rule:

D'(x)=100(-2)(x+3)" (%(x +3))

=-200(x+3)"
200
(x+3)3

Making the appropriate substitutions into the
elasticity function, we have:

x'(_ 200 ]
_x-D'(x)_ (x+3)3

D(x) 100
(x+3)2
~ [ 200 J(x+3)
AT
2x
Cx+3

b) Substituting x =1 into the expression
found in part (a) we have:

2-(1
E(1)=ﬂ=£=l
1+3 4 2
Since E (1) <1, demand is inelastic.
¢) Solve E(x)=1
2x ~1
x+3
2x=x+3

x=3
A price of $3 will maximize total revenue.

Chapter 2: Applications of Differentiation

500
(2x+12)*

10. g=D(x)=

a) D(x)=500(2x+12)7.
D'(x)=500(-2)(2x+12)(2)
=-2000(2x+12)"
2000
(2x+12)’

Making the appropriate substitutions into the
elasticity function, we have

x'[— 2000 ]
E(x):—x'D'(x) _ (2x+12) _

D(x) 500
(2x+12)°
_ [ 2000 (2x+12)°  2x
- (2x+12)° | 500 T x+6
2-(8
b) E(g): U:E:ﬁ
(8)+6 14 7
Since E(8)>1, demand is elastic.
¢) Solve E(x)=1
2x -1
x+6
2x=x+6
x=6

A price of $6 will maximize total revenue.

11. ¢ =D(x)=50,000+300x - 3x*

a) D'(x)=300-6x

E(x): _x-D'(x)

D(x)
x-(300—6x)
50,000+ 300x — 3x2
300x — 6.x°

50,000 +300x — 3x2
_ 6x7=300x
"~ 50,000 +300x — 3x>

Copyright © 2016 Pearson Education, Inc.



Exercise Set 2.7

b) Substituting in to the elasticity of demand

we have:
2
E(75) = 6(75)" —300(75)
50,000+300(75)—3(75)*
11,250
55,625
= 0.20.

Since £ (75) <1, the demand for oil is

inelastic at $75 a barrel.
¢) Substituting in to the elasticity of demand

we have:
2
£(100) = 6(100)" —300(100) :
50,000+ 300(100)—3(100)
30,000
~ 50,000
= 0.6.

Since £(100) <1, the demand for oil is

inelastic at $100 a barrel.
d) Substituting in to the elasticity of demand

we have:
2
E£(125) = 6(125)" —300(125) :
50,000+300(125)-3(125)
56,250
40,625
~1.38.

Since E(125) > 1, the demand for oil is

elastic at $125 a barrel.
e) Revenue will be maximized when E(x)=1.

Therefore, we solve:
6x> —300x
50,000 +300x — 3x”

6x> —300x = 50,000 + 300x — 3x>

9x* = 600x — 50,000 = 0
Using the quadratic formula, we find that the
solutions to the equation.

~ (<600) +/(<600)? — 4(9)(~50000)
o 2(9)
. 6004/2,160,000
18
x=-48316 or x=114.983.
The only solution that is feasible is

x =114.98 . Thus, oil revenues will be
maximized when price is $114.98 a barrel.

12.

415

f) Substituting the answer found in part (e) into
the demand function we have:

D(114.98) = 50,000 +300(114.98) - 3(114.98)

= 44,832.80.

The demand for oil is about 44,832 million
barrels per day or 44.8 billion barrels per
day at a price of $114.98 a barrel. At the
time this solution was created, the price of
oil was $100.83 per barrel. Thus according
to this model, by increasing the price, oil
producers could increase revenue.

g) The demand for oil is inelastic at $110 a
barrel. Therefore an increase in price will
result in an increase in total revenue.

q=D(x)=967-25x

a) D'(x)=-25
E(x):— x'D'(x) __ x-(—25)
D(x) 967 —25x
_ 25x
967 -25x
b) We set E(x)=1and solve for x.
25x -1
967 -25x
25x =967 -25x
50x =967
x=19.34

Demand is unitary elastic when price is
19.34 cents.

¢) Demand is elastic when £ (x) >1.

Testing a value on each side of 19.34 cents,
we have:

F19)=— 2519 _ogrcy
967-25-19

)= 252y
967-25-20

Therefore, the demand for cookies is elastic
for prices greater than 19.34 cents.

d) Demand is inelastic when E(x)<1.
Using the calculations from part (c), we see
that the demand for cookies is inelastic for
prices less than 19.34 cents.

e) Total revenue is maximized when E(x)=1.

In part (b) we showed that £(x)=1 when

price was 19.34 cents. Therefore, revenue
will be maximized when price is 19.34
cents.
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f) We have shown that the demand for cookies

is elastic when the price of cookies is 20
cents. Therefore a small increase in price
will cause total revenue to decrease.

13. g=D(x)=+200-x"

a)

b)

First, we rewrite the demand function to
make it easier to find the derivative.

D(x)=(200-x’ )/ .

Next, using the Chain Rule, we have:
' _ 1 3 7% 2

D (x)—E(ZOO—x ) (-3x?)

B —3x?

2\200- 23

Now, substituting in the elasticity function
we get:

D(x) 00—

3x°
2
2 (\/200— % )
B 353

_2(200—x3)

E()=- 220 1242002

_ 3x°
400-2x3

3
E(3)= () 3
400-2(3)
81
346
=(0.2341
Since £ (3) < 1, the demand for computer

games is inelastic when price is $3.

From part (b) we know that the demand for
computer games is inelastic at a price of $3.
Therefore an increase in the price of
computer games will lead to an increase in
the total revenue.

Chapter 2: Applications of Differentiation

2x 4300
M. q=D()=10

a) Using the Quotient Rule, we have:
D(x)= (10x+11)-2—(2x-2|-300)-10
(10x+11)
~20x+22—-(20x+3000)
C (0x+11)’
-2978
(10x+11Y’

Therefore,

-2978

(10x+11)°

D(x) T 2x+300
10x+11

2978x  10x+11

(10411 2x+300

1489x
(10x+11)(x+150)

1489 (3
by E(3)= G)
(10(3)+11)((3)+150)
1489
2091
=0.7121
Since E(3)<1, the demand for tomato
plants is inelastic when the price is $3 per
plant.
¢) We determined in part (b) that the demand
for tomato plants was inelastic at $3.
Therefore, an increase in the price of tomato
plants will lead to an increase in revenue.

15. ¢=D(x)=180-10x

a) First we find the derivative of the demand

function.
D'(x)=-10
Therefore, the elasticity of demand is:
E(x) __ x~D'(x)
D(x)
_ x-(-10)
©180-10x
_ —10x
T 180—10x
. 10x
180-10x
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b)

d)

Substituting in to the elasticity of demand
we have:
10(8
E(8)= ¢
180-10(8)

_80

100
=0.8.

Revenue will be maximized when E(x)=1.
Therefore, we solve:
10x -1
180—-10x
10x =180—-10x
20x =180

x=09.
When the price of sunglass cases is $9 a
case, revenue will be maximized.
. A 20% increase in the price would
increase the price from $8 a case to $9.60 a
case.
At $8 a case, demand is:

q=D(8)=180-10(8)=100 cases.
Therefore revenue is price times quantity or
R=p-q=38-100 = $800.

At $9.60 a case, demand is:

g =D(9.60)=180-10(9.60) = 84 cases.
Therefore revenue is price times quantity or
R=p-q=3%9.60-84 = $806.40. Therefore,

revenue will increase if Tipton Industries
raises the price 20%.

We know increasing from $8 to $9 would
increase revenue, and increasing from $9 to
$9.60 would decrease revenue, we just
didn’t know how much the increase and
decrease would be. Therefore, the answer to
part (d) does not contradict the answers to
parts (b) and (c). In fact it confirms them.

k
q=D(x)=—
X

a)

First, we rewrite the demand function to
make it easier to find the derivative.

D(x)=k-x"
Using the Power Rule, we have:
D'(x)=k- (—n)x_"_1 = —nkx "

17.

18.

b)

N

\

417

Substituting into the elasticity function we
have:

T A kxfnfl
E(x):_xD(x):_x( nﬁ )
D(x) kx™"
nk(x-xf’H)
kx*}’l
nk(xfn)
- kx*n
=n
No, the elasticity of demand is constant for
all prices. E(x)=n.

Total revenue is maximized when
E(x)=1. Since E(x)=n, total revenue

will be maximized when n=1.

Answers will vary. The elasticity of demand
is a measure of the responsiveness of
quantity demanded to changes in price. This
measure allows economists to determine
how sensitive quantity demanded is to price
changes and help predict the effect of price
changes on total revenue.

Answers will vary. In general, the greater
the availability of substitutes and the better
the substitutes are will cause goods to have a
higher elasticity of demand. For example,
the demand for tea is relatively elastic
because of the wide range of substitutes
available, such as coffee, soda, or water.
However, a diabetic’s demand for insulin is
very inelastic because there are no close
substitutes for insulin.
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Exercise Set 2.8
. C dy
1. Differentiate implicitly to find I
X

We have3x® — y? =38.
Differentiating both sides with respect to x

yields:
d(, 3 - d
—(3x" - =—(8
dx( vy ) dx( )
dyp_d 2_dg
dx dx dx
S 2y Q =0 Next, we isolate ﬂ
dx dx
dy 2
—2y—=-9x
ydx
@ _o
dx 2y

Find the slope of the tangent line to the curve at

(2,4).

Replacing x with 2 and y with 4, we have:
dy 9 92 36 9

a2y 2(4) 8 2

The slope of the tangent line to the curve at

.9
2,4 —.
(,)152

2. xX*+2)°=6
Differentiating both sides with respect to x

yields:
d (3 3\ d
—(x"+2y" |=—(6
dx ( 7 ) dx ( )
3x% + 6y2 ﬂ =0 Next, we isolate &
X dx
dy 2
6y? == = 3x
7 dx
d_=x
dx  2y°
Find the slope of the tangent line to the curve at
(2,-1).
dy_ - _—4_
dx 2(_1)2 2
The slope of the tangent line to the curve at
(2,-1)is 2.

Chapter 2: Applications of Differentiation

2x° +4y? =-12
Differentiating both sides with respect to x
yields:

%(2;9 +4y2) =di(—12)

X
6x> + 8y ﬂ =0 Next, we isolate ﬂ
dx dx
dy 2
8y -—=-6x
4 dx

dy _ —6x*

dx 8y

dy_ 3

dx 4y
Find the slope of the tangent line to the curve at

(-2,-1).

Replacing x with -2 and y with —1, we have:
@ _ 3 32 _-n

=3.

dx 4y 4(-1) -4
The slope of the tangent line to the curve at
(-2,-1)is 3.

2x% -3 y3 =5
Differentiating both sides with respect to x
yields:

d (2x2 —3y3) =%(5)

dx
4x - 9y2 d—y =0 Next, we isolate d_y
dx dx
dy
—9y? . == =—4x
4 dx
y_&
dx 9y2
Find the slope of the tangent line to the curve at
(-2.1).

Q_4(—2)_—8 8

dx 9 (1)2 9 9
The slope of the tangent line to the curve at

. 8
-2,1 ——.
(-2,1)is 9
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2, .2 _
x“+y =1

Differentiating both sides with respect to x
yields:

d(, > d
—(x"+ =—(1
dx(x y) dx()
2x+2y ﬂ =0 Next, we isolate ﬂ
dx dx
dy
2y —=-2x
Y dx
dy —2x
dx 2y
d__x
dx y

Find the slope of the tangent line to the curve at
133
272 )

Replacing x with % and y with ? , we have:

-1

_ x__ 2

1
X2 1
.y B B
2
The slope of the tangent line to the curve at

1)
D) 1S—$.

X - y2 =1
Differentiating both sides with respect to x
yields:

i(xz_yz)zi(l)

dx dx
2x-2y ﬂ =0 Next, we isolate 2
dx dx
dy
— —= —2x
4 dx
b _x
dx y
Find the slope of the tangent line to the curve at
(V3.42).
& _B_f3
dx 2 2

The slope of the tangent line to the curve at

(\/5,\/5)15 \/g

419

2x°y* =-18
Differentiating both sides with respect to x
yields:

d(,3,\ d

—2 =—(-18

dx v ) dx( )
2x3%y2 +y2%(2x3) =0 Product Rule
2x° (Zy-—y)+y2 (6x2)=0

dx
4x3y-d—y— 6x7 y?
dx
afy_—6xzy2
dx 4x’y
dy 3y
dx 2x

Find the slope of the tangent line to the curve at

(-1,3).
Replacing x with —1 and y with 3, we have:
dy _ 3y _ 33) 9

e 2x  2(-1) 2

The slope of the tangent line to the curve at

. 9
-1,3 —.
( ,)1s2

iyt =12
Differentiating both sides with respect to x
yields:

di(, » 4\ d

—(3 =—(12

dx ( Y ) dx( )

3x2 (4};3 %) + y4 . (3 . 2x) =0 Product Rule

d d
12x2y3 '—y+ 6xy4 =0 Next, we isolate —y
dx dx

12x%y° ﬂ =—6xy”
dx

Y__y
dx  2x
Find the slope of the tangent line to the curve at
(2,-1).
dy _ (1) _1
de 2(2) 4

The slope of the tangent line to the curve at

1
2,—-1 —.
(2, )1s4
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{ b2

10.

xt—x2 y3 =12
Differentiating both sides with respect to x

yields:
oiy)- %
d d
dx ( ) (x2y3) - dx

:| 0  Product Rule
dy

3x2 2 —2x° =
dx Y

. dy
Next, we isolate —.
dx

—3)c2y2 b = 2xy3 —4x°

dx

dy 2xy° —4x>

i _3x2y2

dy 4x* -2y°

dx 3xy2
Find the slope of the tangent line to the curve at
(-2.1).
Replacing x with —2 and y with 1, we have:
dy _a’-2) _4(=2)-2(1) _ 7
R ETe

The slope of the tangent line to the curve at

.7
-2,1)1s——.
(-2.1)is 3

B ox?y? =9
Differentiating both sides with respect to x
yields:

3x° —{;ﬂ (2y~%j+ y? (2x)} =0

d
3x? —2)62)/-—y—2xy2 =0
dx

—2x2y ﬂ = 2xy2 —3x?
dx
dy 2xy? = 3x?
dx —2x2y
dy 3x-— 2y*
dx 2xy

11.

12.

Chapter 2: Applications of Differentiation

Find the slope of the tangent line to the curve at

(3,-2).
dy _3(3)-2(-2)" _9-8_ 1
e 2(3)(-2) -12 127
The slope of the tangent line to the curve at
1
-2)1§——
xy+y*=2x=0

Differentiating both sides with respect to x
yields:

d d
dx(xy+y —2x) dx(o)
d d (o, d d
= el 2 (2x)==2
dx(xy)+dx(y) dx( x) dx(O)
dy dy
— 1) |+2y-—-=2(1)=0
|:x(dx)+y( )}— 7 dx ()
dy dy
— 2y-—-=2=0
¥ dx+y+ 7 dx
dy dy
R AN, DY A B
* dx+ 4 dx 7
dy
27). 2 ==
(x+2y) o y
y_2-y
dx_x+2y
Find the slope of the tangent line to the curve at
(1,-2).

Replacing x with 1 and y with—-2, we have:
dy_2-y _2-(2) 4 __ 4

dc x+2y ()+2(-2) 3 3
The slope of the tangent line to the curve at
.4
1,-2)is——.
xy—-x+2y=3

Differentiating both sides with respect to x
yields:

X

{ (Zﬁ)w(l)}—nz-%:o

x‘ﬂ+y—l+2~ﬂzo
dx dx

d d
a(xy—x+2y)—d—(3)

We isolate ? at the top of the next page.

X
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Continued from the previous page.

dy
x+2)—=1-
( ) dx 4
 _1-y
dx  x+2
Find the slope of the tangent line to the curve at

)
a_\3)_ 53 1

dx (-5)+2 -3 9
The slope of the tangent line to the curve at

(—S,EJ is—l.
3 9

13. 4x*-y*-3y+5x+1=0
Differentiating both sides with respect to x
yields:

i(4x3 —y* —3y+5x+1)=di(0)

dx x
d 5 d
—4x’ ——y" ——3y+—5x+—1=0
dx dxy x Y x x
12x> -4 3~ﬂ—3-ﬂ+5+0=0
dx dx
4y3-ﬂ—3.d—y 12x* -5
dx dx
3 dy 2
(~4y°-3)-F=-124 -5
dx
dy _-12x° =5
dx  —4y° -3
dy _12x°+5
dx 4y3+3

Find the slope of the tangent line to the curve at
(1,-2).

Replacing x with 1 and y with—2, we have:
dy 12%+5 120045 17

dv  4y*+3 4(<2)+3 29

The slope of the tangent line to the curve at

17
1,-2)is— L
(1.-2)is=o5

421

14. *y-2x*-y*+1=0
Differentiating both sides with respect to x

yields:
d d
E(xzy—2x3—y3+l)=a(0)
2 dy 2 2\ 4y _
{x (Ej+y(2x)}—2(3x )- (3 )'E_O
2 dy 2 2 dy
—+2xy—6x"-3y"-—=0
X dx+ xy—6x" =3y I
(x2—3y2)-%=6x2—2xy
Q_6x2—2xy
dx x2_3y2

Find the slope of the tangent line to the curve at
(2,-3).
dy _6(2-2(2)(-3) _24+12_ 36 _ 36

A (2f-3(-3) 4-27 23 3

The slope of the tangent line to the curve at

.36
2,-3)1s——.
( > )IS 23

15. x?+2xy=3y?
Differentiating both sides with respect to x
yields:

2

dy
2x+2x-—+2y=6y-
dx =Y dx

dy dy
2x- "= -6y =-2x-2
dx Y dx Y

(2x—6y)-d—y= —2(x+y)
dx

dy _-2(x+y)
dx 2x—6y
dy _ —2(x+y)
E_—Z(—x+3y)
dy x+y
E_3y—x
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16. 2xy+3=0
Differentiating both sides with respect to x
yields:
d d
—(2xy+3)=—(0
a2 +3) =5 0)
2- x(d—ij(l) +0=0
dx
dy
2x-—+2y=0
dx 7
2 Y =-2
dx
& _
dx X

17. x*-y*=16
Differentiating both sides with respect to x
yields:

%( 2 —yz)Z%(M)

e d 2 d
dx dx dx
2x—2y-d—y=0
dx
I
dx
dy —2x
dx -2y
dy x
dry

18. x*+y*=25
Differentiating both sides with respect to x
yields:

i(x2 +y2) :i(ZS)

dx dx
dy
2x+2y-—=0
Y dx
dy
2y-—=-2x
Y dx
ﬂ_—Zx
dx 2y
y__x
dx y

19.

20.

21.

Chapter 2: Applications of Differentiation
P =

Differentiating both sides with respect to x

yields:

)

dy 4
3y?. 2 =5y
Y dx
d_y_ 5x*
dx 3y2
y5=x3

Differentiating both sides with respect to x
yields:

L)

5y* 'd_y= 3x?
X

& 3

dx 5y4

xzy3 +x3y4 =11
Differentiating both sides with respect to x
yields:

%(xzf +x3y4) = %(1 1)
) ()
Notice:

%(xzf): x* (3)}2 -%j+y3 (Zx)

= 3xzy2 ‘d_y_}_ 2xy3
dx

and

%( 3y4)=x3(4y3-2—z)+y4(3x2)

= 4)c3y3 ‘d—y+3x2y4
dx

Therefore,

d d
3x?y? ‘d—£+2xy3 +4x3y? 'd—§+3x2y4 =0

. d
We isolate d_y , on the next page.
X
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22.

23.

24.

Exercise Set 2.8

Continued from the previous page.

(4)63)/3 + 3xzy2 ) Y = —3x2y4 - 2xy3
dx
dy _ -3x2yt—2x)°
dx 4x3y3 + 3x2y2
dy )cy2 (—Sxyz - Zy)
dx xy2 (4x2y + 3x)
dy  2y+ 3xy2

dx 4x%y +3x

By x5y =219
Differentiating both sides with respect to x
yields:

2)c3y-d—y+3xzy2 -3x°)° -d—y—5x4y3 =0
dx dx
d
(2x3y—3x5y2)—y=5x4y3 —3x2y2
dx
d_y__5x4y3—3x2y2
dx 3x°y?—2xty
d_y= —5xzy2 +3y
dx  3x%y-2x

pr+p+2x=40
Differentiating both sides with respect to x
yields:

%(p2 +p+2x) = %(40)

2p-d—p+d—p+2-1=0

dx dx
dp
2p+1)-—=-2
(2p+1)-—
dp 2
dx 2p+1
PP+ p-3x=50

Differentiating both sides with respect to x
yields:

d d
E(ﬁ +p—3x)=$(50)
3p2. P P 5
dx dx

dp

We isolate e at the top of the next column.

X

_(x3y2_x5y3)=%(_19)

25.

26.

27.

dp
3p*+1)-===3
(307 +1)-
dp 3
dx  3p*+1
xp3=24

Differentiating both sides with respect to x
yields:

d (xp3) = i(24)

dx dx
2 dp 3
x(3p ~—)+p (1) =0 Product Rule
dx
dp 3
3xp? =
P dx p
dp_ -1
dx  3xp’
d__»r
dx 3x
x*p? =108

Differentiating both sides with respect to x
yields:

i(x3p2)=di(108)

dx x
x° (Zp-d—p)+p2 (3x2) =0
dx
2x3p K/ = —3x2p2
dx
dp —-3x? p?
dx 2x3p
dp  3p
dx 2x
x2p +xp+1 |
2x+p -
Multiply both sides by 2x + p to clear the
fraction.
xzp +xp+1
(2x+ p)(v] =(1)(2x+ p)

x2p+xp+1=2x+p

The solution is continued on the next page.
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28.

29.

Differentiating both sides of the equation on the
previous page with respect to x yields:

d (|, _d
E(x p+xp+1)—g(2x+p)

ix2 +ix +il—12x+—
dx P dxp dx  dx P
xz-d—p+p~2x+x~d—p+p-l+022+d—p
dx dx dx
: dp+x-d—p—l-dp=2 2xp-p
by dx

dp _2-2xp
dx  x*+x-1
xXp -9
x+p
Multiply both sides by x + p to clear the
fraction.
xp
x+ =(2)(x+
(s2) 225 - @lsr)
xp=2x+2p
Differentiate both sides with respect to x.
d d
—(xp)=—(2x+2
oo (ap)=——(2x+2p)
2B a=040. 2
dx X
.d_p_z.dp_z_p
dx dx
dp
x-2)-F=2-
(x=2)—="=2-p
d _2-p
dx x-2

(p+4)(x+3)=48

Expanding the left hand side of the equation we

have:
px+3p+4x+12=48

px+3p+4x=36

Differentiating both sides with respect to x

yields:
d d
—(px+3p+4x)=—(36
- (pr+3p+dx)=—-(36)
p'1+x-d—p+3'd—p+4-1:0
dx dx

(x+3)~d—p=—p—4

dx
dp _—p-14
dx x+3

30.

31.

Chapter 2: Applications of Differentiation

1000-300p +25p> = x
Differentiating both sides with respect to x
yields:

d N d
3(1000—300p+25p )—E(x)

—300-d—p+25-2p-d—p=1
dx dx

dp
50p—-300)-—=1
( P ) dx

dp _ 1
dx 50p—-300
G’ +H* =25
We differentiate both sides with respect to ¢.
d( o 2\ d
—(G"+H")=—(25
a0 )= 4 29)
dt dt
o 56.96
dt dt
an _ G dG
dt H dt
We find H when G=0:
(0)? + H? =25
H?=25
H=5, H is nonnegative

Next, we substitute 5 in for A , 0 in for G, and
3 in for d—G to determine d—H

dt dt
dH G .dG

At H dt

G (3)=0

We find H when G=1:
(1Y +H* =25
H?>=24
H= \/ﬁ = 2x/€ R H is nonnegative
Next, we substitute 2\/3 infor H,1infor G,

and 3 in for d—G to determine d—H
dt dt

ad _ G dG
dt H dt
(1) 3

o) Yo

The solution is continued on the next page.

Copyright © 2016 Pearson Education, Inc.



32.

33.

Exercise Set 2.8

We find H when G=3:
(3 +H? =25
H? =16
H=4, H is nonnegative

Next, we substitute 4 in for H , 3 in for G, and

3 in for ﬁ to determine C(li_[t—l

ai _ G dG
dt  H dt
(3) 9
. (3\==-Z=
A£+B=9

We differentiate both sides with respect to 7.
di s 3\ d
A +B)=—(9

dt
304 3 B,
dt dt
3A2.ﬁ=_332.d_3
dt dt
. _ =38 a8
dt  34% dt
dd_-B’ i
dt 4> dt
We find Bwhen A=2:
A+B¥=9
(2P +B>=9
8+B°=9
B’ =1
B=1 34.

Next, we substitute 2 for 4, 1 for B, and 3 for

d—B into the formula for % :
dt dt

a4 _-(1)

di (2) ’

0=

4

R(x) =50x—0.5x"

Differentiating with respect to time we have:

d . d 2
ER(x) = E(SOx—O.Sx )
AR _ 5o 9% dx
dt dt dt
IR _ (50— x). &
dt dt

425

Next, we substitute 10 for x and 5 for dx/dt.
f{—f: (50—-10)-5=(40)-5=200
The rate of change of total revenue with respect
to time is $200 per day.

C (x) =10x+3
Differentiating with respect to time we have:
d d
—C(x)=—(10x+3

5 C(x)=—-(10x+3)

o
dt dt

Next, we substitute 10 for x and 5 for dx/dt.
ac =10- ( 5)=50

dt
The rate of change of total cost with respect to
time is $50 per day.
Profit is revenue minus cost. Therefore;
P(x)=R(x)=C(x)

=50x - 0.5x% - (10x +3)

=-0.5x> +40x-3
Differentiating with respect to time we have:

10

d o\ d )
ZP(x)—E(—O.Sx +40x-3)
LU ST YA
dt e dt
d_P:(4o_x).ﬂ
dt di

Next, we substitute 10 for x and 5 for dx/dt.

i_f — (40-(10))-(5) = (30)(5) = 150

The rate of change of total profit with respect to
time is $150 per day.

R(x) =50x—0.5x"

Differentiating with respect to time we have:

d _i : 2
7 R(x)— 7 (SOx 0.5x )
dR g dv | de
dt dt dt
IR _(50-x). &
dt dt

Next, we substitute 30 for x and 20 for dx/dr.

62;—1:=(50—30)-20:(20)-20:400

The rate of change of total revenue with respect
to time is $400 per day.

The solutioin is continued on the next page.
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35.

Looking at the cost function
C (x) =4x+10.
Differentiating with respect to time we have:

d d
ZC(x)=—(4x+10
1 C(x)=—-(4x+10)
ac _, &
d— di

Next, we substitute 30 for x and 20 for dx/dt.
< _y. (20)=80

The rate of change of total cost with respect to
time is $80 per day.

Profit is revenue minus cost. Therefore;
P(x)=R(x)-C(x)

=50x—0.5x" — (4x+10)

=-0.5x" +46x-10
Differentiating with respect to time we have:

4 p(x)= i(—o.sx2 +46x-10)
dt dt

AP _ L 46

dt dt dt

P _(46-x). &

dt dt

Next, we substitute 30 for x and 20 for dx/dt.
dP

o (46-(30))-(20) = (16)(20) =320

The rate of change of total profit with respect to
time is $320 per day.

R(x)=280x-0.4x"

Differentiating with respect to time we have:

4 R(x) =i(280x—o.4x2)
dt dt
R g0 gy &
di di dt
dR dx

—=(280-0.8x)-—
dt dt

Next, we substitute 200 for x and 300 for dx/dt.
‘;—If = (280-0.8(200))-300 = 36,000

The rate of change of total revenue with respect
to time is $36,000 per day.

C(x)=5000+0.6x

Differentiating with respect to time we have:

d .\ _d )
EC(x)—Z(5000+0.6x )
£:1.2x'd—x
dt dt

36.

Chapter 2: Applications of Differentiation

Next, we substitute 200 for x and 300 for dx/dt.
cj{—f =12 (200) -300=72,000

The rate of change of total cost with respect to
time is $72,000 per day.

Profit is revenue minus cost. Therefore;

P(x) = R(x)—C(x)

=280x—0.4x> — (5000 + 0.6x2)

= —x” +280x — 5000
Differentiating with respect to time we have:

4 p(x)= i(—xz +280x-5000)
di di

L O

dt dt dt

dP dx

—=(280-2x)-—
dt dt
Next, we substitute 200 for x and 300 for dx/dt.
P
Ccli_t = (280 -2 (200)) -(300) =-36,000
The rate of change of total profit with respect to
time is —$36,000 per day.
R(x)=2x

Differentiating with respect to time we have:

d d

LR(x)=%(2

S R(x)=—-(2)
dR _, &
a ar

Next, we substitute 20 for x and 8 for dx/dt.
ar _ 2-8=16
dt
The rate of change of total revenue with respect
to time is $16 per day.
C(x)=0.01x" +0.6x+30

Differentiating with respect to time we have:

LTS =i(o.01x2 +0.6x+30)
dt dt
9C 0,025 % 40,65
di di di
dc

— =(0.02x+0.6) s

dt dt
Next, we substitute 20 for x and 8 for dx/dt.
4€  (0.02(20)+0.6)-8=8

dt

The rate of change of total cost with respect to
time is $8 per day.

The solution is continued on the next page.
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Profit is revenue minus cost. Therefore;
P(x) = R(x)—C(x)

= 2x— (0.01x2 +0.6x+30)

=-0.01x" +1.4x-30
Differentiating with respect to time we have:

4 p(x)= i(—0.01x2 +14x-30)
d di

P 00x- T4

dt dt dt

ar_ (1.4—0.02x)-ﬁ
dt dt

Next, we substitute 20 for x and 8 for dx/dt.

i’i_}: =(1.4-0.02(20))-(8) =8

The rate of change of total profit with respect to
time is $8 per day.

Sp+4x+2px =060

First, we take the derivative of both sides of the
equation with respect to ¢.

%[5p+4x+2px]= d [60]

di
Sd_p+4ﬂ+2 p.ﬂ+d_p.x =0
dt dt dt dt
—

Product Rule

Sd—p+4ﬁ+2p-ﬂ+2x-d—p:0
dt dt dt dt

dx
Next, we solve for — .
t

By B s, B

45 4 0p K 5P 5,
dt dt dt dt
dx dp

4+2p) = (5+2x)- L
(4+2p) == (54204

ﬁ: —(5+2x) dp
dt  (4+2p) adt

Substituting 3 for x, 5 for p, and 1.5 for % , wWe

have:
dx _=(5+2(3))

dr (4+2(9)) (1)

=-1.18
Sales are changing at a rate of —1.18 sales per
day.

38.

39.

40.

427

R=xp

From Exercise 37, we know that % = -165

14

il

aa U
Substituting the appropriate values, we have:
dR -16.5

—=(3)(1.5)+(5)] —— |=-1.39
009+ )

Total revenue is changing at a rate of —$1.39
per day.

R _ .4, %

A=7r?

To find the rate of change of the area of the
Arctic ice cap with respect to time, we take the
derivative of both sides of the equation with
respect to 7.

d dr _,

—A=—|7

a " dr [#~]

d—A =7 i[l”z i| Constant Multiple Rule
dt dt
d—A =7|2r- ﬂ Chain Rule

dt dt
a_,

dt dt

In 2013, the » was 792 miles, and % =-4.7

miles per year. Substituting these values into the
derivative, we have:
dA
o 27(792)(-4.7)

=—23,388.52899

=-23,389
Therefore, in 2013 the Arctic ice cap was
changing at a rate of —23,389 mi” per year.

Another way of stating this is to say that the
Arctic ice cap was shrinking at a rate of 23,389
mi/yr.

A=rmr?

d d 2
—A=—\7

dt dt [ : J
[

dt dt
Substituting, we have:
dA

s 27(25)(~1)=-507 = -157.0796

The area of the wound is decreasing at a rate of
157.08 mm*/day.
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s, s=Ymw
60
First, we substitute 165 for 4, and then we take

the derivative of both sides with respect to .

Jiesw 165,
S: :—.WZ

60 60

d d{\/l 5.W4

kb

60
as_165 1y dw

— W7

dt 60 2 dt

165 1 dw

T 120 Wh o dr
_ 165 dw
120w dt

Now, we will substitute 70 for w and

-2 for d_w .
dt

ds 165
e
dt 120770
=-0.0256
Therefore, Kim’s surface area is changing at a

rate of —0.0256 m? /month. We could also say
that Kim’s surface area is decreasing by 0.0256
m?/month.

42. V=%(R2 —r2)

We assume that 7, p, L and v are constants.
a) Taking the derivative of both sides with
respect to ¢, we have:

d_V:i[L(Rz_ﬁ)}
dt  dt| 4Lv

_ P |dp_do
4Lv| dt dt

__P |,p.49R
4Lv dt

__PR dR
2Lv dt

Substituting, we have:
dv 500R dR

dr 2(80)(0.003) dr
_500R dR

T 048 dt

Chapter 2: Applications of Differentiation

b) Using the derivative found in part (a), and
substituting the values for R and dR/dt, we

have:
dv _500(0.075) (~0.0002)
dt 0.48
=-0.0156

The speed of the blood is changing at a rate
of —0.0156 mm /sec?.

43. V=ﬁ(R2 -r?)

We assume that 7, p, L and v are constants.
a) Taking the derivative of both sides with
respect to ¢, we have:

av _d 2 (r2-p?)
dt dt|4Lv
:L{iRz_iﬁ}
4Lv| dt dt

-_P 2R.d_R_0
4Ly dt

_ PR dR
2Ly dr
Substituting 70 for L, 400 for p and 0.003

for v, we have:

AV 400R  dR
dt 2(70)(0.003) dr
_400R dR
T 042 dr
~952.38%- 4R
dt

b) Using the derivative in part (a), we
substitute 0.00015 for dR/dt and 0.1 for R to
get:

‘;—f - 952.38(0.1)-(0.00015)

=0.0143
The speed of the person’s blood will be
increasing at a rate of 0.0143 mm/sec”.

4. D’ =x+ y2
After 1 hour,
D? =25% +60°
D? = 4225
D=65
dx

—=25and d_y =60
dt dt

The solution is continued on the next page.
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45.

Exercise Set 2.8

Differentiating both sides of the distance
equation on the previous page with respect to ¢,
we have:

dDz—i[xansz

dt  dt
2D-d—D=2x-ﬂ+2y'd—y
dt dt dt
dx dy
o a7
dr D

Substituting the appropriate information, we
have:

dD _ (25)-(25)+(60)-(60)
dr (65)
One hour after the cars leave, the distance

between the two cars is increasing at a rate of 65
mph.

Since the ladder forms a right triangle with the
wall and the ground, we know that:

x? +y2 =262
x? +y2 =676

We are looking for % .

Differentiating both sides of the equation with
respect to ¢, we have:

dr o
Bl v =—|676
e |=l676]
20y P g
dt dt
2y % =2 x% Subtracting
dy —2x dx e g
—=——-— Dividingby 2y
dt 2y d
& _ox dx
dt y dt

The lower end of the wall is being pulled away
from the wall at a rate of 5 feet per second;

therefore, ﬂ =5.
dt

When the lower end is 10 feet away from the
wall, x =10, we substitute and solve for y at the
top of the next column.

429

(10’ + 1 = 676

100+ y? =676
y* =676-100
y* =576
y =576
y=124
y=24 y must be positive

We substitute 10 for x, 24 for y and 5 for %

into the derivative to get:
& _—x dx
dt y dt
10
=— u ( 5)
(24)
)
12
= _2%
When the lower end of the ladder is 10 feet
from the wall, the top of the ladder is moving
down the wall at a rate of —25 feet per second.

46. First we draw a picture.

2x

First, from the picture we know that:
x*+ (2x)2 =D?

5x2=D?
When x is 440 m wide, we have
D? =5(440)’
D?* = 968,000
D =440/5

Differentiating both sides of 5x = D? with
respect to ¢, we have:

IOxd—x=2Dd—D
dt dt
&_DdD
dt 5x dt

The solution is continued on the next page.
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Now, when ”;—?=90, x =440, and 48. Vx+fy=1
d(y u_d

D = 4405 we have: E(x Tty 2)_5[1]

- (440@)(90) L L L

it 5(440) 2 2 &

NS ly—%.d_y=_lx—%
— _(90) 2 dx 2
> f R
=185 a _ 2
We are looking to find how fast the area is dc 1 _y
changing. 2 Y
A = 2)62 dy —x7%
d—A = 4xﬂ dr y_%
dt dt oy
Substituting, we have: P _ L/ = ‘/;
d_A—4(440)(18J§) ARG
dt _
=31,680\/5 9. —+—=5
~70,838.63 Y
The area is changing at a rate of 70,838.63 X4y =3
mz/yr. Differentiating both sides with respect to x, we
have:
4 Al 2 s
1. V=S dx[ ] dx[y ] sl
1ll)alif(;e.rentla‘cmg both sides with respect to ¢, we o3 2y73 Z_y -0
: X
%:%[%mﬁ} —2y_3;l—y= 2x7°
X
-3
:%,,%m dy __x”
dx Y
=%7{3r2§} ﬂ__y_3
! dx ¥
= 47r* A 3 x—1
dt 50. y'= )
Next, substituting 0.7 for dr/dt and 7.5 for r, we X
have: i[y3]=i x—1
dv 2 dx dx| x+1
—=47(7.5)"(0.7)

@ (e D)) =(s=1)()
= 47(56.25)(0.7) dx (x+1)°
=157.57 5 dy )
~494.8 Y e (x+1)’

The cantaloupe’s volume is changing
approximately at the rate of 494.8 cm®/week. dy 2

dr 3% (x+1)
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51.

52.

53.

Exercise Set 2.8

2 _ x2 -1
x?+1
Differentiating both sides with respect to x, we
have:

d dl|x*-1
417]-4 52

5 d_y: (x2 +1)(2x)—(x2 —1)(2x)

2
dx (x2+1)
dy_2x3+2x—2x3+2x
yE_ 2 1)?
(x +1)
d_y_ 4x
dx (x2+1)
d_y_ 4x
dx 2y(x2+1)
d_y_ 2x
dx y(x2+1)
x%+y%=l
d ¥ Y d
— +y7 |=—(1
dx[ Y J dx()
3 A2 5
2 3 dx
2 % __3 .y
3 dx 2
3 %
a2
d 2 -
X gy%

1
d_9 59 kx
d 4 ) 4

(x=y) +(x+y) =x°+)°
Differentiating both sides with respect to x, we
have:

d 3 31_dr.s, s
E[(x—y) +(x+y)}—a[x +yJ
LR 3_d s d s
dx(x ») +dx(x+y) dxx +dxy

d d
3(x—y)2-E(x—y)+3(x+y)za(x+y)=
dy
Sxt 45yt =
X +Jy Ix

Continued at the top of the next column.

3(x—y)2(1—§j+3(x+y)2(Hj_y):

x X
dy
Sxt syt =
x"+5y .
3(x—y)2—3(x—y)2%+3(x+y)2+
X
2dy 4 4 dy
3 —=5 Sy"—
(x+) =X RSy
2 2 4 ]dy
3 “3(x—y) -5 }—:
[30r+3)" =3(x-y) -5y |2
5x4—3(x—y)2—3(x+y)2
dy_5x4—3(x—y)2—3(x+y)2
dx 3(x+y)2—3(x—y)2—5y4
Simplification will yield:
d_y=5x4—6xz—6y2
dx  12xy-5y*

54. xy+x-2y=4

Differentiate implicitly to find Z—y .
X

d d
E[xy+x—2y]—$[4]
xd—y+y-1+1—2ﬂ=0
dx dx

dy
) Yo D
(r=2)="=-1-y

ﬂ_ -1-y 1+y
dc x-2 2-x

2
Differentiate Z—y implicitly to find d—;} .
X

dx
dfd]_df1ey
dx | dx dx|2-x

oy @20

o (2—)c)2

1+y

_ 2- x)( 2-x j +(1+) Substituting
(2-x)° paks

_I+y+l+y

@

_ 2+2y

()
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55. Y —xy+x’=5

Differentiate implicitly to find Z—y .
X

%[yz—xy+x2]=%[5]

dy dy
2y——|x—+y-1[+2x=0
ydx [ dx 7 }

dy
2y —x)—-— 2x=0
(2y x)dx y+2x

dy
2y-x)==y-2
(2y-x)=-=y-2x

dy y-2x

dx 2y-—x
2
Differentiate L implicitly to find d—; .
dx dx

4l d [y
dx|dx| dx|2y—x

dzy=(2y—x)(z—2)—(y—2x)(22:—1)

dx? (2 y- x)2
Simplifying the numerator we have:

2
d—y=[(2yﬂ—4y—xd—y+2xj—
dx

dx* dx
dy dy 2
2y——y—4x—+2x ||+(2y—x
( ydx 7 dx ):| ( 7 )
dy
d2y _ —3y+3x$
dx? (2y—x)2
Substituting y=2x for L
2y—x dx
By +ax L2
d2y= 7 2y—x
dx? (2y—x)2

2y—x+3x.y—2x
2y—x 2y—x

(2y-x)
—6y2 +3xy+3xy— 6x>
(29-x)’
—6y2 +6xy— 6x°
(2y-x)
—6()/2 —xy+x2)
(29-x)’

_3y

Chapter 2: Applications of Differentiation

56. x*-y*=5

Differentiate implicitly to find Z—y .
X
dr ,» o7 d
e R e
w7 =
dy
2x-2y—=0
* ydx

y_x
dx y

2
Differentiate L implicitly to find d—f
dx dx

dy_dlx
dx*  dx|y
dy
d=x- 2
=y * dx
2
Y

T H
d
= 24 Substituting for dy

y° x

Differentiate implicitly to find Z—y .
X
dr ;3 37 d
_ — =—I|8
dx [x 7 } dx [ ]

dy
3x2-3y2 = =0
* Y dx

dy 2

-3y ==-3

4 dx ¥
dy _ -3x%
dx  -3y?

The solution is continued on the next page.
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Cal culus and Its Applications 11th Edition

Exercise Set 2.8

2
Differentiate Z—y implicitly to find <y .
X

dx?
d’y_d|x
dx?  dx y2

Lo dy
= Substituting for —
y dx
2 4
2 xyz _=X
Y

y4

Simplifying the derivative, we have:

29” y_2xt
d’y 1y y
e »

2xy3 —2x*

58. . Givenan equation in x and y where y is a
function of x but where it is difficult or
impossible to express y in terms of x, implicit
differentiation allows us to find the derivative of
y with respect to x.

59. ™. One dictionary defines “implicit” as
“capable of being understood from something
else though unexpressed” or “involved in the
nature or essence of something though not
revealed, expressed, or developed.” When a
function y of x is defined implicitly it is written
as an equation in x and y where y is not
expressed in terms of x but where it is
understood or implied that y is indeed a function
of x.

Bitti nger Sol utions Manual

60.

61.

62.

63.

64.

Using the calculator, we have:

x2+y2=4

|l
(M

@

Using the calculator, we have:

x*=y2+ x5
0.5

-0.5

Using the calculator, we have:

yh=y?-x2
15

-1 } 1 L |

-15

Using the calculator, we have:

x3=y2(2-x)

Using the calculator, we have:

y2=x3

|
N
—

OIrTTTTTET T T T T o

~———— L
2}
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