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CHAPTER 3

Applications of the Derivative

Section 3.1 Increasing and Decreasing Functions

Skills Warm Up

1. x? = 8x p 2 .

6. The domain of is (-, 1).
x2-8x =0 V1= x
x(x —8) =0
(x ) 7. The domain of LIS

x =0 x2 = 3x-10
x-8=0=x=28 (-0, =2) U (=2, 5) U (5, ).
2. 15x = 3x2
8 . 3x .

8. The domain of ———1is —\/5, \/§
15x—%x2 =0 V9 - 3x? ( )
(15-3%) =0 9. When x = —2: ~2(=2 + 1)=2 - 1) = =6

x=0 When x = 0: =2(0 + 10 — 1) = 2
15-3x =0 =24
PR When x = 2 -2(2 + 1)(2 - 1) =
2
3 x° =25 _
o 0 10. When x = -2: 4[2(-2) + 1][2(-2) - 1] = 60
1_2%:0 When x = 0:4(2-0+1)(2-0-1) = -4
X X
125 Whenx:2:4(2-2+1)(2~2—1):60
3
x X
x> = 25x 11. When x = -2 Z(L)T .
s (-2-1° 3
x? —=25x =0
x(x2—25):0 Whenx=0:2(.0+)21:1
0-1
x(x + 5)(x - 5) =0
2-2+1
x = 0 Extraneous When x = 2: > =5
2-1)
x+5=0=x=-5
x-5=0=>x=5 2(-2+1) 1
12. When x = — 3
T (2-ap 1
N —2(0 +1) 1
When x = 0: ———* = ——
2x = (0 - 4) 8
X =
When x = 2 7_2(2 * 21) = —%
5. The domain of ~— ;is (=00, 3) U (3, ). (2-4)
X —
1. f has a critical number at x = —1. 2. f has critical numbers at x = 2.

f is increasing on (-0, —1).

f is decreasing on (~1, o).
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f is increasing on (—o0, —2) U (2, ).

f is decreasing on (-2, 2).




3. f has critical numbers at x = £1, 0.

f is increasing on (—1, 0) U (1, ).

f is decreasing on (—o0, —1) U (0, 1).

. f has critical numbers at x = +3, 0.
f is increasing on (—oo, —3) v (0, 3),

f is decreasing on (-3, 0) U (3, ).
. f(x) = 4x* — 6x

S(x) = 8x — 6 = 2(4x - 3)
Set f'(x) = 0.

2(4x-3)=0
4x -3 =0

/"(x) is never undefined.

Critical number: x = %

. f(x) =3x2 +10
f'(x) = 6x
Set f'(x) = 0.
6x =0
x=0
/"(x) is never undefined.

Critical number: x = 0

x4 4x + 8

y:
Y = 4x +12x° = 4x*(x +3)
Set y' = 0.
4x(x 4 3) = 0
4x* = 0 x+3=0
x=0 x=-3

y' is never undefined.

Critical numbers: x = 0, -3

. g(x) = 2x? — S4x
g'(x) = 4x — 54 = 4(x - 16)

Set g'(x) = 0.
4x —16) = 0
x-16=0
x =16
g'(x) is undefined.

Critical number: x = 16

Section 3.1 Increasing and Decreasing Functions

10.

11.

12.

147

f(x) = m = (x2 - 4)1/2
£ =30 - 4 )

= (x2 ~ 4)1/2
Set f'(x) = 0.

x=0 (Note: x = 0 is not in the domain off(x).)
f'(x) is undefined at x = +2.

Critical numbers: x = £2

_ X
YT i 16
) x> +16)(1) — x(2x)
y(x)—( 2) 2
(x +16)
'V 16 — x2
(x2 -5-16)2
Set y' = 0.
16-x=0
X2 =16
x = 4

' is never undefined.

Critical numbers: x = +4

f(x)=2x-3

fx) =2

There are no critical numbers. Since the derivative is
positive for all x, the function is increasing on (—oo, oo).

1

. A 5
f(x) =5-3x
f(x)=-3

There are no critical numbers. Since the derivative is
negative for all x, the function is decreasing on (—oo, oo).

7

N

-1
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148 Chapter 3 Applications of the Derivative

13.

14.

y = x* — 6x
y =2x-6
Critical number: x = 3
Interval -0 < x <3 3<x <o
Sign of )’ y' <0 y'>0
Conclusion | Decreasing Increasing
2
-2 'Ir 7
[CR))
-10
y:—(xz—Zx)=2x—x2
Vo=-2x+2
Critical number: x = 1
Interval -0 < x <1 l<x <o
Sign of )’ y'>0 y' <0
Conclusion | Increasing Decreasing

17. y = 3x* + 12x% + 15x
Y = 9x* + 24x + 15 = 3(x + 1)(3x + 5)

15. f(x) = —2x% + 4x + 3

S(x) = -4x+ 4
Critical number: x = 1
Interval —o<x<1l|1l<x<oo
Sign of 1 >0 <0
Conclusion | Increasing Decreasing
6
—(1,5)
+H f\\ 4
-3
16. f(x) =x*+8x+10
fi(x) =2x+38
Critical number: x = —4
Interval —w<x< -4 | 4<x<w®
Sign of f* f'<0 f'>0
Conclusion | Decreasing Increasing
4
—12 \ ‘l} 6
(=4,-6)

Critical numbers: x = —1, —%

Interval o <x<—3 | 3<x<-l| -l<x<w
Sign of ' y'>0 V' <0 y'>0
Conclusion | Increasing Decreasing Increasing

18. f(x) =% —3x+2=(x -1 (x+2)

fi(x) =3x* =3 =3(x + I)(x - 1)

Critical numbers: x = %1
Interval o <x<-1 | -l<x<l|Il<x<ow
Sign of f” >0 <0 f'>0
Conclusion | Increasing Decreasing Increasing
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Section 3.1 Increasing and Decreasing Functions 149

19. f(x) = x* - 2x°
Fi(x) = 42 — 67 = 22(2x - 3)

Critical numbers: x = 0, x

Interval -0 < x<0 0<x<% %<x<oo
Sign of f* <0 <0 >0 -2 -\\/; 3

Decreasing | Increasing —

Conclusion | Decreasing

f is decreasing on (—oo, 3) and increasing on (%, oo).

20. f(x) = ix“ — 2x?
f'(x) =x —4x = x(x - 2)(x + 2)

Critical numbers: x = 0, 2, -2
Interval (—o0, =2) (-2, 0) (0,2) (2, ) . ‘l E o
Sign of f* <0 f'>0 f1<0 >0 V\}J
Conclusion | Decreasing | Increasing | Decreasing | Increasing o

2. y=(x-2)
V' =3(x - 2)2
Critical number: x = 2

21. g(x) = (x + 2)2
g’(x) = 2(x + 2)

Critical number: x = -2
Interval -0 <x< -2 | 2<x<w® Interval -0 < x <2 2<x <o
Sign of g’ g <0 g >0 Sign of y’ Yy >0 y >0
Conclusion | Decreasing Increasing Conclusion | Increasing Increasing

7
/ @, OJ
-1 5
-8 /
(=2,0)
-2

 is increasing on (—o0, ).

23. g(x) = —(x - 1)2
g'(x) = —Z(x - 1)

Critical number: x =1

(1,0

Interval 0 <x<l | 1l<x<ow
Sign of g’ g >0 g <0
Conclusion | Increasing Decreasing

-3
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150 Chapter 3 Applications of the Derivative

24. y = x* - 6x7 30
¥ =3x" = 12x = 3x(x - 4) }(
-4 (00} 8

Critical numbers: x = 0, x = 4 \/

Interval —0<x<0 | 0<x<4]| 4<x<>® o)
-50
Sign of ' y' >0 V' <0 ¥y >0
Conclusion | Increasing Decreasing | Increasing
12
25 y =+ 27, f(x) =V -1 = (& -1)
A 1 .
y = gx Y3 _ o Domain: (o0, —1] U [1, o)
, 1 -1/2 b
Critical number: x = 0 f(x) = E(xz - 1) (2x) = 271
%2 -
Interval —0<x<0 | 0<x<o Critical numbers: x = +1(x = 0 not in domain)
Sign ofy y >0 y >0 Interval -0 < x < -1 l<x <o
Conclusion | Increasing Increasing Sign of /7 f1<0 >0
u Conclusion | Decreasing Increasing
o (,-r—*_'_ 10
-5 4
2 (-1,0) (1,0)
L. . -9 9
y is increasing on (-0, o).

2. y=x" -4
e 2. f(x) = o = (9-2)"

yr — gx71/3 — 2
3 3x13 Domain: -3 < x < 3
Critical number: x = 0 , 1 -12 X
f(x) = 5(9 - x%) U (-2x) = N
Interval —0<x<0 | 0<x<w o
Critical numbers: x = 0, +3
Sign of ' Vv <0 Vv >0
Conclusion | Decreasing Increasing Interval 3 <x<0 | 0<x<3
, Sign of >0 <0
" . Conclusion | Increasing Decreasing
\/ 10
0, -4)
(0, 3)
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29. g(x) = (x + 2)"

31.

32.

g'(x)

g'(-2)is unde

HERE )

3(x
fined.

Critical number: x = -2

Section 3.1 Increasing and Decreasing Functions

30. g(x) = (x - 17

, 2 . 2
1 ¢ = 2w-n -

+ 2)2/ }

Critical number: x = 1

Interval

-0 < x <1 l<x< o

Interval

—0 < x <=2

< x < oo Sign of g g <0 g >0

Sign of g’

g >0

Conclusion | Decreasing Increasing

g >0

Conclusion

Increasing

. 5
Increasing

4

-8

-2, ()L..o-""’

R

—4

f(x) = ~x+1 = x(x + 1)1/2

Domain: [—1, oo)

f1(x) = xB(x + 1)*‘/2} +(x+ 1) = %(x + ) P[x+2(x +1)] =

Critical numbers: x = -1, ——

2
3

I Vel

(1,0

3x + 2

2NV x + 1

Interval

_ _2
l1<x< 3

2

< Xx < ©

Sign of '

<0

>0

Conclusion

Decreasing

Increasing

2

Interval

<x<l1 l<x <o 4

4

Sign of i’

<0

h >0 h >0

Conclusion

Decreasing

Increasing Increasing

h is decreasing on (—oo,

3

4) and increasing on (l oo).

4°

151
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152 Chapter 3 Applications of the Derivative

x
33. =
EREET 6.2
(x2 + 9)(1) - x(2x) 9 _ 2 -6 6
) = e R E-d)
(x2 + 9) (x2 + 9)
-1
S(x) = 0:
9_x2 =0 Interval -0 < X < =3 -3 <x<3 3<x <o
X2 =9 Signof /" | f'<0 f>0 f'<0
x =13 Conclusion | Decreasing Increasing Decreasing
Critical numbers: x = £3
2 4
-~ 35. - Xt
S = S = 22
) = (x2 + 4)(2x) - (xz)(zx) . 8x ) = (x = 5)(1) — (x + 4)(1) _ 9
o - - 2 2
(x2 + 4)2 (x2 + 4)2 (x - 5) (x - 5)
Critical number: x = 0 Discontinuity: x =5
Interval —0<x<0 | 0<x<o Interval —o<x <S5 | S<x <o
Sign of f f<0 f>0 Signof /" | f'<0 f'<0
Conclusion | Decreasing Increasing Conclusion | Decreasing Decreasing
3 "
15+ H
12+ 1
o |
T |
-4 4 T ! .
-1
X
36. =
f(x) x+1
, x+1)—(x 1
- L) 1
(x + 1) (x + 1) ¥
Discontinuity: x = —1 J E 54
12+
Interval —o<x<-1 | -1<x<ow T
— et x
Slgn Off’ fr > 0 fr > 0 -3 =2 E 2 3
Conclusion | Increasing Increasing E
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Section 3.1 Increasing and Decreasing Functions 153

2x
37. = _ .
f(x) 16 — x2
, 16 — x*)2 = 2x(-2x)  2x2 4+ 32 |
f(x) = ( (16) 2)2 = (16 2)2 E
- X - X
2 '
Discontinuities: x = +4 !
Interval —o<x<4 | 4<x<4 | d<x<w
Sign of >0 >0 f'>0
Conclusion | Increasing Increasing Increasing
¥2
38. f(x) =5 5
, ¥ -9 (Zx) - x2(2x) —18x A
f (x) = ( )2 2 = 5 2
(x - 9) (x - 9)

f(x) =0:-18x = 0

X =

Critical number: x = 0

Discontinuities: x = £3

Interval -0 < x <=3 -3<x<0 | 0<x<3 |3<x<»
Signof /" | f'>0 >0 f1<0 f(x) <0
Conclusion | Increasing Increasing Decreasing | Decreasing
2 y < ¥y
R I ool
, -2x, x<0 ? .3 x <1
y:{_z, x>0 Sy BTN S e R y_{—Zx,x>1
¥'(0) is undefined. M| »'(1) is undefined.
o Critical number: x = 1

Critical number: x = 0
(x = 0 1is not a critical number.)

Interval —0<x<0 | 0<x<o

Sign of y' ¥ >0 ¥ <0 Interval —0<x<] |1<x<o

Conclusion | Increasing Decreasing Sign ofy y>0 y <0
Conclusion | Increasing Decreasing
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154 Chapter 3 Applications of the Derivative

2x+1, x<-1 ‘
41. y = 5 Interval -0 < x < -1 -1<x<0 0<x <o N
x- =2, x>-1 N
, 2, x<-l Sign of y y' >0 ¥y <0 y' >0 N
e 2%, x> —1 Conclusion | Increasing Decreasing Increasing B / I
oy
»'(~1) is undefined.
i
Critical numbers: x = -1, 0
3 y
42.y:—x+1, x<0 Interval -0 < x<0 0<x<l1 l<x <o
x> +2x, x>0
Sign of ' Vv <0 Yy >0 Vv <0
, -3x?, x<0
y = . . . .
2x 42 x>0 Conclusion | Decreasing Increasing | Decreasing |
-3
»'(0) is undefined.

Critical numbers: x = 0, 1

43. S = —1.598¢% + 45.61t +1302,3 <t <9
S' = -3.196¢ + 45.61
Since S’ > Owhen ¢ ~ 14.3, there is no critical number in the interval [3, 9].
S" > 0on the interval [3, 9], so S is increasing on [3, 9].

Sales for Wal-Mart are strictly increasing from 2003 to 2009.

44. As the temperature increases, the average velocity (the curve’s peak) and the speed of velocities increases. For each
temperature, the number of N, molecules increases to the peak of the curve and decreases after the peak.

45. y = 0.692¢% — 50.11¢* + 1119.7¢ + 7894
¥y = 2.076:* —100.22¢ + 1119.7
(a)

18,000

0
Increasing from 1970 to late 1988 and from late 2001 to 2008
Decreasing from late 1988 to late 2001
(b) Set ' = 0.

2.076t> - 100.22¢ + 1119.7 = 0

~(~100.22) + 1[(~10022)" - 4(2.076)(1119.7)

2(2.076)
Critical numbers: ¢ ~ 17.6, 30.7
Interval 0<t<176 | 17.6 <t <307 | 307 <t <38
Sign of ' y'>0 V<0 y'>0
Conclusion | Increasing Decreasing Decreasing

Therefore, the model is increasing from 1970 to late 1988 and from late 2001 to 2008 and
decreasing from late 1988 to late 2001.
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46. C:10(1+ ol ),13x

x x+3

@ 9€ - 10{—;& NGE
dx

M} _ 10{_1 .
(x + 3)2 x

Section 3.1 Increasing and Decreasing Functions

By the Quadratic Formula, 2x*> — 6x — 9 = 0 when

L6108 3£343

4

2

The only critical number in the domain is x =

(b) 14

|

0

22

(¢) C =9when x = 2and x = 15.

Answers will vary.

2

47. P = 236x — —X— 3500, 0 < x < 50,000
25,000

]

(8 P =236- Lx
12,500

Domain: 0 < x < 50,000
Critical number: x = 29,500

4.10. C is decreasing on [1, 4.10) and increasing on (4.10, o).

31 _ 10{<+3)+31 _ 10{2)8—@—91
(x + 3)2 x*(x + 3)2 x(x + 3)2

Interval 0 < x < 29500 | 29,500 < x < 50,000
Sign of P’ P >0 P <0
Conclusion | Increasing Decreasing

(b) You should charge the price that yields sales of x = 29,500 bags of popcorn. Since the function changes

from increasing to decreasing at x = 29,500, the maximum profit occurs at this value.

48.(a) P=R-C
1

P =
20,000

= 3.25x -

il

x2

(65.000x — x?) = (0.6x + 7500)

- 0.6x — 7500

= ! x? + 2.65x — 7500

20,000
(b) P’ = —0.0001x + 2.65

Domain: 0 < x < 50,000
Critical number: x = 26,500

Interval 0 < x < 26500 | 26500 < x < 50,000
Sign of P’ P >0 P <0
Conclusion | Increasing Decreasing

(c) The restaurant needs to sell 26,500 hamburgers to obtain a maximum profit. Because the function changes
from increasing to decreasing at x = 26,500, the maximum profit occurs at this value

155
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156 Chapter 3 Applications of the Derivative

Section 3.2 Extrema and the First-Derivative Test

Skills Warm Up

1. f(x)=4x4—2x2+1 6 f(x)— x -1
. 2
f1(x) = 16x° - 4x = 0 ¥
, _—x2+2x+4_0
4x(4x> ~1) = 0 S(x) = (¢ + 4)2 -
4x(2x + )(2x = 1) =0
x(x )(x ) x> +2x+4=0

x=0x=+ 2+ ,J2% - 4(-1)(4)

N[ =
=
|

2(-1)
2. f(x)z%x3—%x2—10x ~ —Zim
fi(x)=x*-3x-10=0 -2
(x=5)(x+2)=0 :—2122\/5
x=-2,x=5 =1+~/5
3. f(x) = 5x¥° - 4x 7. g(x) = =5x* — 8x + 1227 + 2
[(x) = 4x — 4 g(-4) = -574 < 0
4
_W_é‘_o 8. g'(x) = —5x* —8x’ +12x% + 2
W5 — 1 g’(O) =2>0
X =
9. g'(x) = —5x* —8x* +12x* + 2
4 f(x) = ¢t = 3 g)=1>0
fi(x) =x - 57 =0
x2/3(x1/3 B 5) _o 10. g'(x) = —5x* = 8x + 12x* + 2
g'(3) =-511<0
x =0, x =125
1. f(x) = 2x —11x - 6, (3, 6)
5. f(x) = 2+41 f(x) = 4x 11
" 7@ =550
, —x* —8x +1
f(x)=———35—=0 So, fis increasing on (3, 6).
(x2 + 1)
2 8 +1=0 12. f(x) = x>+ 2x% —4x -8, (—2, 0)
' _ 2 _
) g + (—8)2 B 4(_1)(1) f (x) =3x"+4x -4
T 2(-1) f(-)=-5<0
EE J68 So, f is decreasing on (-2, 0).
2
_8+2V17
2
= 4 +J17
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Section 3.2 Extrema and the First-Derivative Test 157

3. f(x) = x* — 6x
f(x) =2x -6 =2(x-3)

Critical number: x = 3

1. f(x) = —2x + 4x + 3
f'(x) =4 - 4x = 4(1—x)

Critical number: x = 1
Interval 0 <x<] | 1l<x<oo Interval —0<x<3 | 3<x<®
Sign of f'>0 <0 Sign of f” f'<0 f'>0
Conclusion | Increasing Decreasing Conclusion | Decreasing Increasing
Relative maximum: (1, 5) Relative minimum: (3, - 9)
_ 2
2. flx) = 2% +8x 410 4 f(x) = —4x% + 4x + 1
f(x) = 2x + 8 = 2(x + 4) f1(x) = —8x + 4 = —4(2x - 1)
Critical number: x = —4 .
Critical number: x = %
Interval (—o0, —4) (-4, )
Interval —0<x<+ | f<x<®
Sign of f” f'<0 f >0
Sign of f” f'>0 f'<o0
Conclusion | Decreasing | Increasing
Conclusion | Increasing Decreasing
Relative minimum: (—4, —6)
Relative maximum: (%, 2)

5. f(x) = xt —12x°
f'(x) = 4x® - 36x% = 4x2(x - 9)

Critical numbers: x = 0, x = 9

-0 < x<0 0<x<9 | 9<x<w

<0 £ >0

Decreasing | Increasing

Interval
Sign of /” f'<o

Conclusion | Decreasing

Relative minimum: (9, —2187)

6. g(x) = %xs - X = %(xS - SX)

g'(x) =x*-1= (x2 + 1)(x + 1)(x - 1)

Critical numbers: x = *1

-1<x<1 l<x<w

Interval -0 < x < —1
Sign of g’ g >0 g <0 g >0
Conclusion | Increasing Decreasing Increasing
Relative maximum: (—1, %)
Relative minimum: (1, —%)
3
7. h(x) = —(x+4
(x) (x ) Interval —o<x<—-4 | 4<x<w
2
! — 4
() = 3(x + 4) Signof ' | K <0 K <0
Critical number: x = —4 . . .
* Conclusion | Decreasing Decreasing

No relative extrema
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10.

11.

Chapter 3 Applications of the Derivative

3
h(x) = 2(x = 3) Interval —0<x<3 | 3<x<w
N Ry
H(x) = 6(x = 3) Signof ' | A > 0 K> 0
Critical number: x = 3 . . .
Conclusion | Increasing Increasing
No relative extrema
f(x) =x —6x* +15
f(x) = 3x = 12x = 3x(x — 4)
Critical numbers: x = 0, x = 4
Interval —0<x<0 | 0<x<4|4d4<x<o
Sign of f'>0 f'<o0 >0
Conclusion | Increasing Decreasing | Increasing
Relative maximum: (0, 15)
Relative minimum: (4, —17)
=x'-32x+4
f(x) * x Interval -0 < x <2 2<x <o
"(x) = 4x3 — 32 = 4(x* - 8
/@) ( ) Sign of f” f'<0 >0
Critical number: x = 2 . . .
Conclusion | Decreasing Increasing
Relative minimum: (2, — 44)
f(x) = 6x + 4x
’ _ -1/3 _ 4
f(x) = 4x +4=—5+4
X
/7(0) is undefined.
Set f'(x) = 0.
4
W + 4 = 0
4 = —4x'3
-1 =x"
-1=x
Critical numbers: x = -1, 0
Interval -0 < x < —1 -1<x<0 | 0<x<w
Signof /" | f'>0 <0 >0
Conclusion | Increasing Decreasing Increasing

Relative maximum: (-1, 2)

Relative minimum: (0, 0)
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12. f(x) = 3x — 36x°

13.

14.

fi(x) =3- 12x% =3 -
/(0) is undefined.

Set f'(x) = 0.

12

3- 23

=0
X

12

3= 23

X
X =12
P =4

x =4 =18

Critical numbers: x = £8, 0

Section 3.2 Extrema and the First-Derivative Test

12
=D

Interval -0 < x < -8

-8<x<0 0<x<38

§<x<w

Sign of f” f>0

<0 f'<o >0

Conclusion | Increasing

Decreasing

Decreasing

Increasing

Relative maximum: (—8, 48)

Relative minimum: (8, —48)

f(x) = 2x — 6x%°

fl(x)=2-4x"P =2-—

Critical numbers: x = 0, 8

4 2" -2 15
BT

Interval —0<x<0

0<x<8 8§ <x<w

Signof /" | f/>0

f1<0 £ >0

Conclusion | Increasing

Decreasing | Increasing

Relative maximum: (0, 0)

Relative minimum: (8, —8)

£y =@ -1)"

70 = - -

Critical number: ¢ = 1

1
3 3 - 1)

Interval —0 <t <1

l<t<ow -4

Sign of /' f>0

>0

Conclusion | Increasing

Increasing

No relative extrema

159
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160 Chapter 3 Applications of the Derivative

15.

16.

gty =1- !

g'(¢)

1+¢3
£ +1
t3

Critical number:

27

=t -

t =-1

Discontinuity: ¢ = 0

A

-4

Interval

—0 <t < -1

-1<t<0

0<t<ow

Sign of g’

g >0

g <0

g >0

Conclusion

Increasing

Decreasing

Increasing

Relative maximum: (—1, —7)

/(%)

X

f'(x)zl—x’zzl— 5

1 -
=x+—=x+x

3
2

1

RS
X

Critical numbers: x = *1

.~

A

—4

Interval

-0 < x < —1

-1<x<0

0<x<l1

l<x<o

Sign of /'

>0

f'<o0

<o

>0

Conclusion

Increasing

Decreasing

Decreasing

Increasing

Relative maximum: (-1, —2)
Relative minimum: (1, 2)

flx) ==

x+1
(x+l)—x 1

17.

/() = +1)  (xe1)

Discontinuity: x = -1

18. h(x) =

Interval

—0 < x < -1

-1<x<w

Sign of /'

>0

>0

Conclusion

Increasing

Increasing

No relative extrema

4

_

6

H(x) =

x> +2

= G(x2 + 2)71

—6(x> +2) 7 (2x) =

—12x
(x2 + 2)2

Critical number: x = 0

Interval -0 <x<0 0<x< o

Sign of 4’ h >0 n <0

Conclusion | Increasing Decreasing

Relative maximum: (0, 3)

6

I
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19. f(x) =203 - x), [-1, 2]
f(x) = -2

No critical numbers

v-value Endpoint | Endpoint
x=-1 x=2
f (x) 8 2
Conclusion | Maximum | Minimum
20. f(x) = 3(2x + 5), [0, 5]
! 2
fx) =3
No critical numbers
v-value Endpoint | Endpoint
x=0 x=5
/(x) 3 5
Conclusion | Minimum | Maximum

23. f(x) = x> - 3x2, [—1, 3]

f'(x) = 3x* = 6x = 3x(x - 2)

Critical numbers: x = 0, x = 2

24. f(x) = x> —12x, [0, 4]

fi(x) =322 —12=3(x*-4) =0

Critical numbers: x = £2

25. (s) = ﬁ = (3-s),

H(s) = =3 = s)"(-1) =

No critical numbers

26. h(t) = i 3. 5]

(t-2)—t

[0. 2]

3—s)

2

H(t) = = -

(e -2 (¢

No critical numbers

_ 2)2

Section 3.2 Extrema and the First-Derivative Test

21. f(x) =5-2x% [0, 3]
S(x) = —4x

Critical number: x = 0 (endpoint)

v-value Endpoint | Endpoint
x=0 x=3
f (x) 5 -13
Conclusion | Maximum | Minimum

22. f(x) =x2 +2x -4, [—1, 1]

f(x) = 2x+2
Critical number: x = —1 (endpoint)
c-value Endpoint | Endpoint
x=-1 x=1
f (x) -5 -1
Conclusion | Minimum | Maximum
Endpoint | Critical Critical Endpoint
x-value
x=-1 x=0 x=2 x=3
f(x) -4 0 -4 0
Conclusion | Minimum | Maximum | Minimum | Maximum
Endpoint | Critical Endpoint
x-value
x=0 x=2 x=4
f (x) 0 -16 16
Conclusion Minimum | Maximum
s-value Endpoint | Endpoint
s=0 s=2
1
Conclusion | Minimum | Maximum
rvalue Endpoint | Endpoint
t=3 t=5
5
h(t) 3 3
Conclusion | Maximum | Minimum

161
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162 Chapter 3 Applications of the Derivative

2 . N .
27. g(t) = T [-1, 1] +value flzlcﬁ)lomt tCil‘gcal flzldlpomt
2+ 3)(2t) — (2t 6t
gr(t — ( )2( )3 - ( ) — - 3 < g(t) % O %
(t * ) (t * ) Conclusion | Maximum | Minimum | Maximum

Critical number: ¢ = 0

28. g(x) = 4(1 + 1 + sz - 4(1 Ly x—z), [4, 5] vvalue Endpoint | Critical Discontinuity | Endpoint
X X x=—4 x=-2 x=0 x=35
g'(x) = 4(—x‘2 - 2x‘3) = 4[—% - %j = _4[x;—3 zj g(x) 3.25 3 Undefined 4.96
Critical number: x = —2 Conclusion Minimum
Discontinuity: ¥ = 0 No maximum
23
29. h(t) = (t - 1) > [_7’ 2] Endpoint | Critical Endpoint
t-value
, 2 A 2 t=-17 t=1 t=2
W) =30-10)" = ——55
3 -1) h(t) 4 0 I
Critical number: 7 = 1 Conclusion | Maximum | Minimum
30. ¢(x) = (x* - 4)", [-6,3]
, 2/, -1/3 Endpoint Critical Critical Critical Endpoint
g(x)zg(x _4) (2x) x-value x=-6 x==2 x=0 x =2 x=3
- Lm 7(x) 8/2 ~ 101 |0 232 ~25 |0 325 ~ 29
2 j—
3(x 4) Conclusion | Maximum Minimum Minimum

Critical numbers: x = 0, £2

31. Critical number: x = 2

The function has an absolute maximum at the critical number.

32. Critical number: x = 0

The function has no maximum or minimum at the critical number.

1, absolute maximum and relative maximum

33. Critical number: x

Critical number: x

2, absolute minimum and relative minimum

Critical number: x = 3, absolute maximum and relative maximum

34. Critical number: x = 2, neither absolute nor relative extrema

Critical number: x

5, absolute maximum and relative maximum

35. f(x) =04x> —1.8x2 + x - 3, [0, 5] 36. f(x) = 3.2x° + 5x° — 3.5x, [0, 1]
Maximum: (5, 7) Maximum: (1, 4.7)
Minimum: (2.69, 5.55) Minimum: (0.44, —1.06)

10 5

o A
'ﬁ_“\-____/ 0 1

-10 -2
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37.

38.

39.

40.

f(x) = %x\/3 - X, [O, 3]
Maximum: (2, 2.67)

Minimum: (0, 0), (3, 0)

4

f(x) = 4/x - 2x + 1, [0, 6]
Maximum: (1, 3)

Minimum: (6, -1 .20)

4

| SN

-2

f(x) = x? + 16x7", [0, 00)

f'(x) 2x —16x72 = 2x — i—?
2x* - 8)

x2

Critical number: x = 2

Critical
x-value

x=2
f(x) 12

Conclusion | Maximum

Absolute minimum: (2, 12)

F(6) = 2 =g+ 1) [0, )

x+1
8
()c-t—l)2

f'(x) = —8(x + 1)_2 =

No critical numbers

vvalue Endpoint
x=0
/(%) 8

Conclusion | Maximum
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Section 3.2

A f(x) = == [0, =)

x4+ 4

Extrema and the First-Derivative Test

(x? +4)(2) - 2x(2x)

£) =

(x2 + 4)2
8 — 2x?
(x2 + 4)2
_ 2(2 - x)(2 + x)
(x2 + 4)2

Critical number: x = 2

Endpoint | Critical
x-value

x=0 x=2
f(x) 0 3
Conclusion | Minimum | Maximum

4x
2+

42. f(x) = 8- [0, )

7o) - -

X+ 1)(4) - 4x(2x)

(x2 + 1)2
4x* — 4

(x2 + 1)2
)

4(x+1(x—1)

(x +1)

Critical number: x =1

Endpoint | Critical
x-value

x=0 x=1
f (x) 8 6
Conclusion | Maximum | Minimum

43. Answers will vary. Sample answer:

y




164 Chapter 3 Applications of the Derivative

45. (a) Population tends to increase each year, so the minimum population occurred in 1790 and the maximum population
occurred in 2010.

(b) P = 0.000006£ + 0.005¢2 + 0.14¢ + 4.6

2—? = P' = 0.000018:* + 0.01¢ + 0.14
P' = 0:0.000018t> + 0.01z + 0.14 = 0

t

Q

14.4, -541.2

No critical numbers in interval [— 10, 21 0],

r-val Endpoint Endpoint
vaiue t=-10 t =210

P(t) 3.69 million | 310.07 million

Conclusion | Minimum Maximum

(¢) The minimum population was about 3.69 million in 1790 and the maximum population was about
310.07 million in 2010.

46. (a) The fertility rate was the highest in 1970 (t = 0) and was approximately 2475 births per 1000 women.
(b) During the time period from 1983 to 1991 t < 21), the fertility rate was increasing most rapidly.

<
During the time period from 1997 to 2003 (27 < ¢ < 33), the fertility rate was increasing most slowly.

IA

t

IA

5), the fertility rate was decreasing most rapidly.

A
A

(13
(c) During the time period from 1970 to 1975 (0
During the time period from 1979 to 1982 (9

<t < 12), the fertility rate was decreasing most slowly.

(d) Answers will vary.

47, € =3x+ 22900 5 200005, 0 < x < 200
X
2 J—
C' =3 - 20,000x2 = w
X

Critical numbers: x = , [% ~ 82 units

C(82) ~ 489.90, which is the minimum by the First-Derivative Test

48. v=k(R-r)?.0<r<R 49. Demand: (6000, 1.00), (5600, 1.20)

_ k(er 3 r3) - 120100 _ 02 _ —0.0005
5600 — 6000  —400
dv
" k(2Rr = 3r?) = kr(2R - 3r) p -1 = —0.0005(x — 6000)
p = —0.0005x + 4
Critical numbers: r = 0 2R
T3 Cost = C = 5000 + 0.50x
The maximum air velocity occurs when r = 2R/3. Profit = P =R - C
=xp-C
Endpoint | Critical
- = x(—0.0005x + 4) — (5000 + 0.50
r-value 0 r = (2R)/3 x( x+4)—( x)
; = -0.0005x> + 3.50x — 5000
0 4kR%) /27
Y ( )/ Selling the cans for $2.25 will maximize the profit.
Conclusion Maximum
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Section 3.3 Concavity and the Second-Derivative Test

Section 3.3 Concavity and the Second-Derivative Test

165

Skills Warm Up

1. f(x) =4x* —9x* +5x - 1
f(x) =16x° = 27x* + 5
f(x) = 48x* — 54x

2. g(s) = (s2 - 1)(s2 - 3s + 2)
=5 -3 + 57 +35 -2
gl(s) =45 =95 + 25 +3
g'(s) = 1257 — 185 + 2
3. g(x) = (xz + 1)4
g(x) = 4(x* +1)'(2x) = 8x(x* + 1)’
g'(x) = Sx[S(xz + 1)2(2x)} + (x2 + 1)3(8)
= 8(x> + 1) (727 + 1)
4 f(x) = (x-3)"

) = 30 -3)"
—2/3 4

"(x) = Hx - .4
S (x) = 9( 3) 9(x ~ 3)2/3
5. i(x) = ‘:; * f
() = (5x - 1)(4) - (4x + 3)(5)
(5x — 1Y’
_ 20x — 4 - 20x — 15
- (Sx - 1)2
= —19(5x — 1)
"oy 1) _ 90
w'(x) = 18(5x — 1)°(5) s
‘-2
oo (Bx +2)(2) - (2x - 1)(3)
) = (3x + 2)2
_b6x+4-6x+3
o (Bx+2)
= 73x +2)”
" = - x+2)° = 2
116 = -14x £ 270) = =L

7. f(x) =5x = Sx + 11

fi(x) =15x* =5=0
1522 =5
ool
3
1
X =+—
V3

Critical numbers: x = +

4l-

8. f(x) =x*—4x° -10

f(x) =4x —12x* = 0

4x2(x—3)=0
42 =0=>x=0
x—3=0=>x=3
Critical numbers: x = 0, x = 3
0 (z):16+ﬂzg_t
-8 t ¢
, 16
g(t):—?—lzo
2 =-16
No critical numbers
4 2
lo'h(x):ﬂ
8
h'(x):%x3—§x:0
1/, 25) =
Ex(x - 5)—0
%x(x+5)(x—5) -0
1
—x=0=>x=0
2
x+5=0=>x=-5

=
|
W

x—-5=0>=

Critical numbers: x = 0, x = +5
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Chapter 3 Applications of the Derivative

. fisincreasingso f' > 0.

= -8(x? + x + )20 + 1) + 2(2x + 1) "(2x + 1)

= 2(2x + 1)_3[—4(x2 +x + l) + (2x + 1)(2x + 1)}

= 2(2x + 1) [~4x? — 4x — 4 + 4> + 4x + 1]

=5
(2x + 1)’

f"(x) = 0 for any value of x.

——

x = — is a discontinuity.

Interval 0 <x< -1 | —3<x<

Sign of f” f >0 f"<0
Conclusion | Concave upward | Concave downward

6. f(x) = —5x"2, domain: [0, ]
f is concave upward so " > 0.
f(x) = —=x
. fisincreasingso f' > 0.
. - f"(x) — éx—3/2 - 5
f is concave downward so f” < 0. 1 A
. fis decreasingso [’ < 0. f”(x) # 0 for any value of x.
f is concave downward so " < 0. /"(x) is undefined at x = 0.
. fis decreasingso [’ < 0. Interval 0 < x < oo
is concave upward so f” > 0.
.f p .f Sign Of fl/ f!l > 0
S (x) = -3x’ Conclusion | Concave upward
Sf(x) = —6x
f”(x) = -6 7. f(x) =-x*+3x? -2
f"(x) # 0 for any value of x. f(x) = 3x* + 6x
f'(x) = -6x +6
Interval -0 < X < ®© f"(x) — Owhenx = 1
Signof /" | f" <0
; Interval -0 < x <1 l<x <o
Conclusion | Concave downward
Sign of /" fm>0 <0
Conclusion | Concave upward | Concave downward
f(x) = x> +6x2-9x -1
Interval -0 < X < 2 2<x<w
fi(x) = 3x* +12x - 9
Sign of f” "> 0 "< 0
f'(x) = —6x +12 gnof / / /
‘ f"(x) — 0 whenx = 2. Conclusion | Concave upward | Concave downward
x? -1
X =
f( ) 2x + 1
2x + 1)(2x) = (x* = 1)(2 2 ~
f’(x):( )Cx) (2 )():2’“Jrz’“jz:(2xz+2x+2)(2x+1)2
(2x + 1) (2x + 1)
£(x) = (26 + 20 + 22025 + 1)) + 2 + 1) (4x + 2)
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x> +4
10. f(x) = =
S(x) = (4 - °)2x) = (x* + 4)(-2%) _ lox
(4 -2y (4 - )

o) - (4 - 2*) (16) - 16 2(4 - x*)(-2)]
| (o

16(4+3x2) Interval -0 < x < -2 2 <x<2 2<x <o

- W Signof /" | <0 1150 <0

/"is undefined at x = +2 Conclusion | Concave downward | Concave upward | Concave downward

-1
@)= 55 = 24(x? + 12)

F(x) = 24(20)(x* +12)7 = 48x(x? + 12)
—48(—4x2 + 2+ 12) B 144(x2 - 4)

1"(x) = —48x[—2(x2 + 12)’3(2x)} (x4 12)7(48) = . .
(x* +12) (x* +12)
f"(x) = Owhenx = +2.
Interval -0 < X < -2 2 <x<?2 2<x<w
Sign of f” >0 f"<0 >0
Conclusion | Concave upward | Concave downward | Concave upward

2

X
12. =

f(x) X2+ 1

y x4+ 1 (Zx) - x2(2x) 2x
S (x) = ( )2 2 - 2

(x + 1) (x + 1)
e -2 2] 2 )
f(x) = 5 ] = 5 3
(x + 1) (x + 1)

S"(x) = Owhenx = i%.

Interval —oo<x<—L —L<x<L L<x<c>o

G| T A B S
Sign of /" f"<0 >0 f"<0
Conclusion | Concave downward | Concave upward Concave downward
— 43 _ 2 —
13. f(x) =m0 4 24 - 18 Interval -0 < x <3 3<x<®
f(x) = 3x% = 18x + 24 i
Signof /" | f" <0 >0
f"(x) = 6x —18 = 6(x — 3)
Conclusion | Concave downward | Concave upward
f”(.x) — 0
6(x - 3) = 0 Point of inflection: (3, 0)
x =3
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14. f(x) = —4x’ - 8x% + 32 15. f(x) =2x" =3x2 - 12x + 5
f(x) = —12x* - 16x f(x) = 6x* — 6x — 12
f"(x) = —24x — 16 = —8(3x + 2) f(x) =12x — 6 = 6(2x — 1)
fll(x) — 0 fn(x) — 0
-83x+2) =0 6(2x —1) =0
- _2 =1
*=73 *=2
Interval —o<x<-3 | 2<x<o Interval -0 <x <3 T<x<w
Signof f | /" >0 <0 Signof /" | /" <0 f">0
Conclusion | Concave upward | Concave downward Conclusion | Concave downward | Concave upward
Point of inflection: (—%, %) Point of inflection: (%, —%)
16. f(x) = %x“ + 2x°
f(x) = 2x* + 6x7
f”(x) = 6x* + 12x = 6x(x + 2)
f”(.x) — 0
6x(x + 2) =0
x =0o0rx = -2
Interval -0 < x < -2 -2<x<0 0<x <o
Signof /" | f" >0 f" <o >0
Conclusion | Concave upward | Concave downward | Concave upward

Points of inflection: (-2, —8), (0, 0)

17. g(x) =2x* — 8x* + 12x% + 12x
g'(x) = 8x% — 24x* + 24x + 12

g"(x) = 24x% — 48x + 24 = 24(x? — 2x + 1) = 24(x - 1)’

g/l(x) — 0
24(x —1)° = 0
x =1
Interval -0 < x < -1 “-I<x<ow
Signof g"(x) | g" >0 g" >0

Conclusion

Concave upward

Concave upward

No points of inflection
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18. g(x) = x° + 5x* — 40x2
g'(x) = 5x* + 20x° — 80x
g"(x) = 20x’ + 60x> — 80 = 20(x’ + 3x* — 4)

g"(x)

20(x3 +3x% — 4)
X

0
0

—2orx =1

(Note: Use synthetic division to solve.)

Interval -0 < x <=2 -2<x<1 l<x<o
Signof g"(x) | g" <0 g'<0 g">0
Conclusion Concave downward | Concave downward | Concave upward

Point of inflection: (1, —34)
19. f(x) = x(6 — x)" = x(36 — 12x + x?) = 36x — 1227 + x°

f'(x) = 3x? — 24x + 36
f"(x) = 6x — 24 = 6(x — 4)

f(x) =0
6(x —4)=0
x =4
Interval -0 < x < 4 4<x<w
Signof f"(x) | /" <0 >0
Conclusion Concave downward | Concave upward

Point of inflection: (4, 16)

20. f(x) = (x = 1)’(x - 5)

x=1lorx =3

Interval -0 < x <1 l<x<3 J3<x <o
Signof f"(x) | /" >0 <0 >0
Conclusion Concave upward | Concave downward | Concave upward

Points of inflection: (1, 0), (3, —16)
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21. f(x) = 6x - x’ 26. f(x) = x+ 4 = x + 4x7!
’ X
f(x)=6—2x R
Critical number: x = 3 f1(x) =1-4x2 = 2
f'(x) = -2 Critical numbers: x = +2
£1@)=-2<0 -
) = >
(3, 9) is a relative maximum. x
/"2)=1>0
_ 0.2 _ 3
22. f(x) = 9x X f"(—2) _1<0

(x) = 18x — 3x* = -3x(x - 6
/@) T x(x - 6) So, (2, 4) is a relative minimum and (-2, —4)

Critical numbers: x = 0,x = 6 . . .
is a relative maximum.

f"(x) =18 — 6x
27. f(x) =x+1 = (x + l)l/2
f”(O) =18>0 1, 2 X
! = — 1 2x) =
1(6) = -18 < 0 /) Z(X e (x* + 1)1/2
So, (0, 0) is a relative minimum and (6, 108) is a Critical number: x = 0
relative maximum.
(x2 + l)l/2 - x[%( 2 4 1)71/2(2x)}
23. =x-5x2+7 "\ —

f(x) X x° + Tx f(x) 2+ 1
f(x) =3x* —10x + 7 = (3x = 7)(x - 1) 1
Critical numbers: x = 1, x = £ (xz + 1)3/2
£7(x) = 6x - 10 /0 =1>0

f"(l) =4<0 So, (0, 1) is a relative minimum.

n(7\ _
r3)=4>0 2. f(x) =2+ 6 = (222 +6)"

. - . 49
So, (1, 3) is a relative maximum and (%, E) f'(x) _ l(2x2 N 6)71/2(4x)
is a relative minimum. 2
_ 2x
24. f(x)=x"+8x° -6 (26 + 6)1/2

! '(x) = 4x’ + 2497 = 4x2(x + 6) Critical number: x = 0
Critical bers:x = 0, x = —6 _

rHeamambers e = B (24 +6)"(2) - Qx[%(sz +6)” 2(4;:)}

1" _ 2 " =
£7(x) = 1207 + 48x /() 7 e
/"(0) = 0 = Test fails. 12
Use the First-Derivative Test to conclude that there is no - (Zx2 + 6)3/2
extrema at x = 0. 5
£7(=6) = 144 > 0 1) =7z >0
So, (—6, —438) is a relative minimum. So, (0’ \/g) is a relative minimum.

25. f(x) =x* -3

oy 2o 2
/ (x) N gx 3B

Critical number: x = 0

The Second-Derivative Test does not apply, so use
the First-Derivative Test to conclude that (0, —3) is

a relative minimum.
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fx) =o—3 = (9o-x)"
, 1 2\ 12 x
16 =3 =

Critical number: x = 0, x = £3

(9= )" (1) = (=) 2(0 - ) " (-2v)
1) = 9_% |
_ 9
(9 - xz)s/z
77(0) = -% <0

So, (0, 3) is a relative maximum. There are absolute
minima at (3, 0).

4-x* = (4 - xz)l/z

NOE %(4 — ) P2 = —E

f"(x) - 4 —x
_ 4
(4 - )"
£10) = =3 <0

So, (0, 2) is a relative maximum.

There are absolute minima at (£2, 0).

S) = o = 8+ 2)

X2 +2

£(x) = -8(x* +2)”(2x)
16x
(x2 + 2)2

Critical number: x = 0

(x +2)(-16) - (163 (2)(x* + 2)(2)]

f'(x) =
(x2 + 2)
(P 2)[—16(x2 +2)+ 64x2]
(x2 + 2)4
_ 482’ - 32
(x2 + 2)3
f"(0)=-4<0

So, (0, 4) is a relative maximum.

32.

33.

34.

3s.

/) =2 i 16
) = (x2 + 16)(1) - x(Zx) 16 - x2
/= (216 (¢ +16)

Critical numbers: x = +4

(¥ +16) (~2x) - (16 - x*)(2)(x* + 16)(2x)

/(%) =

(x* +16)’
24(x* + 16) ~(x* +16) - 2(16 — x*)]
(x* +16)’
_ 2x(x* - 48)
(x* +16)
1) = -
1) = o5

So, (4, é) is a relative maximum and (—4, —%) isa

relative minimum.

(x = 1)’
No critical numbers

No relative extrema

(x2 - 1) - x(Zx)

2
f'(x)z _ x- +1

CET

No critical numbers

No relative extrema

f(x) =54+ 3xr - x°

12

id

!

-2

Relative minimum: (0, 5)

Relative maximum: (2, 9)
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36.

37.

38.

39.

Chapter 3 Applications of the Derivative

f(x)=x3—6x2+7 i

Relative maximum: s LT

y

Relative minimum:

(4, -25) -30

0.2

-0.4
Relative maximum: (0, 0)

Relative minima: (—0,5, —0.052), (1, —0.333)

-3
Relative maximum: (0.683, 0.525)
Relative minimum: (—1.413, —1.529)

f(x) = & - 12x
f1(x) =32 =12 = 3(x* - 4)
Critical numbers: x = +2
1"(x) = 6x
") =12>0
f(-2)=-12<0
Relative maximum: (-2, 16)
Relative minimum: (2, ~16)
S"(x) = Owhenx = 0.
f"(x) < 0on (-0, 0).
/"(x) > 0.on (0, ).
Point of inflection: (0, 0)

18

(=2, 16) [
-8 00 \‘/ 8
2.-16)

-18

40.

41.

f (x) =x* - 3x
f(x) =3 =3 =3(x - 1)

Critical numbers: x = *1

f'(x) = 6x
f(=1) = =6 < 0
S )=6>0

Relative maximum: (-1, 2)
Relative minimum: (1, 2)
7"(x) = 0 whenx = 0.
f"(x) < 0on (-0, 0).
f"(x) > 0on (0, ).
Point of inflection: (0, 0)

4

A )(“" .
-6
{ 1,-2)

-1/2

+ 4x

g'(x) _ %x-l/z oy 2

1 2 x -4

TR T 3R T 0k
Critical number: x = 4

1 3

g'(x) = —ix'm +3x72 = +—5 =

Tar o

" 1

Relative minimum at (4, 4)
g"(x) = Owhen x = 12.
g"(x) > Oon (0, 12)
g"(x) < Oon (12, )

8/3

Point of inflection: (12, 33]

12 -x
4x%?
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42. f(x) =x - %xz — 6x 44, f(x) =2x* —8x + 3

(x) = 8x -8 = §(x* -1
fi(x) =3x" =3x -6 =3(x + 1)(x - 2) /(%) * (x )
Critical number: x =1

Critical numbers: x = =1, x = 2

f'(x) =6x -3 ['(x) = 242
f(-)=-9<0 1) =24>0

f”(z) =9>0 Relative minimum: (1, —3)

f"(x) = 24x* = Owhenx = 0.
£"(x) > 0on (-, 0) and on (0, )

Relative maximum: (—1, %)

Relative minimum: (2, —10)
) | Because there are no inflection points.
f"(x) = Owhenx = 1.

1

f"(x) < Oon (—oo, %) = = J » | ! .

Sx) > 0onff0) B

Point of inflection: (1,-3)
113 (2,-10) -
(? _T) 12

45. g(x) = (x - 2)(x + 1)2 =x-3x-2

g(x) = (x = 220x + D] + (x + 1) = 3(x> - 1)

43. f(x) = %x“ - 2x2

fi(x) =2 —4x = x(x2 - 4) Critical numbers: x = *1
Critical numbers: x = £2, x = 0 g"(x) = 6x
f'(x) =3x* - 4 g'(-)=-6<0
£1(-2) =8> 0 g(l)=6>0
f'(0) =4 <0 Relative maximum: (-1, 0)
/"(2)=8>0 Relative minimum: (1, —4)
Relative maximum: (0, 0) g"(x) = 6x = 0 whenx = 0.
Relative minima: (i2, _4) gn(x) < 0on (_OO, 0)‘

f'(x) = 3x> =4 = Owhenx = i&. g'(x) > Oon (0, ).

3 Point of inflection: (0, —2)
f"(x) > Oon (—oo, —2\/5] s
. -1.0) “'

3
1,-4)

f”(x) > O on [2\3/3, OOJ. h

Points of inflection: [—2\/3, —ZOJ (2\/5, —20]

)

3 3

S"(x) < 0on [—2\/5, Z\BJ

37 971 37 9

4

ll 0.0 i
-6 6

(=2,-4) / 2,-4)

9
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46.

47.

Chapter 3 Applications of the Derivative

g(x) = (x = 6)(x + 2y
(x) = (x - 6)[3(x+2 } x-ﬁ-Z)3
:(x+2) [3x—6 +(x+2)}
= (x + 2)°(4x — 16)
Critical numbers: x = -2, x = 4

(4x —16)[2(x + 2)]
(4x - 16)]

g'(x) = (v + 2(4) +
20x + 2)[2(x + 2) +
= Z(x + 2)(6x - 12)
12(x + 2)(x - 2)

0

144 > 0

g'(-2)
gw( 4) —
Relative minimum: (4, —432)

100

|20 L

(2.-256)4—

4.2432)

-500

"

x 12(x + 2)(x - 2) = O whenx = £2.

g'(x) =

g"(x) > 0on (o0, — 2).
g"(x) < 0on (-2, 2).
g"(x) > 0on (2, »).

So, (-2, 0) and (2, —256) are points of inflection.

g(x) =xJx+3 = x(x + 3)]/2
The domain of g is [-3, o).

xB(x + 3)71/2} +(x + 3)1/2 =

3x + 6

o )

Critical numbers: x = -3, x = =2

2 +3)"7 () - (x + O23)(x + 3]

4(x + 3)

g'(x) =
3(x + 4)
4(x + 3)3/2
g"(-3) is undefined.

" 3
g (—-2) = Eg > 0

Relative minimum:
(2. -2)

g'(x) > Oforallxinthe  ~° 4

domain, so there are no (-2,-2)
points of inflection. ”

48.

49.

g'(x) =

g(x) =xJ9-x = x(9 - x)l/2
The domain of g is (-, 9].

€)= {30 - D[+ 0 -9 -

18 - 3x
29 - x)"

Critical number: x = 6

20 - )"*(=3) - (18 - 39 2(1)0 - ) (1)

4(9 - x)

3(x - 12)
49 - x)"?
g"(6) <0

Relative maximum:

(6, 63/3)

g"(x) < Oforallxin

the domain, so there are
no points of inflection.

-1

= 4(1 + xz)

f(x) = —4(1 + xz)_z(Zx) = -

Critical number: x = 0
(1+ %) (-8) = (-8x) 2(1 + x*)(29)]

f"(x) = 4
(1 + xz)

_8(1 - 3x?)

(1 + x? )3

=-8<0

7"(0)
Relative maximum: (0, 4)

=0whenx = +

f"(x) > Oon [—oo, —\fJ

4

f'(x) =1-3x

Fiy =
3 3 1
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Critical number: x = 0

Discontinuities: x = *1
2

(¥ = 1) () - (42 - 1)20)] 4032 + 1)
(<

10 =

-1 (v -1y
1"(0) < 0

/(1) is undefined. ) _// \\—_ 5

/"(-1) is undefined.

N

0, -2)
Relative maximum: (0, —2) f/
No points of inflection -
. Function First Derivative Second Derivative Answers will vary. Sample answer:
f(2)=0 f’(x)<0,x<3 f”(x) >0 Y

f4)=o0 f’(3) =0
f(x)>0,x>3
The function has x-intercepts at (2, 0) and (4, 0). On (—oo, 3), fis

decreasing, and on (3, oo), f is increasing. A relative minimum occurs

when x = 3.The graph of f is concave upward.

. Function First Derivative Second Derivative
f(2) =0 f(x)>0,x<3 fM(x) > 0,x =3 , R
f4)=0 /'(3) is undefined. 31 5.2
2
’ | 3,1
f(x) <0,x>3 T 2o @0
The function has x-intercepts at (2, 0) and (4, 0). On (-, 3), . S
f is increasing and on (3, ®), f is decreasing. f has either a 21 1
3] 3]
relative maximum at x = 3 or a discontinuity at x = 3. Also,
/f is concave upward on (-0, 3) and (3, ).
. Function First Derivative Second Derivative Answers will vary. Sample answer:
f(0)=0 f’(x) >0,x <1 f”(x)< 0 y
4]
/@ =0 s=0 Nl
, Tan
f(x)<0,x>1 00N
The function has x-intercepts at (0, 0) and (2, 0). On (-0, 1), I S S
f 1is increasing and on (1, oo), f 1is decreasing. A relative maximum + f
—4

occurs when x = 1. The graph of f is concave downward.
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54. Function First Derivative Second Derivative Answers will vary. Sample answer:
f(0) =0 f(x) <0,x <1 f"(x) >0 y
f2)=0 =0 T /|
f(x)>0,x>1 0,0) 2.0

The function has x-intercepts at (0, 0) and (2, 0). On (-, 1),

f is decreasing and on (1, ®), /" is increasing. A relative minimum o

occurs when x = 1. The graph of /" is concave upward.

55. (@) f'(x) > Oon (—o, 0) where f is increasing.
7\ () f'(x) < 0on (0, ) where /" is decreasing.

(c) f'is not increasing. f is not concave upward.

(d) f'is decreasing on (—oo, oo) where /" is concave downward.
ot
ol
56. ! (a) f'is positive on (0, 2) where f is increasing.
di P (b) f"is negative on (-0, 0) and (2, o) where /" is decreasing.
.
0o/ Neo (c) f'isincreasing on (—oo, 1) where f is concave upward.
-1 1 2 3
T (d) f"is decreasing on (1, oo) where f is concave downward.

57. f'(x) =2x+5
f'(x) =2
(a) Because the second derivative is positive for all x, /' is increasing on (—oo, oo).

(b) Because the second derivative is positive for all x, f* is concave upward.

(c) Critical number: x = —% (d) 7
5
"-=1=2>0
/ [ 2J o x
4
. - 5
A relative minimum occurs when x = -5

S"(x) > 0on (-, )

No points of inflection

58. f'(x) = 3x* — 2; Critical numbers: x = +

f

f"(x) = 6x; f"(x) = 0 whenx =0

(a) The value of f "(x) is negative on (—oo, 0) and positive on (0, oo). So, f ’(x) is increasing on (O, oo)

and decreasing on (-, 0).
(b) f"(x) < 0on (-0, 0).
S"(x) > 0on (0, ).

So, f is concave downward on (—oo, 0) and concave upward on (0, o).
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© f”[ ﬁj =26 <0 () y

3
(6 4v6) |
fﬂ[\/gJZZ\/Ew )
3 ~ \o.o ‘
2 [ T
A relative maximum occurs when x = —? 1 (s, _ls)
I
and a relative minimum occurs when x = é
Concavity changes at x = 0,s0 (0, 0)isa
point of inflection.
59. f'(x) = —x* + 2x — I; Critical number: x = 1
f'(x) = -2x +2; f"(x) = Owhen x =1
(a) The value of f"(x) is positive on (-, 1)and () f"(x) > 0on (oo, 1).
negative on (1, ). So, f”(x)is increasing on f"(x) < 0on (1, ®).
(—o0, 1) and decreasing on (1, ). So, f is concave upward on (oo, 1) and

concave downward on (1, «).

© f'(1)=0 (d)
The Second-Derivative Test fails. Because f'(x) < 0, :
f is never increasing and there are no relative extrema. 2:
Concavity changes at x = 1, so a point of inflection i NS
occurs when x = 1. AN
]

60. f'(x) = x> + x — 6 = (x — 2)(x + 3);Critical numbers: x = 2, x = -3

f'(x) = 2x +1; f"(x) = Owhenx = —%

(a) The value of f”(x)is negative on (—oo, —%] (b) f'(x) <Oon (—oo, —%j
. 1 N e s . ” 1
and positive on —E,oo .So,f(x) 1s increasing f (x) > Oon > 0 |,
1 . 1 . 1
on (_E’ ooj and decreasing on (—oo, _EJ So, /" is concave upward on (_E’ ooj
and concave downward on [—oo, —%j
() f”(Z) =5>0 (d) y
f(3)=-5<0
A relative minimum occurs at x = 2, and a
relative maximum occurs at x = —3.
Concavity changes at x = —%, s0 a point of
. . 1
inflection occurs when x = 5
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6l. R = L(600x2 - x*), 0 < x < 400 62. R=—4x +4x* +12,0<x <5
50,000 , 4
1 R = —3x" + 8x
- _ 2.2

r= 50,000(1200x 3x ) R" = —%x + 8 = 0 whenx = 3.

R" = ! (1200 — 6x) = 0 when x = 200. R" > 0on (0, 3).
50,000 )

R" > 0 on (0, 200). R" < 0on (3,5).

R" < 00n (200, 400). Point of diminishing returns: (3, 36)

Point of diminishing returns: (200, 320)

63. N(t) =012 + 0.54¢> +822t,0 <t < 4

64.

65.

3
Point of inflection: . Point of inflection: i \
(%a _3_30) (—0.55, 1.16)

£ is increasing when f” is positive. f is concave upward
when " is positive and concave downward when " is

n

2 o 4 6
f(x) = 3x -2 _// ] 3 =
’ , x)=-x——
- i / ( ) 6 k
No relative extrema. ° //
f
6

N'(1)

N'(0)

-0.36¢% + 1.08¢ + 8.22

~0.72¢ + 1.08 = 0 whent = L.5.
N"(c) = -0.72

(
N"(1.5) = -0.72 < 0

The student is assembling components at the greatest rate when ¢ = 1.5, or 8:30 P.M.

IA

2
N(t):%,OSt 4

(4 + £2)(40) — (207)(2¢)

N'(t) = 2
(4 +7)

= 1601(4 + )’

N'(t) = 160{1[—2(4 + zz)’3(2z)} +(4+ 12)’2} = 160(4 + tz)’3[—4z2 + (44 12)} = 16(0(4_3)22)
4+
2 _ 23

when t = —

J3 3

(4 + ) (-960r) ~ 160(4 - 3’2)[3(4 + fz)z(Zf)} (4 + 1) (-3840¢ — 960r° — 38401 + 2880r°)  1920x(x” - 4)
N"(r) = = =

N”{Z\_?’/EJ =~ -731<0

(4+2) (4+2) (4+2)
The student is assembling components at the greatest rate when ¢ = (2\/5 ) / 3 or at approximately 8:09 p.M.

66. f(x) = —%xs - é)f - %x + 1, [—2, 2]

No relative extrema. -3

—4
£ is decreasing when [’ is negative. f is concave

upward when f" is positive and concave downward

egative. when f"is negative.
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L [3.9]

4

NS +1 [2x +1)( ]
/)= (xz +1)4
12x% — 4
(x2 + 1)
.
f
=
f”

Relative maximum: (0, 2)
Points of inflection: (0.58, 1.5), (—0.58, 1.5)
£ is increasing when f” is positive and decreasing

when [’ is negative. f is concave upward when f"is
positive and concave downward when f” is negative.

68. f(x) =
, (x2 + 1)(2x) - x2(2x) 2x
f(x) = 2 = 2
(x2 + 1) (x2 + 1)
f”(x) _ (x2 + 1)2(2) —22x[2(4x2 + 1)(2x)}
(x + 1)
_ 21 - 3x7)
(x2 + 1)3
y
_3 i 3
et -

1
Relative minimum: (0, 0)
Points of inflection: (0.58, 0.25), (-0.58, 0.25)

[ is increasing when f” is positive and decreasing
when f"is negative. f is concave upward when f” is
positive and concave downward when f” is negative.

69.

70.

71.

C = 05x+104+ 220
X
¢ - o5 0
X

Critical number: x = 120

v 14,400

x}

Qal

C"(120) = % >0

So, producing 120 units minimizes the average cost per
unit.

€ 5y, 300,000
X
g 300,900
X

Critical number: x ~ 387

cr — £00.000
X
C"(387) ~ 0.010 > 0

So, ordering 387 units will produce a minimum cost.

(a) 250
sk 19
(b) ¢t = 5:1995
(c) t = 17:2007
(d) ¢ = 13:2003; the greatest rate of increase

19: 2009; the least rate of increase

~
Q

72. (a) Relative maximum: (3, 2120)

Relative minimum: (1.5, 2050)
Absolute maximum: (0, 2250)
Absolute minimum: (6.5, 1750)

The market opened at the maximum for the day and
closed at the minimum. At approximately 11:00 A.M.
the market started to recover after falling, and at
approximately 12:30 p.M. the market started to fall
again.

(b) (2, 2100)is the approximate point of inflection.

At approximately 11:30 A.M. the market began to
increase at a greater rate.
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73. (a) 4500

5[ -
2500

(b)and (c) v = —0.0687t* + 3.169£> — 45¢* + 230.6¢ + 2950,5 < ¢ < 18

V= ? = —0.2748¢ + 9.507¢> — 90t + 230.6
t

" dzv 2
Vi = — = —0.8244¢7 +19.0147 — 90
dt

v” - O

—-8.244¢% +19.014t — 90 = 0
t = 164,6.7

Interval 5<t<6.7 6.7 <t <164 | 164 <t <18
Signof v' | V' <0 V' >0 Vi< 0
Conclusion | Concave downward | Concave upward | Concave downward

Points of inflection: (6.7, 3289.6), (16.4, 3637.2)

(d) The first inflection point is where the change in the number of veterans receiving benefits starts to increase after it has
been decreasing. The second inflection point is where the change in the number of veterans receiving benefits starts to
decrease again.

74. (a) S'is increasing, so S" > 0.

(b) Both Sand S’ are increasing, so S’ > 0 and S" > 0.

(c) S'isnot changing, so S" = 0.

(d) Sis not changing, so S" = 0.

(e) Sis decreasing, but S’ is increasing, so S’ < 0and S” > 0.

(f) Sis increasing, so S’ > 0. There are no restrictions on S”.

75. Answers will vary.

Section 3.4 Optimization Problems

Skills Warm Up

1. Let x be the first number and y be the second number. 5. y=x>+6x-9
x+3y =12 Yy =2x+6=0

2. Let x be the first number and y be the second number. Critical number: x = -3

2xy = 24
6. y=2x° —x? — 4x
3. Let x be the length of the rectangle and y be the width , )
y=6x"-2x-4=0

of the rectangle.

xy = 24 3% —x-2)=0
4. Let (x,, y;) be the first point and (x,, y,) be the 2(3x + 2)(x = 1) = 0
second point. Critical numbers x = =2, x = |

3

\/(xl - xz)z + (yl - y2)2 =10
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Skills Warm Up —continued—

7. y=5x+E

x
y’=5—lj—25:0
5(x* —25) = 0

Critical numbers: x = £5

8. y=3x+¥
X
. 192
y = —?=0
3(x3—64)
X -
3(x3—64):0

Critical number: x = 4

2
9.y—x +1=x+l
X X
1
'=1-—=0
2_
X 21:0
x
xX-1=0

Critical numbers: x = +1

X
10. =
Y X2 +9
2+9-x(2
y,:x xgx)zo
(x2+9)
2
9-2
(x2+9)
9-x2=0

Critical numbers: x = £3

1. Let / be the length and w be the width of the rectangle.

Then 2/ + 2w = 100 and w = 50 — /. The area is:
A =lw=1(5 - )

A =50 -2

A =2

A" = Owhenx = 25.Because 4"(25) = -2 < 0,

A is maximum when / = 25 meters and
w = 50 — 25 = 25 meters.

2. Let [ be the length and w be the width of the rectangle.

Then P = 2w + 2land y = %(P — 2/). The area is:

A=lw= 1[%(1)—21) - lpop
2 2
;1
A==P-2
2
A =2

A" = Owhen [/ = P/4. Because A"(P/4) = -2 <0,

A is a maximum when / = P/4and w = P/4.

3. Let / and w be the length and width of the rectangle. Then
the areais /w = 64 and w = 64//. The perimeter is:

P:2l+2w:21+2[614j

2(1* - 64

pd_?_(ﬂ)
, 256
-5

P' = Owhen / = 8. Because P'(8) = 4 > 0,Pisa

minimum when / = 8and w = 64/8 = 8 feet.

4. Let / and w be the length and width of the rectangle. The
areais 4 = Iw and w = A/Il. The perimeter is:

P:21+2w:21+2(7j
2_
pooo 24 _2°-24
2 2
. 44
Pr="

P' = O when [ = /4. Because P”(\/Z) >0, Pis

minimum when / = ~/4 and w = /4.
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5. The length of fencing is given by 4x + 3y = 200 and 7. (a) 9+ 9+ 4(3)(11) = 150 in2

y = (200 — 4x)/3. The area of the corrals is:
200 — 4x) 8 ,
A=2xy = Zx(fj = E(SOX - X )

A = g(so ~2)

16
3

A" =

A" = 0 when x = 25.Because A"(25) = —% <0,

A is maximum when x = 25 feetand y = % feet.

. Let x be the length of the fence parallel to the river and
v be the length of fence perpendicular to the river.

245,000
=

Then, Area = xy = 245,000 = y

Amount of fencing:

Foxt2y=xs+ 2[245,000] s 490,000

X X

490,000

x2

980,000

3

Fl=1-

Fﬂ

F' =0
490,000

x2

1- 0

x2 = 490,000
x = 700

F ”(700) > 0 = F is minimum when x = 700 meters.

When x = 700,y = 245,000 _ 350 meters.

700

6(25) = 150 in?
36 + 36 + 4(6)(3.25) = 150 in.?

(b) ¥ =3(3)(11) = 99 in?
v =5(5)(5) = 125in?
v =6(6)(3.25) = 117 in?

(c) Let the base measure x by x, and the height measure y.

Then the surface area is 2x> + 4xy = 150 and
1 Sl

y = —(75 - xz), The volume of the solid is:
2x

1 75 x°
v 2., — 2775_ 2 - _Z
*y x[h( x)} 5y -2

V" = -3x
V' = Owhen x = 5.Because V"(5) = -15 < 0,V

is maximum when x = 5Sinches and y = 5 inches.

8. (a) Let the base of the solid have dimensions x by x and

let the height be y.

Then the surface area is given by

2x% + 4xy = 3375 = y = i(337.5 - 2x%).
4x

Volume of the solid: ¥ = x%y

v = xz[i(sns - 2x2)}
4x
= 84.375x — 0.5x°
V' = 84.375 — 1.5x2

V" = -3x
V'=0
84.375 - 1.5x* = 0
1.5x% = 84.375
x? = 56.25
x =75cm

V"(7.5) < 0 = V is a maximum when x = 7.5 cm.

When

X =75cm,y = L(.m.s - 2(15))

4(7.5)

(b) V = 84.3757.5) - 0.5(7.5) = 421.875 cm’

7.5 cm.
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9. (a) Let the base have dimensions x by x and the height 10. (a) Profit is increasing for advertising costs between
have dimension y. Then the volume is given by $0 and $40 thousand, 0 < x < 40.
800 (b) Profit is decreasing for advertising costs between

V =x*y =8000 = y = o
X

$40 thousand and $61 thousand, 40 < x < 61.

(¢) To yield a maximum profit of approximately

f: : S = 2x? o
Surface area: § = 2x + 4xy $3.55 million (P = 3550), the company should

=2x" + 4){8080) spend $40 thousand in advertising costs.
* (d) The point of diminishing returns is approximately
, 32,000
=2y 2 (20, 2000).
X
§ = 4y — 32,000 11. Let x and y be the length and width of the rectangle. The
x? radius of the semicircle is » = y/2, and the perimeter is
g1 4 64000
= 2 200 = 2x + 277 = 2x + 2;;@) = 2x + zyand
S'=0 )
y = (200 - 2x)/ 7. The area of the rectangle is:
32,000
o =0 200 - 2x] 2
x A4=xy= x[ix} = =(100x - x?)
4x* = 32,000 T T
¥ = 8000 4 = 2100 - 20)
x =20 7
. . " 4
$"(20) > 0 = S is a minimum when x = 20. 4" = —
When x = 20in.,y = 8002 ~ 20in. A = 0 when x = 50.Because A" < 0, 4 is maximum
20) when x = 50 meters and
200 — 2(50 100
b) S = 2(20)2 + 32,000 _ 2400 in.2 y = # = —— meters.
20 b2 Vg

12. The perimeter of the window is x + 2y + %x =16and y = 8 — (é + %)x

The area of the window is:

2 2
A=xy+££ =x8—1+£x -t-ﬂ:S)c—l-i—zx2
2\2 2 4 8 2 8
A’=8—(1+fjx
4
A":—(l+zj
4
, " . . 8 32 16
A" = Owhen x = .Because 4" < 0, 4 is maximum when x = = feetand y = feet.
1+ 7/4 1+ 7/4 4+7x 4+ 7
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13. Let the base measure x by x and the height measure y. 16. Let x be the length of the cut from each corner of the

Then the volume is x?y = 80and y = % The cost of 3-foot by 8-foot rectangle.
X

the box is: J I_ !

C = (0.20)(2)x* + (0.10)(4)xy I
= 0.40x° + 0.40x($) | H
x X 8—2x X
2, 32 . .
= 0.40x" + — V' = Length - Width - Height
X
= (3 - 2x)(8 — 2x)x
' = 080x - 2= ( X )
X = 4x® — 22x% + 24x
3
_ 080 - 32 V' = 1247 - 4dx + 24
x o V' = 24x — 44
C" =080 +— V' =0
X
12x% — 44x + 24 = 0
C' = Owhen x = /40 = 23/5. Because * rr
2
C"(23/§) > 0, C is minimum when 4(3x - Ix + 6) =0
43x = 2)(x —=3) =0
x = 23/5 centimeters and y = 43/5 centimeters. ( x )(x )
X = %orx =3
., 1 250 .
14. The volume of the enclosure is x“y = 835 = 3 and (Note that x = 3 does not make sense in the context of
250 the problem.)
TN V”(%) < 0 = V is a maximum when x = %ft

The surface area of the enclosure is:

When x = %ft, vV = 22—070 ft* ~ 7.41 8.

A =3xy + x? =3x[2—5?j+x2 =@+x2
3x * 17. Let x and y be the lengths shown in the figure.
, 250 2x° — 250
A = -+ 2x = 3
X X 15
A" = @ + 2
X

A" = Owhen x = 5.Because A"(5) > 0, the surface

area is minimum when x = 5 meters and

250 10 .
y = T = meters. [N N N
3(5) 3 15 y 15
15. The volume of the box is: Then xy = 36and y = E
x

Vo=x(6-2x)7,0<x<3
V' =12(x = 1)(x = 3)

The area of the page is:

V' = Owhen x = 3and x = 1. Because /' = 0 when * x
x =3and VV = 16 when x = I, the volume is maximum , 108 3(x2 - 36)
when x = 1. The corresponding volume is A4 = T2 3= 52
V' = 16 cubic inches. 216
A" = 73
x

A" = Owhen x = 6.Because A"(6)

minimum when x = 6 inches and y

A:(x+3)(ﬁ+3jz45+@+3x

1>0,4is

36 = 6 inches.
6

The dimensions of the page are 9 inches by 9 inches.
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18. Let x and y be the dimensions of the printed area.

19.

Printed area: xy = 50 = y = @
x
Area of the entire page: A4 = (x + 2)(y + 4)

(x + 2)[@ + 4}

X

50+4x+@+8

X
P
X
A,,:LOSO
x
A =0
NI
X
4x% =100
x2 =25
x =5 (x = =5 innot in the domain.)

A"(S) > 0 = Ais aminimum when x = 5 inches.

When x = 5inches,y = 5?0 = 10 inches.

The area of the rectangle is

Azxy:x(6_xJ=%(6x—x2)

2
A = 7(6 - 2x)
A = -1
A" = 0when x = 3. Because 4" < 0, 4 is maximum
when x = 3unitsand y = % = %units.

Section 3.4 Optimization Problems 185

20. The triangles (0, y), (1, 2), (0, 2) and (1, 2), (x, 0), (1, 0)
are similar.

(@)

(b)

(©

y-2 0-2
0-1 x—1
2
~2 =
Y x—1
y =2+ 2
x -1

= [x"+4+ + 5 x> 1
X = X - 1)
10
(2.587, 4.162)
0 10

0

L is a minimum when x ~ 2.587 units and
L =~ 4.162 units.

The area is:

1 1 2 X
A(x)zaxyzgx(2+j]:x+x_l
A,(x):1+(x—l)—2x _ (x—1)22—1 _ x(x—22)

(x—l) (x—l) (x—l)
a(x) = —

(1)
A'(x) = 0 when x = 2. Because 4"(2) > 0,
A(x) is minimum when x = 2and y = 4.

Vertices: (0, 0), (2, 0), (0, 4)
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186 Chapter 3 Applications of the Derivative

21. The area is:

4 =20 = 225 - )"

’ ! - 25 - 232
R N s

(25 -

(25 - x2)1/2(—4x) ~ (25 - 2#)[3(25 - xz)—1/2(_2x) _ 2= TS

A" =2 25— 2 (25 ~ xz)s/z

A" = 0when x = 5/\/5 Because A”(S/\/E) < 0, 4is maximum when the length is

10

2x = —
V2

22. The area is:

2
~ 7.07 units and the widthis y = , [25 — [i] = S ~ 3.54 units.

V2] V2

A = 2xy _ zx(rz _ x2)1/2
' ! - 2 - 2x? ,

A= ZHZJW — ) (2x) + (2 - xzﬂ -2 (_)/
(rz - xz)l/2(—4x) - (r2 - ZxZ)[%](rz - xz)il/z(—zx) ) 22 _ 3

2 2 32
re—x (r2 _ x2)

r \/Er

2 . .
A" = 0when x = — = - Because A”[\/Z_r] < 0, Ais maximum when the

NG

(x, )

units.

2
| -2

length is 2x = /27 units and the width is y = {rz - [—

23. The volume of the cylinder is
V = zr’h = (12 02)(1.80469 in’per oz) ~ 21.66 in?

which implies that & = 21.66/ (7[7‘2). The surface area of the container is:

S = 27r? + 27rh = 27r? + 271'}’(21'626] = 2[71'}"2 + wj
r r
3 _
¢ - 2(27” ~ 21.266j _ 2[27[}’ 221.66]
r r
o 2(2” . 43.32)
3

S" = Owhen r = 3/2;66 ~ 1.51inches. Because S”(1.51) > 0, S is minimum when » ~ 1.51 inches and
7

21.66
7[(1.51)

h = ~ 3.02 inches.

2

© 2013 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.
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24. Let s represent the cost per square inch of the sides. 26. The distance between a point (x, y) on the graph and the
The volume of the cylinder is point (5, 3)is

V = zr*h = (16 0Z)(1.80469 in.® per oz) ~ 28.88in?
o ) d=Jx-5+ (-3
which implies that 4 = 28,88/ (mf ) The cost of the

2
container is given by the following. = \/ (x - 5)2 + [(x + 1)2 - 3}

_ 2
¢ = ZS(Z”V ) * s(27z'rh) and d can be minimized by minimizing its square
= 25(27r%) + 27#{28.%8) L=d
nr 5 ) 2
L=(x-5 +|:x+1 —3}
= 25[27[}’2 + 728'88) ( ) ( )
r =x* +4x3 + x> - 18x + 29
3 _ r_ 3 2 _
C - 2{47” ~ 28.288j _ 2{4;” 228.88] L' =4x* +12x% + 2x - 18
r r L' = 12x% + 24x + 2
C" = 2{4;7 + 57'376] L' = Owhen x = 1.Because L"(1) > 0, L is minimum
r

when x = land y = (1 + 1)2 = 4. The point nearest

C' = Owhen r = 3722 ~ 132, (5. 3)is (L 4)
VA

Because C"(1.32) > 0, C'is minimum when 27. The distance between a point (x, ») on the graph and the
~ 1.32inches and & = —=22% < 5 2 inches. point (4, 0) is
7(1.32)

dz\/(x—4)2+y2 =\/(x—4)2+x

25. The distance between a point (x, y) on the graph and the
and d can be minimized by minimizing its square

point (2, 1/2)is

L =d.
2 1y 2 1Y - 4)? — 52 16
d = (x—Z) +(y—7] = (x—2) +(x2_,j L—(x— )+x—x—7x+
2 2 L=2x-7
and d can be minimized by minimizing its square L = d°. L" =2
2
L :(x—2)2 I (T O R L’:Owhenx:zBecauseL[7j > 0,Lis
2 4 2

ro_ 3 _ 3

L'=dx -4 = 4(x B 1) minimum when x = fand \/7 —_— Th
L" = 12x%

L . . |7 14
L' = Owhen x = 1. Because L"(l) > 0, L is minimum point nearest (4, 0) is > 5 |
when x = land y = (1)2 = 1. The point nearest
(2, 1/2)is (1, 1).
28. The distance between a point (x, y) on the graph and the point (12, 0) is
d = \/ (x - 12)2 \/ x - 12 Jr -8 - 0) and d can be minimized by minimizing its square L = d>.
L= (x—12)(x - 8)
=x?—24x +144 + x - 8
= x* - 23x + 136
L' =2x-23
L" =2

L' = Owhen x = % Because L”(z—;) > 0, Lis aminimum when x = %and y =, lz—; -8 = \/%7

The point nearest (12, 0) is (2—23, %)
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29. The length and girth is 4x + y = 108 and

30.

31.

y = 108 — 4x. The volume is:

V =xy = x2(108 - 4x) = 108x% — 4x°

V' = 216x —12x* = 12x(18 — x).

V' =216 — 24x

V' = Owhen x = 0and x = 18.Because V"(18) < 0,

V' is minimum when x = 18 inches and y = 36 inches.

The dimensions are 18 inches by 18 inches by 36 inches.

The volume is ﬁmﬁ + zr*h =12and h = 1—22 - ir
3 v 3

The surface area is:

A = 4xr* + 2zrh

= 471 + Zﬂr[l—zz - ﬂr)
r 3

= 4zr? + 24 §71'1"2
r 3
4 , 24
= —ar°- + —
B
3 24 8(7rr3 - 9)
A =—-nr - =
3 r? 32
A" — § + ﬁ
3 P

1.42 inches. Because

A" = Owhen r = 3/9/7 =~

A'(1.42) > 0, Ais minimum when r ~ 1.42 inches.

Let p represent the cost per square foot of the material.

The volume is gﬂﬁ + zr*h = 3000 and

P 3000 4
C = 2p(47zr ) +p Zﬂrh)
3000 4
= 2pl|4nr - =r
plaar) + 20 20 - |
2p(§7rr2 + 3000]
3
_, (1 . 3oooj ) ~ 3000
P 3 P P
16 6000
Cc" =2
? (3 P j

C' = Owhen r = 3l562'5 ~ 5.64 feet.
T

Because C"(5.64) > 0, C is minimum when

5.64 feet and

o 3000 §(5.64) ~ 22,50 feet.

7(5.64)’

r

11

32. Using the formula Distance = (Rate)(Time), we have

33.

T = DJR.
T = Trowed + T walked
— Drowed + Dwalked

Rrowed Rwalked

_\/x2+4+ +(3—x)2
2 4
3-—x

T/

2\/x +4 4\/1+ 3-x)

By setting 7' = 0, we have:
x? _ (3 - x)2
Ax+4) 161+ (3 v

x? 9 — 6x + x?
X4 410 - 6x + x?)

4(x4 - 6x + 10x2) = (x2 + 4)(9 - 6x + x2)
6 +9x% +8x—12 0

Possible rational roots: +1, £2, £3, +4, +6, +12

Using a graphing utility, the solution on [0, 3] is
x = lmile.

By testing, we find that x = 1 mile.

Let x be the length of a side of the square and r be the
radius of the circle. Then the combined perimeter is
4x + 27zr = 16and

The total area is:
Y
A4 =x* + 7r? =[4—7j + 7r?

A=204-Z Z +2;zr:1(7z2r+47zr—8;r)
2\ 2 2

1
A" = —(7* + 4z
o )
, 87
A" = Owhen r = ——— = . Because
- +4r  m+ 4
A" > 0, 4 is minimum when r = units and

~ 72'[8/(72' + 4)} _ 16 .
2 T+ 4
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34. Let x be the length of a side of the triangle and y be the length of a side of the square.

35.

36.

The combined perimeter is 3x + 4y = 10and y = i(lO - 3x). The total area is:

A:lbh-&-yzzlx\/gx
2 2 2

2
] + F(lo - 3x)} = ﬁxz + i(loo - 60x + 9x?)
4 4 16

A =—3x+i(—60+18x)=x£+2 _b
2 16 2 8 4
A" = 73 + 2
2 8
A" = Owhen x = L
43 +9
. . 1 1
Because 4" > 0, 4 is minimum when x = Lumts and y = —{10 — 3[ 30 j = 03 .
43 +9 4 43 +9 43 +9
(a) The perimeteris 4x + 27zr = 4and r = 2- 2x‘
V3
2 - 2xY (2 - 2x)’ 4 8 4
The area is: A(x) =x*+ 7 =x2 + 7{ j =xr+ 7 = [1 + —sz - —Xx + —
Vs Vs V1 V1 Vs
2 - 2x -
(b) Because x > Oand r = > 0, the domainis 0 < x <1
Vg
(0 2
0 1
0
(d) A’(x) = (2 + E]x _3
Vs s
8
A'(x) =2+ —
(=242
A'(x) = Owhenx = 8z __4 )
2+8/n 4+n7m
Because A"(x) > 0, A(x) is minimum when x = ~ 0.56 feetand r = ~ (.28 feet.

+ 7 4+
So the total area is minimum when 2.24 feet is used for the square and 1.76 feet is used for the circle.

From the graph, A(x) is maximum when x = 0 feetand r = 2 ~ 0.64 feet. So the total area is maximum
V4

when all 4 feet is used for the circle.
Let x = each additional tree, then x + 16 is the total number of trees. Since 80 is the average yield of apples per tree,
then 80 — 4x is the average yield if x trees are added.
The total yield, 7, is the number of trees times the average yield per tree.

T = (x +16)(80 — 4x) = —4x> + 16x + 1280

T'=-8x+16

T" = -8
T"=0

—8x +16 =0
x =2

T”(2) < 0 = T isamaximum when x = 2.

The total number of trees is 16 + 2 = 18 and the maximum yield is 7 = 1296 apples.

189
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37. Let w be the number of weeks and p be the price per bushel. Use the points (1, 30) and (2, 29.20) to determine the
linear equation relating the price per bushel to the number of weeks that pass.
29.20 — 30(W )
2-1
p — 30 = -0.80w + 0.80
p = —0.80w + 30.80
Let b be the number of bushels in the field.
Use the points (1, 120) and (2, 124) to determine the linear equation relating the number of bushels in the field to

p-30 =

the number of weeks that pass.

124 - 12
b—120:70(w—1)
2-1
b—120 = 4w — 4
b = 4w+ 116

The total value of the crop is:
R = pb = (—0.80w + 30.80)(4w + 116) = —3.2w% + 30.4w + 3572.8
R = —-64w + 30.4
R" = -64
R' = 0when w = 4.75.Because R" < 0, R is maximum when w = 4.75. So the farmer should harvest the strawberries

after 4 weeks.
The total bushels harvested is 5(4.75) = 135 bushels.

The maximum value of the strawberries is R(4.75) = $3645.

Chapter 3 Quiz Yourself

1. f(x)=x2—6x+l 4
f(x)=2x-6 . Jll »
Critical number: x = 3

Interval —0 < x <3 3<x <o -
Sign of f* f1<0 f'>0
Conclusion | Decreasing Increasing

100

2. f(x) = 2x° +12x°
f'(x) = 6x* + 24x = 6x(x + 4)

Critical numbers: x = 0, x = —4
[i
Interval -0 < x < -4 4 <x<0 0<x<oo =T
Sign of 1" f'>0 f'<0 f >0
Conclusion | Increasing Decreasing Increasing
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3. X) = —FF— 0.15
/) x* 425
, x? + 25(1) - x(2x
f (x) = 5 ( ) 2 ) -6 6
(x + 25)
, 25 — x?
f(x) = ~0.15
(x2 + 25)
Critical numbers: x = £5
Interval —o<x<-5| -5<x<5|5<x<w»
Signof /" | f'<0 f>0 <0
Conclusion | Decreasing Increasing Decreasing
4. f(x) =x+3x* -5
f'(x) = 3x% + 6x = 3x(x + 2)
Critical numbers: x = -2, x = 0
Interval 0 <x<-2 | 2<x<0 | 0<x<»®
Sign of >0 <0 >0
Conclusion | Increasing Decreasing Increasing
Relative maximum: (-2, 1)
Relative minimum: (0, —5)
5. f(x) =x*-8x*+3
f(x) = 4> - 16x = 4x(x2 - 4)
Critical numbers: x = +2, x =
Interval 0 <x<-2 | 2<x<0|0<x<2]|2<x<©
Sign of <0 >0 f'<0 >0
Conclusion | Decreasing Increasing Decreasing | Increasing

Relative maximum: (0, 3)

Relative minima: (-2, —13), (2, —13)

6. f(x) = 2x%3

o4 5
Critical number: x = 0
Interval —0<x<0 | 0<x<ow
Sign of f” <0 f>0
Conclusion | Decreasing Increasing

Relative minimum: (0, 0)
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10.

11.

12.

Chapter 3 Applications of the Derivative

f(x) = x> +2x -8, [—2, 1]
f(x) = 2x +2

Critical number: x = —1

f(x) = x> - 27x, [—4, 4]
f(x) = 3x* =27

Critical numbers: x = £3

9= =2 [0.2]
(x2 - 1) - x(2x)

1-x?

/()

(e )

Critical number: x =1

f(x) = x> — 6x% + Tx
f'(x) =3x2 - 12x + 7
f'(x) = 6x =12
f"(x) = 0 when x =
Point of inflection: (2, —2)
fx) = x* - 24x2
= 4x° — 48x

f"(x) = 0O when x = £2.

Points of inflection: (-2, —80), (2, —80)

(x2 + 1)2

f(x) =2x +3x - 12x + 16
f(x) = 6x* + 6x =12 = 6(x + 2)(x — 1)

Critical numbers: x =
f'(x) =12x + 6
f'(-2) = -18 < 0
f'(1)=18>0

-2, x =1

Endpoint | Critical Endpoint
x-value
x =2 x = -1 x =1
f (x) -8 -9 -5
Conclusion Minimum | Maximum
Endpoint | Critical Critical Endpoint
x-value
x =-4 x=-3 x=3 x =4
f (x) 44 54 —54 44
Conclusion Maximum | Minimum
Endpoint | Critical Endpoint
x-value
x=0 x =1 x =2
o5 T3
Conclusion | Minimum | Maximum
Interval -0 < X < 2 2<x <o
Sign of f"(x) f"(x) <0 f"(x) >0
Conclusion Concave downward | Concave upward
Interval -0 < x < 2 2 <x<?2 2<x<®
Signof f"(x) | f"(x)>0 f'(x) <0 S"(x) >0

Conclusion

Concave upward

Concave downward

Concave upward

So, (-2, 36)is a relative maximum and (1, 9) is a

relative minimum.

13. f(x) = 2x + 18x7!

1
fi(x)=2-18x7% =2 —f

X
Critical numbers: x = +3
S1(x) = 36x7 = i?

S"(=3) < 0and /"(3) > 0

So, (=3, —12) is a relative maximum and (3, 12) is a

relative minimum.
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4. S = L(séoxz - x3), 0 < x < 240
3600

, 1
S = %(720x - 3x2)

1
"~ 3600
S" > 0on (0, 120).

S" < 0on (120, 240).

s (720 - 6x) = 0 when x = 120.

Since (120, 960) is a point of inflection, it is the point of

diminishing returns.

16. P = 0.0017 — 0.64¢> + 10.3t + 1276,0 < ¢t < 9
P' = 0.003* - 1.28¢ + 10.3
P =0
0.003t> —1.28 +10.3 = 0

t

4

(a)
Interval 0<t<82 | 82<t<9
Signof P' | P' >0 P'<0
Conclusion | Increasing Decreasing

The population was increasing from 2000 to early
2008 (0 < ¢ < 8.2) and decreasing from early

2008 to 2009 (8.2 < ¢ < 9).

15. The perimeter is x + 2y = 200 and

y =100 — %x. The area is:

1 1,
A=xy = x(lOO - Ex) = 100x — Ex
A =100 — x
A" = -1
A" = 0when x = 100. Because 4" = -1 < 0, 4is

maximum when x = 100 feet and

y =100 - %(100) = 50 feet.

8.2 or 418.5 (¢ ~ 418.5 is not in the domain.)

b

®) f-val Endpoint | Critical number | Endpoint
VAME 20 | r=82 t=9
P(t) 1276 1317.8 1317.4

The maximum population was 1317.8 thousand or
1,317,800 in early 2008 and the minimum population
was 1276 thousand or 1,276,000 in 2000.

Section 3.5 Business and Economics Applications

Skills Warm Up

1. —@+3‘=\—2+3\=1

150
2. —ﬂ+2 =‘—i+2‘=E

5(150) 5 5
; 20(150) " /150| | 201507 |
T -10(150) 7 | | -10(150) "
) (4000/150%) /150| | 4000(150)° | 1
| —8000(150)” | |-8000(150)°| 2
5. 9C _ 12 1 0.006x

dx

6. di = 0.02x + 11
dx

7. d—P =-14x+7
dx

8. d£ = 4.2 + 0.003x2
dx

g, R _1y__=
dx 1000

10. R 54 %
dx 750
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. R = 800x — 0.2x?

R = 800 — 0.4x
R" = -04
R' = 0 when x = 2000.Because R" < 0, R is

maximum when x = 2000 units.

. R = 48x* — 0.02x°

R = 96x — 0.06x% = x(96 — 0.06x)

R" =96 — 0.12x

R"(1600) < 0,

R' = 0when x = 0 or x = 1600. Because
R"(1600) < 0, R is maximum when x = 1600 units.

. R = 400x — x*
R = 400 — 2x
R" = -2

R' = 0 when x = 200. Because R" < 0, R is

maximum when x = 200 units.

. R =30x% - 2x

20
R =20x"—-2=20L -2
I x
, 20 520
S R M

R' = 0when x = 1000.Because R"(1000) < 0, R is

maximum when x = 1000 units.

. C = 0.125x + 20 + 220
X
¢ = 0125 - 220
X
—, 10,000
C" = —=
X

C' = 0when x = 200.

Because E‘"(ZOO) > 0, C is minimum when

x = 200 units.

. C = 00002 + 5+ 220
X
_ 3 _
S 0002 250 _ o.oozx2 250
X X

¢ = 0002 + 2%
X

C' = 0when x = 50. BecauseE”(SO) >0, Cis

minimum when x = 50 units.

10.

11.

. 6:2x+255+5000
X
O - 50(2)0
X
Pald 10,200
X

C' = Owhen x = 50. Because E"(SO) >0, Cis

minimum when x = 50 units.

. C o= 00222 + 55x 4 200
X
C' = 0.04x + 55 - %0
X
C" =004 + 27?0
X

Using a graphing utility, C' = 0 when x = 5.Because

c'(5) > 0, C is minimum when x = 5 units.

.P=xp—C=x(90—x)—(lOO+30x)

= —x% + 60x — 100
P = -2x + 60
P =2
P'" = 0 when x = 30.Because P"(30) <0,
P is maximum when x = 30 units and
p = 90 — 30 = $60 per unit.
P=xp-C
= x(70 — 0.01x) — (8000 + 50x + 0.03x7)
= —0.04x% + 20x — 8000
P’ = -0.08x + 20
P" = -0.08
P' = 0when x = 250. Because P"(250) < 0,

P is maximum when x = 250 units and
p = 70 — 0.01(250) = $67.50 per unit.

P—xp—C—x(SO—\l/O;]—(%x-!—SOO)

~ 15x — L2 _ 500
10

P= 15— S
20

3 3
Pﬂ — _7x71/2 - _
40 40x"?

P' = 0 when x = 10,000.

Because P"(10,000) < 0, P is maximum when

x = 10,000 units and p = 50 — ~/10.000 = $40 per

unit.
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12. P=xp -C

13.

14.

- x(\z/“;j ~ (0.4x + 600)

= 24</x - 0.4x — 600
P =12x" - 04
P = —6x?
P’ = 0 when x = 900.

Because P"(900) < 0, P is a maximum when

24
x = 900 units and p = = $0.80 per unit.
<900
C=2x+5+ 18 s
x
-, 18
C=2--2
2
Cc" = 36 0 20
X 0

C' = 0 when x = 3. Because E"(3) >0, Cis

minimum when x = 3 units and 6(3) = $17 per unit.

Marginal cost = dx =4x+5

dc
When x =3, % _C-17

dc

C =x*—6x* +13x 7
C=x>-6x+13
C'=2x-6
6"22 0 2 2 5 . . -le

C' = Owhen x = 3.

Because C” > 0, Cis minimum when x = 3 units and
b

6(3) = $4 per unit.

Marginal cost = 4C 3 oy 413
x

Whenx=3,ﬁ=624,
dC

15. () P=xp - C

(b)

16. (a)

(b)

17. P
P/

Pn
P!

Because P”(%) = 50 > 0, Pis minimum when s = 2

Because P'(10) = =50 < 0, P is maximum when

= x(80 — 0.2x) — (30x + 40)
= —0.2x% + 50x — 40
P = —-04x + 50

P’ =04
P =0
~04x+50 =0
~0.4x = —50

x = 125 units
P"(125) < 0 = Pis a maximum when
x = 125 units and

p =80 - 0.2(125) = $55 per unit.

C _30x + 40
X X

C = (125) = $30.32 per unit

A
Il

P=xp-C
= x(100 — 0.5x) — (50x + 37.5)
= —0.52x% + 50x — 37.5
P =—-x+50
P = -1
P =
-x + 50 =
x =50

P”(SO) < 0 = P is a maximum when

x = 50 units and

p = 100 — 0.5(50) = $75 per unit.
C = C _ 50x + 37.5
x x

C(50) = $50.75 per unit

= 25 + 355 —100s + 200
= —6s> + 70s — 100

= —2(3s% — 355 + 50)

= —2(3s - 5)(s - 10)

= -12x + 70

= Owhen s = gors = 10.

s = 10.

Pﬂ

diminishing returns occurs at s =

= —-125s + 70 = Owhen s = %, The point of

35
o

195

3
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18.

20.

21.

Chapter 3 Applications of the Derivative

P

1.3 2
109 + 657 + 400

P —%sz +12s = s(—%s + 12)

P'=-3s+12

P' = 0when s = 0or s = 40.

Because P'(0) = 12 > 0, P is minimum when s = 0.
Because P'(40) = —12 < 0, P is maximum when

s = 40.

P = -35 +12 = O when s = 20.

The point of diminishing returns occurs at s = 20.

Let x = the number of $40 increases in rent and P = profit.

19. Let x =number of units purchased, p = price per unit,
and P = profit.

p =150 — (0.10)(x — 100) = 160 — 0.10x, x > 100

P=xp-C
= x(160 - O.le) - 90x
= —0.10x> + 70x
P'=-02x + 70
P'" =-02
P =0
-0.02x + 70 = 0
-0.2x = =70
x = 350

P”(350) < 0 = Pisamaximum when
x = 350 MP3 players.

P = (Rent)(Number of apartments) — (Cost)(Number of apartments)

(580 + 40x)(50 — x) — 45(50 — x)
—40x> + 1465x + 26,750

P’ = —80x + 1465

P’ =-8

P’ = 0 when x = 18.3125.Because P" < 0, P is maximum when x ~ 18.

To maximize profit, the rent should be P(18) = 580 + 40(18) = $1300.

Let x be the number of units sold per week, p be the price
per unit, and R be the revenue. Use the points

(40, 300), and (45, 275) to determine the linear

equation relating units sold to price per unit.

x =300 = 7222 - igo(p - 40)
x =-=5p + 500
R =xp = (—Sp + 500)p
= -5p* +500p
R = -10p + 500
R" = -10

R' = Owhen p = 50.Because R" < 0, R is maximum
when p = $50.

22. A=k’ k>0

P = 0.124 - i(4) = 0.12ki* — ki®
P’ = ki*(-1) + (0.12 — i)(2ki) = 0.24ki — 3ki®
= ki(0.24 - 3i)

P' = Owhen i = Oand i = 0.08. The profit is
maximum when i = 8%.

P' = 0.24ki — 3ki® = ki(0.24 — 3i)
P" = 0.24k — 6ki
P' = Owhen i = 0and when i = 0.08. Because

P'(0.08) = ~0.24k < 0

P is maximum when i = 0.08.
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23. Let T be the total cost 25. distance = (ra‘[e)(time)
r = cost under water + cost on land
110 = vt
T = 25(5280)v/ x* + 0.25 + 18(5280)(6 — x) 110
— =t
= 132,000~/ x* + 0.25 + 570,240 — 95,040x v
Y~ 052 Let T be the total cost.
2
The line should run from the power station to a point T = L(MJ + 12[@j
across the river approximately 0.52 mile downstream. 300\ v v
11 1320
800,000 = v+
30 v
(0.52,616,042.3) - 11 1320
30 v
. 2640
0 . . . B . .16 " = 3
600,000 v
T' = Owhen v = 60.Since 7"(60) > 0, T is minimum
24. Let k = cost per mile to run the line overland. The total when ¥ = 60 mi/h.
cost to buy the pipe is:
C =2kJx2 +1+ k(2 - x) 26. distance = (rate)(time)
110 = vt
_ 5 1/2
_k[z(x +1) +(2—x)] o _
' 1 2 -2 v
¢ = k{Z[ZJ(x + 1) (2x) - 1} Let T be the total cost.
2
5 - Z{10) o f11)
=k —— 500\ v v
(x* +1) 11 1045
=—v+
1/2 1 -1/2 >0 v
(x*+1)7(2) - 2){2( 2+ 1) (Zx):l oo 111045
C" = 3 50 V2
ol 2090
B 2k T"=—
T 32 v
(x + 1) ,
T'" = Owhen v = /4750 =~ 68.9. Because
C' = 0when 2x 1 T"(\/4750) > 0, T is minimum when v ~ 68.9 mi/h.
NESE|
2x = /x2 + 1 27. Because dp/dx = -5, the price elasticity of demand is
42 = 22 41 600 — 5x
p/x x 600
2 _ = = -1-2=
=1 g dp/dx -5 5x
eo [L_3 600
3 3 When x = 60, youhave n = 1 - —— = —1.
5(60)
" : ol 3 .
Because " > 0, C is minimum when x = Y mile. Because ‘77(60)‘ = 1, the demand is unit elastic.
Offshore oil well 20,000
1 Vit
! Refinery
<y > l——2 — x —>| 0 120

0
Elastic: (0, 60)
Inelastic: (60, 120)
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28.

29.

32.

Chapter 3 Applications of the Derivative

Because dp/dx = -3, the price elasticity of demand is

_ plx (400 - 3x)/x - 400
7 dp/dx -3 3x
When x = 20, you have

_q 400 17
7 3(20) 3

Because ‘77(20)‘ = 1?7 > 1, the demand is elastic.

18,000

Elastic: (0, %)

Inelastic: (2—(3)0, 4—(3)0)

Because dp/dx = —0.03, the price elasticity of demand is
p/x  (5-003x)/x {— 5

n =

 dp/dx -0.03 0.03x’
When x = 100, you have

5 _2
7 0.03(100) 3

Because ‘77(100)‘ = % < 1, the demand is inelastic.

300

Elastic: (0, %)

Inelastic: (@ ﬂ)

373

Because dp/dx = —

X3 ’
0 s
X
_p/x  x 500 +5x* 100 + x?
T= apjax ~ —1000 1000 200
x}
2
5
When x = 5,youhave n = L Q = —é.
2200 8

Because ‘77(5)‘ = g < 1,the demand is inelastic.

the price elasticity of demand is

30. Because dp/dx = —0.0002, the price elasticity of

demand is
~p/x (20 - 0.0002x)/x
= dp/dx —0.0002
~100,000
=" 41
X
When x = 30, you have n = 7_1030(’)000 +1= ——99397.

Because ‘77(30)‘ > 1, the demand is elastic.

550,000

0 110,000
0

Elastic: (0, 50,000)

Inelastic: (5 0,000, 100,000)

31. Because ap = —&2, the price elasticity of
dx x(x +2
demand is
_oplx 500 (x+2)  x+2
i dp/dx  x(x+2) =500 x
When x = 23, you have
S 23+2 25
23 23

Because ‘77(23)‘ = % > 1, the demand is elastic.

600

Elastic: (0, )

1ox

2 200

500

Elastic: (10, o)

50 Inelastic: (0, 10)
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33.(a) p =20-0.02x,0 < x < 1000
dp

= -0.02
dx
20 — 0.02x
_ p/x _ X _ _1ooo ‘1
dp/dy -0.02 X

1000

In the interval [O, 1000], the solution to ‘77‘ =|-——+ 1‘ = lis x = 500.So the demand is of unit elasticity
X

when x = 500.For x-values in [0, 500),

17| > 1, s0 demand is elastic. For x-values in (500, 1000],

n|<1,
so demand is inelastic.

(b) The revenue function increases on the interval [O, 500), then is flat at x = 500, and decreases on the interval (500, 1000].

34. (a) p =800 —-4x,0 < x <200

a _
dx
800 — 4x

ﬂ:p/x: x _ 200_‘_1.

dp/dx -4 x

. . 200 .
In the interval [0, 200], the solution to 7 = ‘—— + 1‘ = lisx = 100.

X

So the demand is of unit elasticity when x = 100. For x-values in [O, 100),

For x-values in (100, 200],

77‘ > 1, so demand is elastic.

77‘ < 1,50 demand is inelastic.

(b) The revenue function increases on the interval [0, 100), then is flat at x = 100, and decreases on the interval (100 200)].

35 042X 37. x =900 — 45p = p = 20 — =
¥ x-10 45
2 g __1
dx 45
8
When p = 8, x = 540and 77 = p/x :ﬂ:—z.
Hinirura dp/dx 1 3
ol#=E L P PN -
0 45

C is minimum when x = 5, or 500 units shipped. Because ‘;7‘ = % < 1, the demand is inelastic.

2500 X . .
36. C = 8( — - 100) 38. (a) Demand function; the number of units sold decreases
x r - as the price increases.
j (b) Cost function; cost increases linearly with the
number of units produced.
(c) Revenue function; a revenue function is greater than
a profit function.
N R O W (d) Profit function; a profit function is less than a

0 revenue function.

C is minimum when x = 50, or an order size of 5000.
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39. S = —1.893¢> + 41.03t> — 58.6t + 3972, 1 <t < 10
S' = —5.679t> + 82.06¢ — 58.6
S" = —-11.358¢ + 82.06
(a)—(c) S"=0

-11.358¢ + 82.06 = 0
t=72=>1t=17
Endpoint | Critical value of S” | Endpoint
t-value
t =1 t =7 t =10
s-value 17.78 237.55 194.1

Conclusion | Minimum | Maximum

Most rapidly: 2007; rate: $237.55 million/yr
Slowest rate: 2001; rate: $17.78 million/yr
(d) 6000

_—:—'—"ﬂ—ﬂ

18.17 + 8.165¢
e N

40. s <1<10
1+0.116¢
, (14 0.116¢)(8.165) — (18.17 + 8.165¢)(0.116 6.05728 .
s i+ O(IW)Z ) o6y 6.05728(1 + 0.116¢)
Note: ' # 0

- —1.40528896
S" = (6.05728)(-2)(1 + 0.116¢ } 0.116) = ——M—

(00572821 + 0116 "(0116) = TR
Note: S” # 0

(@)

Endpoint | Endpoint

t-value f=1 f =10

S-value 23.598 46.213

Conclusion | Minimum | Maximum

Sales were greatest in 2010 with $46.213 billion and sales were the least in 2001 with $23.598 billion.

b
®) Endpoint | Endpoint
t-value
t=1 t =10
S'-value 4.864 1.298
Conclusion | Maximum | Minimum
(c) =0

Pl O BT
20

Sales were greatest in 2010 with $46.213 billion and sales were the least in 2001 with $23.598 billion.
Sales were increasing at the greatest rate in 2001 and sales were decreasing at the greatest rate in 2010.
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4. x="2 m>1

am dp
1 == m+1 e
p dx
d _ "
dx am
p/x p -—am p —am  p"' —am
n= =0 m+1 = m m+1 = ’ m+1 =-m
dp/dx  x p a/p" p a p
42. Answers will vary.
43. Answers will vary.
Section 3.6 Asymptotes
Skills Warm Up
L lim(x+1)=2+1=3 7. lim /x =0 =0
xX—> x4>0+
2. lim 3x+4)=3(-1)+4 =1
Jim, (3 +4) = 3(-1) + 8 lim (x+~/x 1) =1+/1-1=1
x—o1T
2 - 2x = 5)(x + 3
3. lim X"+ x-15 = lim w — 150
x—>-3 x+3 x—>-3 x+3 9. C=—=—+3
. x x
= Xl;n}}(Zx - 5) = 2(—3) -5 JC
~ -1 w7’
. 3x?-8x+4 o (Bx-2)(x -2 _
4. lim = llm( X ) 1. ¢=5 -1 174 0002x
X2 x =2 x>2 x =2 X X
= lim(3x - 2)=3(2)-2=4
x~>2( ) ( ) dac = 1.7 + 0.004x
dx
2 _ -3)x -2
5. lim 250 iy (x-3)(x-2 e 137
R w2t (x + 2)(x = 2) 1. C == =0.005x + 0.5 +
x x
x-3 2-3 1
= lim = = — dc
o2t x+2 242 4 7:0-01X+0.5
X
x? —6x +5 (x=5)(x-1)
6. lim = lim - C 760
N o (x + D(x = 1) 2. C=—=-—+005
X X
=1imx_5=1_75=—2 £:005
- x+1 0 1+1 dx ’
1. A horizontal asymptote occurs at y = 1 because 2. A horizontal asymptote occurs at y = 0 because
2 2
fim L gm Ly 1im%=0and 1im%=0.
X—w x2 X—>—m0 xz X—0 (x _ 2) X—>—0 (x _ 2)
A vertical asymptote occurs at x = 0 because A vertical asymptote occurs at x = 2 because
n x2+l_ n x2+l_ 4 4
xg?, 2 0, XLIE 2 . lim —F = -—® and lim — = ®

x—>27 (x - 2) x—>2t (x - 2)
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11.

12.

13.

Chapter 3 Applications of the Derivative
- A horizontal asymptote occurs at y = 1because 7. A horizontal asymptote occurs at y = I because
2 2
. x* =2 . x° =2
lim — =1, lim —— = 1. 2 _ 2 _
ey —x =2 xoex? —x -2 T Uyt N ek
. xo0 2x° — 8 2 x—o-0 Q2x* — 8 2
Vertical asymptotes occur at x = —1and x = 2 because )
2 2 Vertical asymptotes occur at x = 2 because
. x* =2 . x* =2
lim 4 = —0, lim > 4= o0, 2 >
xo-Im X° —x =2 xo 1t X° —x =2 limx_lz—oo limx_lzoo
2 2 x—2" 2x2 -8 ’ x—2* 2x2 -8 ’
. x* =2 . x° =2
lim o 5 = —0, lim - 5 = 0. 2 2
xo2m X0 —x =2 o2t X0 —x =2 lim ¥ -1, lim ——— _lz—oo.
x> 2x% — 8 T ao2t 2x2 -8
. A horizontal asymptote occurs at y = 1 because
8. A horizontal asymptote occurs at y = 0 because
.oox+1 . oox+1
lim =1, lim =1 X2+l X +1
X0 x + 2 x> x + 2 lim = 0and lim = 0.
. X—>00 x3 -8 X—>—0 x3 -8
A vertical asymptote occurs at x = —2 because )
A vertical asymptote occurs at x = 2 because
. x +1 . x +1 2 2
lim = oo, lim = —oo, ooxt+ 1 ooxt+ 1
x> X + 2 xo-2t X + 2 Xlinzl, -8 = —woand xlin;r -8 -
. 3
. A horizontal asymptote occurs at y = — because 9. f(x) __r- 3 __r- 3
2 x? + 3x x(x + 3)
fim 2~ 3nd fim 23 3 = 0
e 1) 20 o 41) 2 X +3) =
) x=0o0orx = -3
The graph has no vertical asymptotes because the
denominator is never zero. Vertical asymptotes: x = 0,x = -3
. A horizontal asymptote occurs at y = 0 because 1
- g 10. f(x) = 5—— = —— = x#0
i . — x° 4+ 6x x(x+6) x+6
im — = 0and lim — =
x> x° + -0 x° + 4
x+6=0
The graph has no vertical asymptotes because the ‘= -6
denominator is never zero. -
Vertical asymptote: x = —6

x2—28x+15:(x—3)(x—5):x—5,x¢3
x* =9 (x—3)(x+3) x+3

(%) =

x+3=0
x =-3

Vertical asymptote: x = -3

X +2x-35  (x+7)(x-5) x+7
x2 - 25 _(x+5)(x—5) x+5

/(%) =

x+5=0
x=-=5

Vertical asymptote: x = —5

2% —x -3 (2x=3)x+1)  x+1

f(x): = = ,x;ﬁg
’ 2xF —11x + 12 (2x—3)(x—4) x—4 2
x—4=0

x =4

Vertical asymptote: x = 4
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X2 +x-30  (x+6)(x-5  x+6

= = , 5
4x* —17x — 15 (4x+3)(x—5) 4x+3x¢

4. f(x) =

4x+3 =0
3

X =-=

4

. 3
Vertical asymptote: x = 2

15 lim — = o 5. tim X34
x—6" (x — 6) xox0 2x + 1 2
Horizontal asymptote: y = 2
16. lim L -0 2
x>2" X + 2 . S5x* +1
26. lm ————— =
x>+ 10x° — 3x7 + 7
. x—4 . )
17. lim = -0 Horizontal asymptote: y = 0or x-axis
xo3t x =3
. 3x
. 24 x 27. lim —— =0
18. lim = —o vt 4y — 1
xoit 1 —x
Horizontal asymptote: y = 0or x-axis
19, tim 2o
. = 2 _ _
oem ¥ -1 28, lim 2 12 122 2 1
xoFo 1 — 6x — 8x 8 4
. 2x -3
20. xlfg 2_2 7 Horizontal asymptote: y = —i
. 1 2
21 lim [1+ =] =1+0=1 29. lim = +oo, does not exist.
o x x—>*oo x +

3 No horizontal asymptote
22. lim [6—fj:6+0:6

X2 X X -2x2 +3x+1

30. lim ——— = ix, does not exist.
4 xoto x° —3x 4+ 2
23, lm |\ 7+—|=7+0=7 No horizontal asymptote
xX—>—w X
_ 8 3L dim [+ ) o243-5
24. lim (10 - —|=10-0=10 oo \x =1 x+1
X—>00 x

Horizontal asymptote: y = 5

2 3 2 _
32. lim (Zx + 3x j: lim {mj = o0, does not exist.

xo+o | x — 1 x+1 X+ x2 -1

No horizontal asymptote

33. The graph of /" has a horizontal asymptote at y = 3. 5% — 3
37. (a) h(x) =
It matches graph (d). x?
34. The graph of / has a horizontal asymptote at y = 0. rlgrolo h(x) =
It matches graph (b). 55 -3
| o) i) = 2
35. The graph of /" has a horizontal asymptote at y = 2. X
It matches graph (a). lim h(x) =5
X—0
36. The graph of / has a horizontal asymptote at y = 5. 50 — 4
It matches graph (c). © h(x) - x4
li =
lim h(x) =0
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2 2
38. (@) h(x) = 27 39. (a) lim f -0
x—omo x° —
. _ 2
lim A(x) = oo (b) tim =2
3 5 ; x—o x° — 1
X° +
b) h(x) = 2
® A(x) X © lim>* "2 -«
lim A 3 ool
i) = .
— X
2 40. (2) lim _
(c) h(x) = 3 3+ l 0 2% + 6
X
4 — 5x 5
. _ li -
}grolo h(x) =0 ®) xgrslo 2x + 6 2
_ 2
(c) lim 4= 5x = —©

x>0 2x 4+ 6

41. f(x) =X+ 6 - 2x

x 10° 10! 102 10° 10* 10° 10°

f(x) | 0.646 | 11.718 | 800.003 | 29,622.777 | 980,000 | 31,422,776.6 | 998,000,000

lim /x> +6 —2x =

xX—0

42. f(x) =x - x(x - 1)

X 10° | 10' 10? 10° 10* 10° 10°

f(x) 1 0.5132 | 0.5013 | 0.5001 | 0.5000 | 0.5000 | 0.5000

x +1
43. x) =
f( ) x\/;
X 10° 10! 102 10° 104 10° 108

f(x) | 2.000 | 0.348 | 0.101 | 0.032 | 0.010 | 0.003 | 0.001

lim f(x) =0
Vx
44, f(x) = m
x 10° | 10' 10? 10° 104 10° 10°

f(x) | 025 | 0.031 | 0.001 | 0.00003 | 0.000001 | 0.00000003 | 0.000000001
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3x y X Y
45. y = 48. f(x) = ——
4 1-x / ( ) 244 3t
24
Int t: (0, 0 1
Intercept: (0, 0) ntercept: (0, 0) 0.0 ()
. x Horizontal asymptote: =T :
Horizontal asymptote: ~ 0 (2-9) it
y = -3 y = o
2 i
Vertical asymptote: () = (x + 4) - x(2x)
: 2
x =1 (x2 + 4)
, (1 - x)3 - 3x(—1) 1 4 — x?
y = 3 = 3 = -—*
(1 - x) (1 - x) (x2 i 4)
" # 0soth lati t . -, .
4 S0 fhere dle o Tefative extrema The critical numbers are x = £2 and by the First-
46. y = X - 2 Derivative Test (2, %) is a relative maximum and
x —

_2 _l . l . .. .
Intercepts: (3, 0)’ (O, %) ( 5 4) 18 a relative minimum
2

Horizontal asymptote: y = 1 49, g(x) = 2x T
X2 —

Vertical asymptote: x = 2
yimp Intercept: (0, 0)

) (-3
y = (x ~ 2)2 = (x B 2)2 Horizontal asymptote: y = 1
Vertical asymptotes: x = +4
y" # 0so there are no relative extrema. ’ (x2 - 16) (2x) e (Zx) e
N g'(x) = 5 2 = 2
(x* - 16) (x* - 16)

The critical number is x = 0 and by the First-Derivative

\ —t
(=]
olw

Test (0, 0) is a relative maximum.

47 f(x) = 5—

x2+9

Intercept: (0, 0)

=

Horizontal asymptote: y = 1

X

) = (x2 + 9)(2x) - x2(2x) _ 18x 50. g(x) _

(x2 + 9)2 (x2 + 9)2

x? - 36

Intercept: (0, 0)
The critical number is x = 0 and by the First-Derivative

Test (0, 0) is a relative minimum. Horizontal asymptote: y = 0

Vertical asymptotes: x = +6

, (x* = 36)(1) — x(2x)  —(x* + 36)
_______ S g(x): ) 2 =, 2
(x* - 36) (x* - 36)
0.0 No critical numbers because y
/. g'(x) # 0, so there are no .
-3zl bz relative extrema. 1

4t
700, 0)
x
8Y-4 L 4Y 8
4t
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206 Chapter 3 Applications of the Derivative

Y x -2 x -2

3
SLy=1-— 1 54‘f(x)‘x2_4x+3_(x—1)(x—3)

Intercepts: (i\/g , 0) Intercepts: (2, 0), (0, —2/3)

v s o
N1
—t+—t

Horizontal asymptote: SN[ e Horizontal asymptote: y = 0
y=1 T Vertical asymptotes: x = 1 andx = 3
Vertical asymptote: x = 0 (xz x4 3) B (x B 2)(2x _ 4)
yr _ i f '(X) = 5 4 3 2
e (x —4ax + )
No critical numbers because y' # 0, so there are no 3 (x2 —4x + 5)
relative extrema. - (x2 x4 3)2
52, y =1+ 1 S'(x) # 0so there are no relative extrema.
x
Intercept: (—1, 0) . .
¥ T :
Horizontal asymptote: Lo | \
y=1 : @, ())E ‘
Vertical asymptote: x = 0 I _I\\: N
\:(0 )\
— ST
y xz 1 1

No critical numbers because 3’ # 0, so there are no
7 xz—x—27(x—2)(x+l)

lati t . 55. g(x) =
relative extrema g(x) c_2 X_2
1 =x+1forx =2
53. f(x) = —— v
f() xX2-x-2

| Intercepts: (-1, 0), (0, 1)

(x +1)(x-2)

No asymptotes

=

g'(x) = 1for x = 2

1
Intercept: [0, —E) g’(x) # 0o there are no relative extrema.

Horizontal asymptote:
y=0

Vertical asymptotes: x = —1, x = 2

f(x) = —(x2 -x - 2)72(2x - 1)

_ 2x —1
= -— -2+
(x2 -x - 2)2
2 _
The critical number is x = land by the First-Derivative 56. g(x) _ X - 9 — (x + 3)(" 3) — x—3forx #3
2 x+3 x+3

1 4). . .

Test > is a relative maximum. Intercepts: (3, 0), (0, —3)

No asymptotes

g'(x) = 1for x = -3

g'(x) # 0so there are

no relative extrema.

64+
(=3,-6)
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57. y =

58. y

22 -6 2(x2—3)
¥ -2x+1 (x 1)

Intercepts: (i\/g, 0), (0, —6)

Vertical asymptote: x = 1
Horizontal asymptote: y = 2
(x? = 2x + 1)(4x) — (20 - 6)(2x - 2)

] (-0

b))

The critical number is x = 3 and by the First-Derivative
Test (3, 3) is a relative maximum.

T w1y

Intercept: (0, 0)

Horizontal asymptote: y = 0
Vertical asymptote: x = —1
3 (x+1)2—x[2(x+1)] _1-x
(x+1)° C(x+1)

The critical number is x = 1and by the First-Derivative

Test (1, i) is a relative maximum.

)
f\«).l 0

x

Section 3.6 Asymptotes 207

x
y_\/x2+1

Intercept: (0, 0)

59.

Horizontal asymptotes: y = —lasx — —oo

y =lasx > ©

Vertical asymptote: None
_ (x2 + 1)1/2(1) - x(%)(x2 + 1)71/2(2x)
(\/ X%+ 1)2
(@ + ) [ + 1) - 2]

B (x2 +1

(e

No critical numbers because y' # 0, so there are no
relative extrema.

2x
Y NP+ 4

Intercept: (0, 0)

60.

Horizontal asymptotes: y = -2 asx — —o0

y=2asx - o
Vertical asymptote: None
(e 4)"(2) - 2x(2)(x + 4) " (2v)
_ (Vea)
o+ 4) (7 + 4) - 2]
(x* +4)

_ 8
= 32
(x2 + 4)
No critical numbers because y' # 0, so there are no
relative extrema.
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61. C = 1.15x + 6000

@ C = C _ 1.15x + 6000
X X

(b) C(600) = $11.15/unit

C(6000) = $2.15/unit

64. (a)

lim 7 = 425°F. When the apple pie is removed

0"

from the oven, it has a temperature of 425°F.

(b)

lim 7" = 72°F. As time passes after the apple pie is

t—w
removed from the oven, its temperature cools toward
72°F (possibly room temperature).

.= . 1.15 6000 .
(c) lmsloC = hnijL = $1.15/unit 65. C = 528p L0 < p <100
x> X—> X (100 _ p)
The cost approaches $1.15 as the number of units 528(2 5)
produced increases. (a) C(25) = ———= = $176 million
100 — 25
62. C = 1.25x + 10,500 528(50
C(50) = ﬁ = $528 million
(@) C =125+ 1050
x 528(75) -
_ C(75) = ———2 = $1584 million
(b) C(100) = $106.25/ton 100 — 75
€(1000) = $11.75/ton ® lim B0 _
p—100- 100 — p
. 10,500 . .
(¢) lim|1.25+ ——| = $1.25 As the percent of illegal drugs seized approaches
= X 100%, the cost increases without bound.
As the amount of material recycled increases, 25,000
the average cost of recycling one ton of material
approaches $1.25.
63. C = 34.5x + 15,000, R = 69.9x
() P = R-C _ 69.9x — (34.5x + 15,000) 00 100
X X
— 354 - 13000 66. ¢ = 32000P o <100
X 100 — p
(b) 73(1000) = $20.40/unit (a) C(15) = $15,000
73(10,000) = $33.90/unit C(50) = $85,000
P(100,000) = $35.25/unit €(93) = $1,615,000
. . 85,000p
. 15,000 b) lim C= lim —= =
© }E’E}O (35’4 - Tj = $35.40 ®) p—100~ p—100- 100 — p
As the number of products produced increases, the As the percent of air pollutants removed approaches
average profit approaches $35.40. 100%, the cost increases without bound.
- @1, |1 |2 |3 |4 |5 |6 |7 |8 |9 |10
P | 050|074 082|086 0.8 | 091092093 |0.94 ]| 0.95

0.5+ 0.9(n — 1)
m-—-————-
e 1+ 0.9(n - 1)

() »

(b) =1

68. Answers will vary.

As the number of times the task is performed increases,
the percent of correct responses approaches 100%.
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Section 3.7 Curve Sketching: A Summary

Skills Warm Up

1. A vertical asymptote occurs at x = 0 because

4. Vertical asymptotes occur at x = 1and x = 3 because

No critical numbers

Discontinuity: x =1

1 .1 . -3 . X -3
lim — = o and lim — = . lim —————— = -0, lim —————— = o,
x—>0" X x0T X xa]*x2—4x+3 rolt x2_4x+3
No horizontal asymptotes. lim — x- =3 — _,and
x—3” X —4x + 3
2. A vertical asymptote occurs at x = 2 because 23
. . lim ——— = oo. A horizontal asymptote
2
lim ——— = wand lim ——— = . xo3t X7 —4x + 3
X2 (x — 2) x—2" (x - 2)
x? -3
) occurs at y = 1 because lim ————— = land
No horizontal asymptotes. x>0 x° —4x + 3
2
. -3
3. A vertical asymptote occurs at x = —3 because ll,n} m =
. 40x . 40x
lim = oand lim = —
x>-37 X + -3t x + 3 f(x) — X 4 4x 42
A horlz(())ntal asymptote occurs4 gt y = 40 because ‘ f’(x) 2y 4+ 4
. X . X
lim T +3 I T +3 40. Critical number: x = -2
Interval -0 < x <=2 2 <x <o
Sign of f” f'<0 >0
Conclusion | Decreasing Increasing
_ 2
6. f(x)——x —8x+1 Interval —0<x< 4| 4<x<»®
S(x) = -2x -8 Signoff' | >0 f<0
Critical number: x = —4 . . .
Conclusion | Increasing Decreasing
- 3
7. f(x) = %7 =3x 41 Interval o <x<-1 | -1<x<1 l<x<ow
’ _ 2
S(x) =3x* =3 Signoff’ | >0 f1<0 £1>0
Critical numbers: x = *1 . . . .
Conclusion | Increasing Decreasing Increasing
3 2
sf(x)__x +;‘ _1:_"*1_% Interval —0 < x <0 0<x<2 | 2 <x<w
X
) | 5 342 Sign of /" <o >0 f'<o
x)=-1+—==
3 x’ Conclusion | Decreasing Increasing Decreasing
Critical number: x = </2
Discontinuity: x = 0
x =2
9. f(x) = 1 Interval -0 < x <1 l<x<o
X —
7(x) (x-1)-(x-2) 1 Sign of 1 >0 >0
X) = 2 = 2
(x-1) (x-1) Conclusion | Increasing Increasing
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210 Chapter 3 Applications of the Derivative

Skills Warm Up —continued—

_ 3 2
10. f(x) = —x* = 4x® + 3x + 2 Interval —0<x<-3 | 3<x<i lax<o
’ _ _2+2
fi(x) = 3x* —8x +3 Signof /" | <0 £>0 <0
Critical numbers: x = -3, x = 3 Conclusion | Decreasing Increasing Decreasing

L oy=-—x"-2x+3=—x+3)(x-1) 4. y=-x+x-2

Y= 2x-2=-2x+1) Y= -3xr+1

" = —6x

=<

yi=-2
Relative minimum:

Intercepts: (0, 3), (1, 0), (-3, 0) [ J3 23 J

Relative maximum: (-1, 4) 5Ty T 2

y
Relative maximum:

RN

3 9

Point of inflection: (0, —2)

5, y=2-x-x°

y = -1-3x? N
y' = —6x

0,2)

2. y=2x>—4x+1

Y =4x — 4 = 4(x — 1) No relative extrema

Point of inflection: (0, 2)

V=4
L ! 1,0 X
Intercepts: (0, 1), (1 i\/E/Z, 0) 2 \ :
Relative minimum: (1, —1) 6 3432 43y 4+ 2
.y =x x x y
¥ =32+ 6x+3 =3(x+1) g/
i y":6x+6:6(x+1) 2
L1
; : x Intercepts: (O, 2), (—2, O) /‘/] [
1 No relative extrema - / i :
- gt
(.-n Point of inflection: (-1, 1)
- 3 42
3_y—x24x +6 7.y =3t 443 = X¥(3x + 4)
"=3x" -8x = x(3x -8
Y =32 - 8x = a3x - §) . Vo= 120+ 12x7 = 1207 (x + 1)
"=6x-8=23x-4
y=0x (3x —4) Y = 36x7 + 24x = 12x(3x + 2) y

4

Relative maximum: (0, 6)
Intercepts: (O, O), (—5, 0)

Relative minimum: [g, —%)

27 Relative minimum: (-1, 1)
. . . 4 34 ) . .
Point of inflection: 357 Points of inflection: !

(28]
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8. y=x*-2x" = xz()c2 —2)

10.

Y o= 4x —dx = 4x(x - 1)
Y= 1207 — 4 = 40327 - 1)
Intercepts: (0, 0), (i\/z 0)
Relative minima: (-1, ~1), (1, 1)

Relative maximum: (0, 0)

Points of inflection: [—\/E —5} (\/E _5]

379 379

yo=xt -8 4188 —16x +5 = (x - 5)(x - 1)’
V= 4% - 24x7 +36x — 16 = 4(x — 4)(x — 1)’
V' =12x" — 48x + 36 = 12(x — 1)(x - 3)
Intercepts: (0, 5), (1, 0), (5, 0)

Relative minimum: (4, —27)

Points of inflection: (1, 0), (3, —16)

(4,-27)

f(x) = x* =45 +16x =16 = (x + 2)(x - 2)°
f1(x) = 4 = 1267 +16 = 4(x + 1)(x - 2)°
f(x) = 12x% = 24x = 12x(x - 2)

Intercepts: (0, —16), (=2, 0), (2, 0)

Relative minimum: (1, —27)

Points of inflection: (0, ~16), (2, 0)

Section 3.7 Curve-Sketching: A Summary 211

12.

13. y

x-+1 1
y = =X+ — 5
X X 4
51
1 x2 -1 ]
Y =1- = = = f 1.2)
S [ 12 as
) = 2 ~1-2 |
X +
No intercepts I

Relative maximum: (-1, —2)
Relative minimum: (1, 2)

No points of inflection

:1+z

=
—- o W s
———

X
, 4 TN
V==

x3

Intercept: (-2, 0)

No relative extrema

No points of inflection
x? — 6x +12
x -4
(x - 4)(2x - 6) - (x2 - 6x + 12)
(x =4y
x? — 8x + 12
(x =4y

Yy =

(x - 4)’(2x - 8) — (x> — 8x + 12)[2(x — 4)]
(x - 4)°

_8
(-4

Intercept: (0, —3)

Relative maximum: (6, 6)

Relative minimum: (2, —2)

s o
N L L L
t t t t

No points of inflection

Vertical asymptote: x = 4 = fa?:(z. -
Domain: (-, 4) U (4, )

© 2013 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



212 Chapter 3 Applications of the Derivative
x* +4x + 7 ) 7
14, y=2 2277 15 (0.]
Y= \‘(/ )
. x4+ 6x+5 1ok
T Ty ERSITRERTS
., 3 (-5 76)5:4
y = [
(x +3) "
No x-intercepts; y-intercept: (O, %)
Vertical asymptote: x = —3; No horizontal asymptote
Relative minimum: (-1, 2)
Relative maximum: (-5, —6)
No points of inflection
¥+ 1
15. y =
7 x2 -9
) (x2 - 9)(2x) - (xz + 1)(2x) 20x
y = 2 2 = B 2
(x - 9) (x - 9)
2
L (¥ = 9)(-20) — (200 2(x* - 9)(2)]
y =
2

60(x2 + 3)

(o)
No intercepts

Relative maximum: (0, —é)

No points of inflection
Horizontal asymptote: y = 1

Vertical asymptote: x = +3
Domain: (—o0, —3) U (=3, 3) U (3, )

17.

18.

2x
y= 5
y - (x* = 1)(2) - 2x(2x) i 2 +1)

4x()c2 + 3)

)

Intercept: (0, 0)

No relative extrema

Point of inflection: (0, 0)

Horizontal asymptote:

y=20
Vertical asymptotes:
x = =%l

Domain: (-0, —1) U (=1, 1) U (1, )

y = 323 _ 52
2
= — - 2x
Y= B
"o 1
y = —2(3)674/3 + lj
Intercepts:

(£4/27,0), (0,0)
Relative maxima: (1, 2)
Relative minimum: (0, 0)

No points of inflection

y o= x93 - 52

, S(x -2)
y = 3,73

. IO(x + 1)
=

Intercepts: (5, 0), (0, 0)
Relative maximum: (0, 0)
Relative minimum: (2, —33/1)

Point of inflection: (1, —6)
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19. y = x/9 — x ‘ (6,6+/3)

10 4
, 3(6 — x) 8T
= 7 6l
NCE:
(x - 12) — %(0’:0):\27 A (A

r_ 3\ "/ 8-6-4-2f 2 4 6 8 10
409 - x)”° il
Intercepts: (0, 0), (9, 0) I

Relative maximum: (6, 6\/5)

No points of inflection

20. y:xV4—x2 (\/12)

1
y,:2(2—x2) 1

4 — x? (=2.0)  (0,0) i

. 2x(x2 - 6)

- (4 B x2)3/2

Intercepts: (0, 0),
2.0). (-2.0)

Relative maximum: (\/5, 2)

y

Relative minimum: (—\/E, —2)

Point of inflection: (0, 0)

No asymptotes
Domain: [—2, 2]

X2 +1, x<0 y
21. y =
1-2x, x>0
/_2x,x<0
YTl xso0
" 2,x<0 712 12;;
Tl x>0

Intercept: (%, 0)

No relative extrema

No points of inflection

2 _x2+4,x<0 ,
S 4—-x, x>0 ‘

, 2x, x <0 8T
y_—l,x>0 |

) 2, x<0 27\
y' = N

0, x>0

Intercept: (4, 0)

No relative extrema

No points of inflection
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23.

24,

25.

26.

y =3x - 9x + 1
y’=9x2—9:9(x2—1) 0

1
(=17)
y' =18 ‘/\\ 0. 1)
-5 5

Intercept: (0, 1) {
1,-5)

Relative maximum: (-1, 7)

Relative minimum: (1, —5)
Point of inflection: (0, 1)
y = —4x® + 6x?

Y = —12x* +12x = —12x(x - 1)
Y= —24x + 12 = —12(2x - 1)

Intercept: (0, 0)

(1,2)
Relative minimum: (0, 0) PY(; 1)
(L2 - 4

Relative maximum: 0,0 I|

Point of inflection: (%, 1) -

y = x> - 5x
yo=5xt =5 = 5(xt — 1) = 5(x? —1)(x? + 1)
y' = 20x°

Intercept: (0, 0)

Relative maximum: (—1, 4)

Relative minimum: (1, —4) f (1,-4)

Point of inflection: (0, 0) =T
(x =1y

y =
y’:S(x—l)4 2

¥ =20(x - 1)’

Intercepts: (0, —1), (1, 0) I,f (1.0)

No relative extrema

Point of inflection: (I, 0)
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214 Chapter 3 Applications of the Derivative

27.

28.

29.

5—-3x
= x -2
P G R D B

Intercepts: (0, —E)

No relative extrema

(x -2y

: (5, 0]
2 3

No points of inflection

. x
r = x?+1
, (x2 + 1) — x(2x) 1= x2
y = 2 = 2
(xz + 1) (x2 + 1)
) (x2 + l)z(—Zx) - (1 - xz)[Z(xz + 1)(2x)}
a (2 +1)
B 2x(x2 - 3)
@)
Intercept: (0, 0)
Relative maximum: (1, 1/2)
Relative minimum: (-1, —1/2)

Points of inflection:

(0,0), (—/3, —/3/4). (/3. V/3/4)

w

V33
Gy (e
-3 0.0) 3
e A
Fa-2)
—2
y=1- X3
' 2 -1/3 2
Y _Ex B _3x]/3
" 2 -4/3 2
YTt T

Intercepts: (0, 1), (£1, 0)

Relative maximum:

No points of inflection

(0.1)

31.

32.

33.

y = (1 - x)z/3
, 2 -1/3
- _Z1-
y=-30-2x
_ 2
3(1 - x)”
" 2 -4/3
e
V===
-2
9(1 - x)*°

Intercepts: (O, 1), (1, 0)
Relative minimum: (1, 0) -2

No points of inflection

y = x¥
’ 4 1/3
= —x1°

773

Y= ﬂx'z/3 __4

9 o9y

Intercept: (0, 0)

Relative minimum: (0, 0)

No points of inflection

1
— 13 =
y=x =B
' 1—4/3_
YT TR

yn — ﬂx77/3 _ 4

9 T

No intercepts

No relative extrema

No points of inflection

-6

(0,0

y = ﬁ, x‘ > 2
, (x2 - 4)1/2 - x[z(x2 - 4)71/2(2)5)}
T x* -4
_ 4
- (x2 - 4)3/2

No intercepts

No relative extrema

No points of inflection

\__

-4
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35.

36.

37.

3
y =
X
o3
y xz
"no_ _i
y B

Intercept: (3, 0)

No relative extrema

No points of inflection

X
r = X -1
Y= —3x2
(<
. 6x(2x* + 1)

(2 -1
Intercept: (0, 0)

No relative extrema

Points of inflection: —\3/I -
2°3

X
y_x4—1
Y= —4x3
(- 1)
4x%(5x* + 3
o 2(5x* + 3)

)
Intercept: (0, 0)
Relative maximum: (0, 0)

No points of inflection

Because f ’(x) = 2, the graph of /' is a line with a slope

of 2.

4 I

1

"IN

o

Answers will vary. Sample answer:

v

©
~

t t t t t t
-3 -2 -1 1 2 3

Section 3.7 Curve Sketching: A Summary 215

38. f'(x)is negative and f(x)is decreasing on (—co, 1)
and (3, ).
/"(x) is positive and f(x) is increasing on (1, 3).
f'(x) = Owhen x =1 and x = 3,s0 f(x)hasa
relative minimum when x = 1and f(x)has a relative

maximum when x = 3.

Answers will vary. Sample answer:

39. f"(x) = 2 > 0so f(x)is a concave upward parabola.

Answers will vary. Sample answer:

¥y

)
"
t

40. When x < 0, f"(x) < Oand f(x)is concave
downward. When x > 0, f"(x) > Oand f(x)is

concave upward.

Answers will vary. Sample answer:
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216 Chapter 3 Applications of the Derivative

41.

Answers will vary. Sample answer:

Interval -0 < x < —1 -1<x<0 0<x<m®
Signof " | f'>0 <0 >0
Conclusion | Increasing Decreasing Increasing

Intercepts: (-2, 0), (0, 0)

Relative maximum: (—l, f(=1)

et

Relative minimum: (0, f (0)) = (0, 0)

42. Interval —0o<x<1l | 1l<x<owo
Signof /" | f'<0 f'>0
Conclusion | Decreasing Increasing

Intercepts: (—1, 0), (3, 0)
Horizontal asymptote: y = 4
Vertical asymptote: x = 1

Answers will vary. Sample answer:

43. Answers will vary. Sample answer:

1
f(x) N x-5

44. Answers will vary. Sample answer:

45. (a) 1500

P R S S S S
850

The model fits the data well.

(b) 2014: B(14) ~ $1468.54

(c) No, because the benefits increase without bound as
time approaches the year 2035 (x = 35), and the

benefits are negative for the years past 2035.

46. (a) distance = (rate)(time) so the total time traveled is

t = @ The number of gallons of gasoline used is
s

100 K

700/s 7

Let C be the total cost.

10[@j + 2.80(£j
s 7
1000 2

= + =5
s 5

C

)

oo

40l : L : -les
39

When s = 50, cost is minimum. So, the most
economical speed is 50 miles per hour.

47. &

30

Absolute maximum: (7, 82.28)
Absolute minimum: (1, 34.84)

The maximum temperature of 82.28°F occurs in July.

The minimum temperature of 34.84°F occurs in January.
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Section 3.8 Differentials and Marginal Analysis 217

48. (a) P'=0ats = —4ands = 4
P> 0for-10 <t < —-4and4 < ¢t <10
P <0for-4<t<4
P > 0for —10 < ¢ < —4 means that the profit was increasing from 1990 to 1994. Then in 1994 (t = —4),
when P' = 0, profit reached a (relative) maximum. P’ < 0 for —4 < ¢ < 4 means that profit was decreasing
from 1994 to 2004. Then in 2004 (t = 4), when P' = 0, profit dropped to a (relative) minimum.
P' > 0 for 4 < t < 10 means that profit was increasing from 2004 to 2010.

(b) P"=0att =0
P">0for0<t<10
P'<O0for-10<¢t<0

P" < 0 for —10 < ¢ < 0 means that the rate at which profit was changing was decreasing from 1990 to 2000.
Then in 2000 (¢

P" > 0for 0 < ¢ < 10, means that the rate at which profit was changing was increasing from 2000 to 2010.

0) when P" = 0, the rate at which profit was changing reached a (relative) minimum.

49. 10 X2 -2x+4  xF-2x 4
51. (a X) = = +
()f() x =2 x =2 x =2
10 10 - x(x; 2)+7:x+
x =2 x -2 x—2
— (b) 50

-2 234

h(x) 3—x: P =2, x#3 50

The rational function simplifies to a constant function
that is undefined at x = 3.

50

-50

50 10 The graphs become almost identical as you zoom
out
/ (c) A slant asymptote is neither horizontal nor vertical.
-15 15

It is diagonal, following y = x.

-10
XX +x-2 B (x—l)(x+2)
x -1 B x -1
The rational function simplifies to a linear function that
is undefined at x = 1.

=x+2,x =1

Section 3.8 Differentials and Marginal Analysis

Skills Warm Up

1. C = 44 + 0.09x> 3. R = x(l.zs n 0.02\/}) = 1.25x + 0.02x%2
dc
o = osy ‘jjﬁ =125 + 0.03J/x
X

2. C =250 + 0.15x )
4. R = x(15.5 - 1.55x) = 15.5x — 1.55x
d£ = 0.15
d : dR

X — =155-3.1x
dx
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218 Chapter 3 Applications of the Derivative

Skills Warm Up —continued—

5. P = -0.03x" + 1.4x — 2250 10. P = 4w
- dp
ar_ 0'01+1.4 — =4
dx X3 dw
6. P = —0.02x> + 25x — 1000 11. S = 4zr?
ds
P 004x + 25 — =8ur
dx dr
7. 4= L3 12. P =2x +/2x
4 dP
dA 1\/_ ol 2++/2
— = —/3x X
dx 2
13. 4 = mr?
8. A= 6x?
14. 4 = x*
d—A = 12x
dx
15. V = x°
9. C = 2nr
dc 16. V = gnﬁ
— =2
dr
1. y =05x°, x =2, Ax = dx = 0.1 4. y=2x+Lx =1Ax = dx = 0.01
dy = 1.5x% dx dy = 2dx
= 2(0.01
= 1.5(2)°(0.1) (0.01
_ 06 = 0.02
Ay = 0.5(2 + 0.1)" = 0.5(2) Ay =[2(1 +0.01) + 1] - [2(1) + 1]
= 0.6305 = 0.02
dy ~ Ay dy = Ay
5. y=3x"x=4Ax = dx = 0.1

2. y=1-2x*,x =0, Ax = dx = 0.1

dy = —4x dx
~ 4(0)(0.1)
-0

Ay = 1= 200+ (<0.] = [1 - 2(0)°]
= 0.0

dy = Ay

3.y=x"+1Lx=-1 Ax = dx = 0.01

dy = 4x® dx
= 4(-1)’(0.01)
= —0.04

Ay = (=14 001 + 1= [(-1)* +1]
~ —0.0394

dy = Ay
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3

dy = m dx
3
= 2(4)1/2 (0’1)
= 0.075
Ay =34 +0.1)" = 3(4)"
~ 0.0745
dy ~ Ay




6. y=6x"x=-1Ax =dx =001
dy = 8x* dx
= 8(-1)"*(0.01)

= -0.08
Ay = 6(-1+ 0.01)" - 6(~1)"’
~ —0.0799
dy = Ay
7. dy =2xdx, x =2, Ay =(x+Ax)2—x2
dx = Ax | dy Ay Ay —dy | dy/Ay
1.000 4 5 1 0.8
0.500 2 2.25 0.25 0.889
0.100 0.4 0.41 0.010 0.976
0.010 0.04 0.040 | 0.000 0.998
0.001 0.004 | 0.004 | 0.000 1.000
8. dy = 5x* dx, x = 2, Ayz(x+Ax)5—x5
dx = Ax | dy Ay Ay —dy | dy/Ay
1.000 80 211 131 0.379
0.500 40 65.656 | 25.656 0.609
0.100 8 8.841 0.841 0.905
0.010 0.8 0.808 0.008 0.990
0.001 0.08 | 0.080 0.000 0.999
9. dyz—%dx,sz,Ayz%—iz
X (x + Ax) X
dx = Ax | dy Ay Ay —dy | dy/Ay
1.000 -0.25 -0.139 | 0.111 1.8
0.500 -0.125 | -0.09 0.035 1.389
0.100 —-0.025 | -0.023 | 0.002 1.076
0.010 —-0.003 | —0.002 | 0.000 1.008
0.001 0.000 0.000 0.000 1.001

Section 3.8 Differentials and Marginal Analysis 219

10. dy =—%dx,x=2, Ay = x:M_%
de = Ax | dy Ay Ay —dy | dy/Ay
1.000 -0.25 -0.167 | 0.083 1.5
0.500 -0.125 | -0.1 0.025 1.25
0.100 -0.025 | —0.024 | 0.001 1.05
0.010 —0.003 | —0.002 | 0.000 1.005
0.001 0.000 0.000 0.000 1.001
11. dy = iﬁ/“ de = = dv x = 2,
Ay = (x + A)c)l/4 — X
de = Ax | dy Ay Ay —dy | dy/Ay
1.000 0.149 | 0.127 | —0.022 1.172
0.500 0.074 | 0.068 | —0.006 1.089
0.100 0.015 | 0.015 | 0.000 1.019
0.010 0.001 | 0.001 | 0.000 1.002
0.001 0.000 | 0.000 | 0.000 1.000
12. dy:ﬁdx,le Ay = Jx + Ax —/x
dx = Ax | dy Ay Ay —dy | dy/Ay
1.000 0.354 | 0.318 | —0.036 1.112
0.500 0.177 | 0.167 | —0.010 1.059
0.100 0.035 | 0.035 | 0.000 1.012
0.010 0.004 | 0.004 | 0.000 1.001
0.001 0.000 | 0.000 | 0.000 1.000

13. x =12, dx = Ax =1

AC =~ dC = (0.10x + 4) dx

= [0.10(12) + 4](1)

= $5.20

920
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14.

15.

16.

17.

Chapter 3 Applications of the Derivative

x=10,dx = Ax =1

AC = dC = (0.05x + 8) dx
= [0.05(10) + 8](1)
= 8.5 = $8.50

200

0 20

0

x =75 dv=Ax =1
~ dR = (30 - 0.30x) dx
= [30 - 0.30(75)](1) = $7.50

2000

x =15 dx = Ax =1
~ dR = (50 — 3x) dx
=[50 - 305)J0)
= $5.00

500

0
x =50,dc = Ax =1
~ dP = (-1.5x7 + 2500) dx

[-1.5(50)" + 2500]()

-$1250

65,000

18.

19.

20.

21.

22.

23.

24,

x =25 dx = Ax =1

~ dP = (-2x + 60) dx

= [-2(25) + 60](1)

= §10

1000
0 30

0

y = 6x*
Q 24x°
dx

dy = 24x° dx

8-4x 8 4

' 3 3 3
@ __4

dx 3

dy (—g] dx

y =3x* -4
d—y 6x

dx

dy = 6x dx

y 3x%3
d—y 2%

dx

2

éiV 1;175 (ix

y (4x - 1)3
& 3(4x —1)°(4)

dx

dy = 12(4x — 1) dx

y (x2 + 3)(2x + 4)
% (7 + 3)2)(2x + 4)(2) + (2x + 47 (29)]

202x + 4 2(x* + 3) + x(2x + 4)]

dy = 8(x + 2)(2x* + 2x + 3) dx
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25.

26.

27.

28.

29.

30.

_ X+ 1
T
dy _ (2x = 1) = (x +1)(2)
dx (2x - 1Y’
dy = —
YT Ty
X
7= ¥t +1
dy _ X%+ 1)(1) - x(2x)
dx (x2 + 1)2
(" ~1)
dy = - 5 dx
(x2 + 1)
y =9 - x?
dy 1 2\ V2 _ X
a—z(Q—x) (—2x)— -
dy = — o 5 dx
9 —x
y = Yex?
dy 1 -2/3
E = 5(6)6'2) (12)6)
1 -2/3 4x 4
dy = —(6x? 12x) dx =
y 3( X ) ( ) X 3/36)54 3/36X

f(x) =2x3 - x* +1, (—2, —19)
(

I x) = 6x> — 2x
S(-2) =24+4 =28
y+19:28(x+2)
y = 28x + 37 Tangent line
f(-=2 +0.01) = -18.72
(=2 +0.01) = -18.72
f(=2 - 0.01) = -19.28
(-2 - 0.01) = -19.28
f(x) =3x* =1, (2, 11)
f(x) = 6x, ['(2) =
y—11=12(x - 2)
y =12x - 13 Tangent line
/(2 +0.01) ~ 11.1203
»(2 +0.01) = 11.12
f(2 - 0.01) ~ 10.8803
»(2 - 0.01) = 10.88

Section 3.8 Differentials and Marginal Analysis

31.

32.

33.

1(x - 0)

y =x Tangent line
/(0 + 0.01) ~ 0.009999
»(0 + 0.01) = 0.01
(0 = 0.01) » —0.009999
»(0 - 0.01) = —0.01

f(x) =25 - X2, (3, 4)
£(x) = %(25 — ) () =

—X

25 - X2

<

|
N

Il

3 25
YT
f(3+0.01) ~ 3.99248
y(3 +0.01) = 3.9925
f(3-0.01) ~ 4.00748

¥(3 - 0.01) = 4.0075

Tangent line

P = (500x - x*) - (%xz — 77x + 3000)
= —%xz + 577x — 3000
(@) dP = (=3x + 577) dx

Find dP for x = 115 and dx = 5.
dpP = [ (115) + 577] = $1160

(b) Find AP forx = 115 and Ax = 5.

AP = P(x + Ax) — P(x)
= P(115 + 5) — P(115)
= $1122.50

221
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222  Chapter 3 Applications of the Derivative
34. R = 900x — 0.1x?
(@) dR = (900 — 0.2x) dx
Find dR forx = 3000 and dx = 100.
dR = [900 - 0.2(3000)](100) = $30,000
(b) Find AR forx = 3000 and Ax = 100.
AR = R(x + Ax) - R(x)
= R(3000 + 100) — R(3000)
= $29,000
35. R=xp
= x(75 - 0.25x)
= 75x — 0.25x7
(@) dR = (75 — 0.5x) dx
Find dR forx = 7and dx = 1.
dR = [75 - 05(7)](1) = $71.50
(b) FinddR forx = 70 and dx = 1.
dR = [75 - 0.5(70)](1) = $40
36. The change in profit is greater when the production level
changes from 900 to 901 units. The slope of the tangent
line (differential) is greater at 900 units.
10(5 + 3¢)
37. N = ——~=
1 + 0.04¢
1 + 0.04¢)(30) — 10(5 + 3¢)(0.04
oy - (L 0040030) 1065 + )008)
(1+ 0.04r)
= # dt
(1 + 0.047)
When ¢ = Sand dt = 6 — 5 = 1, you have the
following.
av=—23 1y = 2 L1944
[1+0.04(5)] 1.44
The change in herd size will be approximately 19 deer.
38, C=_0
27 + 8
27 + £)(3) - (3)(3¢*)  3(27 - 27
o o 27140)3) - (0B) 327 -20)

(27 + t3)2 (27 + t3)2

When ¢ = land df = %, you have

dC = 3(25)(%) ~ 0.0478.

39. (150, 50), (120, 60)
60 — 50 1

m= ——m— =
120 — 150 3
p—50 = —é(x - 150)

1
= ——x + 100
P=

R =xp = —%xz + 100x
When x = 14land dx = Ax = 1,

AR ~ dR = (—%x + 100) dx

= [_5(141) + 100}(1) = $6.00.

R=—1x2+100x
y=6x+6627

(142, 7473%) ---

(141,7473)

40. (30,000, 25), (40,000, 20)

o 20-25 -5
40.000 — 30,000 _ 10,000 2000
1
Z 25 = ——(x — 30,000
P 2000 )
!
= ——x + 40
2= 000"

C = 275,000 + 17x
P=R-C=xp-C

= [ 4 q0x] - (275,000 + 172)
2000

=L a3y~ 275000
2000

When x = 28,000 anddx = Ax = 1,

dP = —Lx + 23
1000

AP

Q

-
1000
~$5.00.

y=-5x+ 117,000

(28,000, —23,000)
— -3 (28,001, -23,005)
/

(28,000) + 23

=__L 2 c—
| P= 3600~ +23x 275,000|
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Review Exercises for Chapter 3 223

4

= 52
41 =X 2. V=—n

dA = 2x dx
dv = 4mr? dr

. 1.
When x = 6in.and dx = ig 1., When » = 6in. anddr = +0.02 in.,

dV = 4z(6)’(0.02) = +2.887 in’

dA = 2(6)£iij =+ in2,
16 4 +9.05 in?

Q

61in. and 4 = 36 in2, the relative error is

When x 3: When r = 6in.and V' = 2887 in?, the relative error is
4 *;

44 _ T3 L 0.0208 = 2.08%. A _ 287 _ 501 = 10%

A 36 vV 2887

43. True; & = land dy = dx.
dx

44. True; Ay = y(x + Ax) — y(x)
=a(x + Ax) + b — (ax + b)

:anand&:ﬂ:a:ﬂ
Ax  Ax dx’
Review Exercises for Chapter 3
1.f(x)=—x2+2x+4 7.f(x):x2+x—2
fi(x) = 2x+2 fi(x) =2x+1
Critical number: x = 1 Set f'(x) = 0.
2. y=3x" +18x 2x+1=0
Y =6x+18 = 6(x + 3) X = —% = Critical number
Critical number: x = -3 Interval o < x < _% _% < x <o
3. y = 4x’ —108x Signof /" | <0 />0
¥y =12x* =108 = 12(x2 - 9) Conclusion | Decreasing Increasing
Critical numbers: x = £3
8. g(x) = (x + 2)3
_ 492
4. f(x) = 2" =82 +13 g(x) = 3(x + 2)°(1) = 3(x + 2)°
(x) = 4x3 — 16x = 4x(x? — 4
Sx) = 4 ¥ x(x ) Set g'(x) = 0.
Critical numbers: x = 0, £2 )
(x+2) =0
5. g(x) = (x - 1)2(x - 3) x = —2 = Critical number
gx) =(x=-3)2)(x-1) + (x - 1)2 Interval —0<x <=2 | 2<x<®
= (x-1)(3x-7) Signof g' | g >0 g >0
Critical numbers: x = 1, x = % Conclusion | Increasing Increasing

6. f(x) = x¥? - 3x2

£(x) = %xl/Z _ 3.

5 = %x’l/z(x - 1) =

Critical numbers: x = 0, x =1
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224 Chapter 3 Applications of the Derivative
9. f(x) =x +6x* -2
S(x) = =327 +12x = =3x(x - 4) Interval —0<x<0 | 0<x<4|4d<x<w®
Set f'(x) = 0. Signof /" | £ <0 >0 <0
“3x(x -4) =0 Conclusion | Decreasing Increasing | Decreasing
x = 0,4 = Critical numbers
10. y = x* —12x2
Yy =3x" = 24x = 3x(x - 8) Interval —o<x<0 | 0<x<8 |8<x<w
Set y' = 0. Signof y' | » >0 ¥ <0 ¥y >0
3x(x -8 =0 Conclusion | Increasing Decreasing | Increasing
x = 0,8 = Critical numbers
1 y=(x-1)" 12. y =247 -3
, 2 13 2 p_ 2 2
Y =—(x-1 1) = ———~ y =—x = —n5
00 = 5
"1 fi =0.
y'is undefined at x = 1. ¥'is undefined at x = 0
Interval —0<x<0 | 0<x<oo
Interval —o<x<1l | 1l<x<oo
Sign of ' "> 0 >0
Signof ' | ' <0 ¥ >0 gty | ¥ > y >
Conclusi I i I i
Conclusion | Decreasing Increasing onciusion | ‘nereasing fiefeasing
13. R = 6.268t> +136.07t — 191.3,4 <t <9
R
R' =12.536¢ + 136.07 = R
dt
Set R" = 0.
12.536¢ + 136.07 = 0
t ~ —10.85
The only critical number is ¢ ~ —10.85. Any ¢ > —10.85 produces a positive dR/dt,
so the sales were increasing from 2004 to 2009.
14. R = 55778 + 67.5241* + 4522t +1969.2,0 < ¢ < 10

(a) 4000

The revenue was increasing from 2000 to about 2008.
The revenue was decreasing from about 2008 to 2010.

1800

(b) R = (2—1: = —16.7334¢> + 135.048¢ + 44.22

Setting R' = 0 produces a solution of ¢ ~ 8.4.

Interval 0<t<84 | 84<t<10
Signof R" | R" >0 R' <0
Conclusion | Increasing Decreasing

Revenue were increasing from 2000 to mid-2008, and decreasing from mid-2008 to 2010.
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15.

16.

18.

19.

20.

21.

Review Exercises for Chapter 3 225

f(x) =4x3 — 6x* -2
Interval —0<x<0 | 0<x<l|l<x<ow
f(x) = 12x% = 12x = 12x(x - 1)
Sign of f” ">0 "< 0 "> 0
Critical numbers: x = 0, x = 1 g / / / /
) ) Conclusion | Increasing Decreasing | Increasing
Relative maximum: (0, —2)
Relative minimum: (1, —4)
2
f(x) _ ixzt _ 8y 17. g(x) =x" —16x +12
gx)=2x-16 =2(x -8
s 8 (r-9
Critical number: x = 8
Critical number: x = 2
Relative minimum: (8, —52)
Interval -0 < x <2 2<x<m®
] Interval -0 <x<8 | §8<x<®
Signof /" | f'<0 >0
- - - Sign of g’ g' <0 g >0
Conclusion | Decreasing Increasing
Conclusion | Decreasing Increasing
Relative minimum: (2, —12)
=4 +10x - x*
h(x) 10w = x Interval —0<x<5 | 5<x<»®
H(x) =10 = 2x = 2(5 - x) )
Sign of A4’ " >0 n <0
Critical number: x = 5
Conclusion | Increasing Decreasing
Relative maximum: (5, 29)
h(x) =2x* - x*
h'(x) = 4x — 4x°
= 4x(1 - x)(1 + x)
o Interval -0 < x < -1 -1<x<0 | 0<x<l l<x <o
Critical numbers: x = 0, x = *1
) ) Sign of 4’ >0 <0 >0 <0
Relative maxima: (-1, 1), (1, 1)
Conclusion | Increasing Decreasing Increasing Decreasing
Relative minimum: (0, 0)
s(x) =x*-8x+3
s'(x) = 4x* = 16x = 4x(x — 2)(x + 2)
Interval -0 < x < -2 2<x<0 | 0<x<2 | 2<x<w
Critical numbers: x = 0, x = +2
Sign of s’ s'< 0 s' >0 s'<0 s'>0
Relative minima: (—2, —13), (2, —13)
Conclusion | Decreasing Increasing Decreasing | Increasing
Relative maximum: (0, 3)
6
X =
f( ) ¥+ 1
f'(x) _ —6(x2 " 1)72(2x) _ _ 12x . Interval —0<x<0 | 0<x<w
2
(¥ +1) Signof /| f'>0 £1<0
Critical number: x = 0 . . .
Conclusion | Increasing Decreasing

Relative maximum: (0, 6)
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2
22. x) =
f( ) xZ —1
7 2 -2 4x
f(x) = =2(x* —1) "(2%) = - >
x2_1) Interval 0 <x<-1|-1<x<0 | 0<x<]|Il<x<ow
Critical number: x = 0 Signof /" | f'>0 >0 f'<0 f'<o
Discontinuities: x = *1 Conclusion | Increasing Increasing Decreasing | Decreasing
Relative maximum: (0, —2)
2
x
23. h(x) =
, (x - 2)(2x) - x? x(x - 4)
h(x) = 2 = 2
(x - 2) (x - 2)
Critical numbers: x = 0, x = 4 Interval —o<x<0 | 0<x<2|2<x<4 4 <x<o
Discontinuity; x =2 Sign of i >0 <0 <0 >0
Relative maximum: (O, O) Conclusion | Increasing Decreasing | Decreasing | Increasing
Relative minimum: (4, 8)
24. g(x) = x - 6/x, x > 0
Interval 0<x<9 | 9<x<w
g'(x) =1-3x"2 = @ :
X Signof g' | g' <0 g >0
Critical number: x = 9 Conclusion | Decreasing | Increasing
Relative minimum: (9, —-9)
25. f(x) = x* + 5x + 6, [-3, 0] 26. f(x) = x* —2x°, [0, 2]
fi(x)=2x+5 f(x) = 4x* — 6x* = 2x*(2x - 3)
.. 5 . . 3
Critical number: x = -3 Critical numbers: x = 0 (endpoint), x = Y
Endpoint | Critical Endpoint Endpoint | Critical Endpoint
x-value .
x =-3 xz—% x=0 x-value x=0 x=% x=2
-1 27
f(x) 0 4 6 f(x) 0 _ﬁ 0
Conclusion Minimum | Maximum Conclusion | Maximum | Minimum | Maximum
27. f(x) = ¥ —12x + 1, [-4, 4]
fi(x) =3x =12 = 3(x - 2)(x + 2)
Critical numbers: x = +2
Endpoint | Critical Critical Endpoint
x-value
x =-4 x = -2 x =2 x =4
f(%) -15 17 -15 17
Conclusion | Minimum | Maximum | Minimum | Maximum
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28. f(x) = x>+ 2x% - 3x + 4, [—3, 2]
f(x) =3x +4x -3

Critical numbers: x =

Review Exercises for Chapter 3 227

6 3
Endpoint Critical Critical Endpoint
x-value x=-3 | 2= 2+ 13| o)
2 2
f(x) 4 ~ 10.06 ~ 3.12 14
Conclusion Minimum Maximum
29. f(x) = 2x - x, [0, 9] 32, f(x) = 8 +x, [ 4]
1-x g
f(x)=x"-1= ) 8 x? -8
N f(x):_?'*l: 2
Critical numbers: x = 0 (endpoint), x =1
Critical number: x = 2+/2
| Endpoint | Critical Endpoint
x-value x=0 x =1 x=9 vvalue Endpoint | Critical Endpoint
x =1 x =22 x =4
I (x) 0 1 -3
£(x) 9 42 6
Conclusion Maximum | Minimum
Conclusion | Maximum | Minimum
30. /(%) = —=—— [0, 2]
VT o+l 33. S = 277 + 501"
1/2 1 -1/2
( 2 + 1) - )C|:E(x2 + 1) (2X):| S' = 4xr — 50;72 = 4r — 5?
f'(x) = 2 1 g
| o Set 8" = 0.
=5 50
(2 + 1) drr == =0
r
No critical numbers 0
drr = —
P
Endpoint | Endpoint 5
x-value c=0 c=2 47r° = 50
25
ro= ==
f(x) 0 & 2
5
r=73 2 ~ 1.58 in
Conclusion | Minimum | Maximum P ' )
ox Interval 0<r<158 | 158 <r<w
31. f(x) == , [—1, 2] ) ; ) ;
x* +1 Sign of S §'<0 S">0
/() = (xz + 1)(2) - 2x(2x) B Z(XZ - 1) Conclusion | Decreasing Increasing
‘ (x2 + 1)2 (x2 + 1)2 . o .
S is a minimum when 7 = 1.58 inches.
Critical numbers: x = 1, x = —1 (endpoint)
Endpoint | Critical Endpoint
x-value
x = -1 x =1 x =2
f (x) -1 1 %
Conclusion | Minimum | Maximum
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2

34. P =1.64x — — 2500
15,000
X
7500
Set P' = 0.
1.64 — X =
———x=-164
7500
x = 12,300
Pu — _L
7500

P”(12,300) < 0 = P is a maximum when
x = 12,300 units.

The maximum profit is P(12,300) = $7586.

35.

S(x) = (x-2)

(%) = 3(x = 2)°

S'(x) = 6(x - 2)

f"(x) = Owhen x = 2.

Interval -0 < X < 2 2<x <o
Signof /" | f" <0 >0
Conclusion | Concave downward | Concave upward

36.

h(x) = x> —10x?

H(x) = 5x* - 20x

h'(x) = 20x* = 20 = 20(x* - 1)
'

"x) = Owhen x = 1.

Interval -0 < x <1 l<x<ow
Sign of A" h" <0 h >0
Conclusion | Concave downward | Concave upward
37. g(x) = l(—x + 8x 12)
! Interval —oo<x<—i —i<x<i i<x<oo
(x) = =x* + 4x 3 3 NN
"(x) = -3x" +4 Sign of g” g" <0 g" >0 g" <0
g"(x) = Owhen x = + 2 . Conclusion | Concave downward | Concave upward Concave downward
3
38. h(x) = x> - 6x
Interval -0 < x<0 0<x<w
h'(x) =3x2-6
Sign of A" h <0 h >0

h"(x) = 6x

h"(x) — Owhen x = Conclusion | Concave downward | Concave upward
39. f(x) = 3x* - 4x

f(x) = 2x° — 1247

f”(x) = 6x* — 24x = 6x(x - 4)

f”(x) — 0
6x(x - 4) =0
x=0o0rx =4

Interval -0 <x<0 0<x<4 4<x<w

Signof /" | f" >0 f" <o >0

Conclusion | Concave upward | Concave downward | Concave upward

Points of inflection: (0, 0), (4, —128)
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1
40. = —x* - 2x% -
/) A Y NEENE 23 | 23
Interval —oo<x<—— —— < x< — <x<®
f'(x)=x3—4x—1 3 3
f'(x) =3x* — 4 Signof /" | " >0 f"<0 >0
f”( x) =0 Conclusion | Concave upward Concave downward Concave upward
3x}-4=0
g R 23 2320 (23 24320
4 Points of inflection: | ———, —— - — || | ——, ——— — —
X2 == 3 3 9 3 3 9
3
Lo X2 2233
V3 3
41 f(x) = ¥(x - 3Y
£1(x) = 2[2(x = 3)(1)] + (v - 3)(3x%) = 5x* - 24x° + 2747
S7(x) = 20x* = 722 + S4x = 2x(10x” - 36x + 27)
/(%) =
2x(10x? - 36x + 27) 0
=0
36 + (/36 — 4(10)(27)
X =
2(10)
~ 1.0652, 2.5348
Interval —0 < x <0 0 < x <1.0652 | 1.0652 < x < 2.5348 | 2.5348 < x < @
Signof /" | f" <0 >0 <0 >0
Conclusion | Concave downward | Concave upward | Concave downward Concave upward

Points of inflection: (0, 0), (1.6052, 4.5244), (2.5348, 3.5246)

2. f(x) = (x - 1)’(x - 3)

, 2
S = (=170 + (x =3[ - D]
=3x% —10x + 7

f"(x) = 6x =10 = 2(3x - 5)

f "(x) =0
2B3x-5)=0

-

Interval —0 < x <3 S<x<w
Signof f” | f" <0 >0
Conclusion | Concave downward | Concave upward

Point of inflection: (%, —%)
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43. f(x) =x* - 6x% + 12x

f'(x) =3x2 —12x + 12

f(x) = 6x — 12

Critical number: x = 2

/@ =0

By the First-Derivative Test, (2, 8) is not a relative

extremum.

44, f(x) =x*—32x* + 12

£1(x) = 4x® — 64x

f"(x) = 12x* — 64

Critical numbers: x = 0,x = +4
77(0) = —64 < 0

Relative maximum: (0, 12)
1(=4) = 128 > 0

Relative minimum: (-4, —244)
£7(4) =128 > 0

Relative minimum: (4, —244)

45. f(x) =x° - 5x°

f(x) = 5x* —15x% = 5x%(x? - 3)
f"(x) = 20x* — 30x

Critical numbers: x = 0, x = +~/3
£'(3) = 3033 > 0

Relative minimum: (~/3, —6~/3)
f"(—\/E) = 303 <0

Relative maximum: (—/3, 6/3)
f"(0) =0

By the First-Derivative Test, (0, 0) is not a relative

extremum.
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46. f(x) = x(x2 - 3x - 9) =x* - 3x% - 9x

f'(x) =3x>-6x-9

=3(x* - 2x - 3)

= 3(x = 3)(x + 1)
f'(x) = 6x -6
Critical numbers: x = 3, x = —1
f'3)=12>0

Relative minimum: (3, —27)

f(-)=-12<0

Relative maximum: (-1, 5)
47. f(x) = 22°(1 = &)

f'(x) = (1 - xz)(4x) + 2x2(—2x)
= 4x - 8x°

= 4x(1 - 2x2)
f(x) = 4 - 24x

Critical numbers: x = 0, x = +

Sl-

f(0)=4>0

Relative minimum: (0, 0)

) oo

)+

Relative maxima: (ii l}

J20 2
48. f(x) =x—-4Jx+1

, 41 -2 2
filx) =1 4(2)()‘ +1)7 =1 (x + 1)1/2
" _ l ’3/2 — 1
11 = gl ) =
Critical number: x = 3
1) =5 >0

Relative minimum: (3, -5)
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_ 1 2 3 .
49. R = ;55(150x% = x*), 0 < x < 100 52. (a) :
r_ 1 2 1
R = 5(300x - 3x%) : !
"o_ 1 :
R" = W(:;OO - 6x) :
R” — 0 /,) ————— - -
300 — 6x = 0 /
[ —
x =50 x
Interval 0<x<50 50 < x < 100 Let x be the dimensions of each side of the square
- base and y be the height.
Signof R | R" >0 R"<0
- Then 2x% + 4xy = 432,and V = x*y.
Conclusion | Concave upward | Concave downward

Solving for y in the surface area equation yields

Point of diminishing returns: (50, %)

50. R = —2(x’ —12x* = 6),0 < x <8
1 _2(z,2
R = —3(3x? - 24x)
"o_ 2
R" = —3(6x - 24)
RH — 0
6x —24 =0
x =4
Interval 0<x<4 4 <x<8
Signof R | R" >0 R" <0
Conclusion | Concave upward | Concave downward

51.

Point of diminishing returns: (4, %)

432 — 2x2 108 1
y=——=—— —X.
4x X 2
Then V = xz[@ - lxj = 108x — lx3.
X 2 2
V' =108 — Ex2
2
V" = -3x
V'=20
108 — 3x2 =0
2
Ex2 = 108
2
x2 =72

x = 62 ~ 849
V”(6\/§) < 0, so V is a maximum

y when x = 62 centimeters, and

y = 108 1(6\/5) = 6~/2 centimeters.

\ - J 6\/5 2
Let x be the length and y be the width of the rectangle. (b) V = (6\/5)2(6\/5)
Then 4 = xy = 225,and P = 2x + 2y.
225 550 = 43232 on?
P =2x+ 2(—] = 2x + =— = 2x + 550x7" = $610.94 cm?
X X
P=2 - 55052 = 2 _2550
X
P’ =1010x7° = —1010
X
P =0
2 —2550 ~ 0
X
2x? =550
x? =225
x = £I5

P”(IS) > 0, so Pis a minimum when x = 15 meters,

and y = % = 15 meters.
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3.

53. } } x 54. =in.
L i
| |
| |
| |
I I 10 -2x
| | y
| |
I a
| L]
x 16 - 2x X .
= T
Vo= (16 = 2x)(10 — 2x)x = 4x’ — 52x* + 160x 1in. x 1in.
ro_ 2
V'= 122 - 104x + 160 Printed region: 108 = xy — y = 108
V" = 24x — 104 x

V'=0 Entire page: 4 = (x + 2)(y + 1.5)
12x* — 104x + 160 = 0
4(3x? - 26x + 40) = 0

A:(x+2)£@+1,5j:108+ﬁ+1.5x+3
X X

43x - 20)(x - 2) = 0 A= 206x2 +15= 200
x = %orx =2 o
P
(Note: x = % is not in the domain of V' ) X8
V”(Z) < 0, so V is a maximum when x = 2 in. 4'=0
-216
V(2) = 144 in’ 2 T1s=0
216
1.5 = —
2
1.5x% = 216
X2 = 144
x = %12

(Note: x = —12 is not in the domain of 4.)

A”(IZ) > 0, so 4 is a minimum when x = 12 in., and

=@=9in.
12

The entire page is 12 + 2 or 14 inches wide by

9+1.5 = IO% inches tall.

55. R = 450x — 0.25x

R = ar = 450 - 0.5x
dx
R" =-05
R =0
450 - 05x =0
-0.5x = —-450
x =900

R"(900) < 0, so R is a maximum when x = 900, and R(900) = $202,500.
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56. R = 36x*> — 0.05x°

R = _ 10152 = x(72 - 0.15x)
dx
R" =72 - 03x
R =0
x(72 - O.le) =0
x=0o0r72-0.15x =0
~0.15x = -72
x = 480

(Note: x = 0 is not in the domain of R.)

R"(480) < 0, so R is a maximum when x = 480,

and R(480) = $2,764,800.

_ 2
57. ¢ = & 2020 #10x+4500 0110 1 45005
X X
' = 02— 450052 = 02— 2 ?0
X
& 90(3)0
X
C'=0
02 — 45(2)0 =0
X
0.2x% = 4500
x? = 22,500
x = *150

(Note: x = —150 is not in the domain of E)

C'(150) > 0, so C is a minimum when

x = 150 units, and 6(150) = $70/unit.

C  0.03x° + 30x + 3840
X X
0.03x> + 30 + 3840x~"

58. C

C' = 0.06x — 3840x72 = 0.06x — 38‘2‘0
X
C" = 0.06 + 76§0
-

C'=0

0.06x — @ =0
0.06x* = 3840
x* = 64,000
x =40

6”(40) > 0, so C is a minimum when

x = 40 units, and C(40) = $174/unit.

59.

60.

Review Exercises for Chapter 3 233

P=R-CandR = xp
R = x(36—4x) = 36x — 4x?
P = (36x — 4x?) — (2x? + 6)
P =-6x>+36x -6
%:P':—12x+36
P =-12

P=0
-12x +36 =0

x =3

P"(3) < 0, so Pis a maximum when x = 3 units.

(a) When x

) c=<
X

When x

P = —4s® + 725 — 240s + 500

dP

3,p =36 - 4(3)

2x2+67

2x +

$24/unit.

= | o

= $8/unit.

— = P' = —125% + 144s — 240

ds

P’ = 245 + 144

—125% + 1445 — 240 =
—12(s2 —12s + 20)

(s - 10)(s - 2)

P =

0
0
0
0

s =10o0rs =2

P"(l O) < 0, so Pis a maximum when
s = $10 thousand.

P'"=0
—24s +144 = 0
s =06
Interval 0<s<6 6<s§s <
Signof P | P" >0 P'"<0
Conclusion | Concave upward | Concave downward

Point of diminishing returns: (6, 788)
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61.

62.

63.

65.

Chapter 3 Applications of the Derivative

(a) 60 — 0.04x, 0 < x < 1500

b _ 04
dx
60 — 0.04x
_ plx x _x — 1500
"= dp/dx  —-0.04 x
In|=1= L;SOO‘: X =|x - 1500| = x = 750

For 0 < x < 750,

77‘ > land demand is elastic.

For 750 < x < 1500,

For x = 750, demand is of unit elasticity.

(@) P =960—-x0<x <960

77‘ < land demand is inelastic.

b _
dx

960 — x
_ plx x _x — 960
n_dp/dx_ -1 x
‘n‘:lz%m‘:x:‘x—%m:x:&m

For 0 < x < 480,

7| > 1and demand is elastic.

For 480 < x < 960,

For x = 480, demand is of unit elasticity.

_x2+7x_x(x+7)

f(x)* x + 4 x+ 4

Set denominator equal to 0.
x(x + 7) =0
x=0 or x+7=0
x =-7

Vertical asymptotes: x = 0, x = =7

x> - 16 (x+4)(x—4)_x_4

/(%) =

T+ 9x+ 4 (x+l)x+4) 2w+l

Set denominator equal to 0.
2x +1=0
1

X =—-=

2

. 1
Vertical asymptote: x = >

77‘ < land demand is inelastic.

x # —4

®) R=xp = x(60 - 0.04x) = 60x — 0.04x?

R = aR _ 60 — 0.08x
dx

R =0
60 — 0.08x = 0

x =750
Interval 0<x<750 | 750 < x < 1500
Signof R | R" >0 R <0
Conclusion | Increasing Decreasing

From 0 to 750 units, revenue is increasing.

From 750 to 1500 units, revenue does not increase.

®) R=xp = x(960 - x) = 960x — x?

R = ar _ 960 — 2x

X

R =0
960 — 2x = 0

x = 480
Interval 0 <x <480 | 480 < x < 960
Signof R" | R" >0 R <0
Conclusion | Increasing Decreasing

From 0 to 480 units, revenue is increasing.

From 480 to 960 units, revenue is decreasing.

x—1 x—1
L e B P
Set denominator equal to 0.
(x+2)(x—2):0
x+2=0o0rx-2=0
x=-2,x=2
Vertical asymptotes: x = -2, x = 2
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66.

67.

68.

69.

70.

71. lim

72.

73.

74.

75.

2 +6x+9 (x+3)2

x+3

f(x):xz_5x_24:(x—8)(x+3):

Set denominator equal to 0.
x—-8=0
x =38

Vertical asymptote: x = 8

. 1
llm(x—7j=0—oo:—oo
x—>0* X

lim[3+lj=3—oo:—oo

x—>0" X

. X2 - 2x +1
Im ——— =
x—o>-17

x+1

. 3x2 +1
= lim———F— = -

lim 3x2 +1
x—>3‘(x + 3)(x - 3)

x—3" xz -9

2x2 _ g

o0 32 45 3

2. .
y = 3 is a horizontal asymptote.

2x2—2x+37OO
x +1

lim

xX—o

There is no horizontal asymptote.

lim —>X— = 0
e 41

y = 0is a horizontal asymptote.

im — 2 14223
xow x — 2

x+2:

»y = 31is a horizontal asymptote.

C = 0.75x + 4000

C  0.75x + 4000

(@ C == _ 075 + 2000
X

X X

(b) C(100) = $40.75/unit.

C(1000) = $4.75/unit.

lim 0.75 +

xX—>©

.= 4 .

(¢) lim C = 4000 _ $0.75/unit
xX—>o X

The limit is 0.75. As more and more units

are produced, the average cost per unit will

approach $0.75.

x-8

x # -3

Review Exercises for Chapter 3 235

76. C = 1.50x + 8000

71. C =

(@)

(b)

©

@

(b)

78. C

(@

(b)

G- C _1.50x+8000 . 8000
X X X

C(1000) = $9.50/unit.

€(10,000) = $2.30/unit.

lim € = lim 1.50 + 2200 _ $1.50/unit

X—>0 X—>0 X

The limit is 1.50. As more and more units are
produced, the average cost per unit will approach
$1.50.

250p
100 — p

,0 < p <100

C(20) = $62.5 million
C(50) = $250 million
C(90) = $2250 million

lim C = lim —22 _
p—100~ p—100- 100 — p

The limit is oo, meaning that as the percent
approaches 100%, the cost increases without bound.

_ 160000p o
100 - p

< 100

C(25) ~ $53,333.33
C(50) = $160,000
C(75) = $480,000
lim €= lim 100000P _
p—100~ po100~ 100 — p

The limit is oo, meaning that as the percent
approaches 100%, the cost increases without bound.
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79. f(x) = 4x — x?

f '(x) =4 - 2x
f(x) = -2
x-intercepts: flx)=0
4x - x* =0
x(4 - x) =0
x=0o0rx =4
y-intercept: f(0) = 0
y=20
Critical number:  f*(x) = 0
4-2x=0
x =2

/"(2) < 0 = relative maximum at (2, 4)

f" # 0 = no points of inflection

Yy

81. f(x) =x' —6x* +3x +10
fi(x) =3x" —12x + 3
f'(x) = 6x - 12
x-intercepts: f (x) =0
¥ —6x?+3x+10=0
(x - 5)(x - 2)(x + 1) =0

x=50rx =2o0rx = -1
y-intercept: f(0) = 10
y =10
Critical numbers: f(x)=0
332 - 12x+3 =0
3(x* —dx+1) =0

X =

A;

(2 + \/5 > 0 = relative minimum

f(x) =
6x — 12 =
x =2
Point of inflection: (2, 0)
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3, -10. 39)

)

( -3 ) < 0 = relative maximum at ( \/— 10. 39)
0
0

80. f(x) = 4x° - x*
f(x) = 12x* - 4x°
f"(x) = 24x — 1247

x-intercept: fx)=0
4 —x* =0
(4 - x) =0
x=0o0rx =4
y-intercept: f (0) =0
y=20
Critical numbers: f(x)=0
12x* —4x* = 0
4x2(3 - x) =0

x=0o0rx =3
/"(3) < 0 = relative maximum at (3, 27)

Use the First-Derivative Test: no extrema at x = 0

fN — 0 y
24x — 12x2 =0 30+ (3,27)
12x(2 - x) =0

x=0o0rx =2

Points of inflection:
(0, O), (2, 16) -

1 (2= v/3.10.39)
/

T (2++/3,-10.39)
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82. f(x) =—x*+3x> +9x -2
fi(x) = -3x* +6x+9
f”(x) =—-6x+6
x-intercepts: f(x)=0

X 432+ -2=0

+ /21
x=-2o0rx =
2
y-intercept: f(0) = -2
y=-2
Critical numbers: fl(x)y=0

“3x* +6x+9=0
-3(x* —2x-3) =0
x=3orx = -1
/"(=1) > 0 = relative minimum at (-1, —7)

/"(3) < 0 = relative maximum at (3, 25)

f”(x)zO
-6x+6=0
x =1

Point of inflection: (I, 9)

83. f(x) = x* —4x’ +16x — 16 84. f(x)=x"+1
f(x) = 4x® - 12x% + 16 f(x) = 5x*
f(x) = 12x* - 24x f(x) = 20x°
x-intercepts: flx)=0 x-intercept:  f(x) = 0
x* —4x* +16x -16 =0 ¥ +1=0
x =2o0rx = -2 x =-1
y-intercept: f(0) = 16 y-intercept: f(0) = 1
y =-16 y=1
Critical numbers: f(x)=0 Critical number: f'(x) = 0
4x —12x* +16 = 0 5x =0
x=2orx = -1 x=0
£"(=1) > 0 = relative minimum at (~1, —27) /"(0) = 0 = Use First-Derivative Test = no extrema
/"(2) < 0 = Use First-Derivative Test = no extrema f(x) =0 :
) = 0 ; 205 = 0 R
120% - 24x = 0 K x =0 N
2x(x— 2) = 0 ’ Point of inflection: (0, 1) (0,21;

x=0o0rx =2

Points of inflection:
(O, —16), (2, 0)
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85. f(x) =xJ16 - x?, -4 <x <4

Lo 16-22%  —2(x -3)
) = Ji6-x  Ji6- 2

o2t —4sx 2x(x? - 24)
f (x) (16 ~ x2)3/2 (16 - x2)3/2

x-intercepts: fx)=0

16 — x?

0

Oorx = 4

=
Il

y-intercept: f(0) = 0
y=20

Critical numbers: f(x)=0

Il
(e

x=i2\/5

f "(—2\/5) > 0 = relative minimum at (—2\/5, —8)

f ”(2\/5) < 0 = relative maximum at (2\/5, 8)

f "(x) =0
2x(x2 - 24) B
(16 - x2)3/ P

x=0o0rx = 12\/3
(Note: X = i2\/€ not in domain.)

Point of inflection: (0, 0)

y

BT @v2s)
61
N
(4,00 27 (4,0)
> X
-6 /. 2 4 6
[
_sd
(-2v2.-8)_19

f '(x = =
) 9-x* 9 — x?
oy 6t =81 4162 —3(2x* - 2747 + 54)
S (x) = 32 = N2
(9 - X ) (9 — X )
x-intercepts: flx)=0

N9 -x2 =0
x =0o0rx = £3
y-intercept: f(0) = 0
y=20

Critical numbers: f(x)=0

I
(e}

0 or i\/g

/"(0) > 0 = relative minimum at (0, 0)

f ”(\/E) < 0 = relative maximum at (\/E, 6\/5)
f"(—\/g) < 0 = relative maximum at (—\/E, 6\/5)

=
Il

fn(x) — 0
-3(2x* - 2747 + 54)
(9 - x2)3/z =
x ~ *1.563 orx ~ £3.325

(Note: x = £3.325 are not in the domain.)

Points of inflection: (+1.563, 6.256)

y
(~1.563,6.256) A (1.563,6.256)

(v6.6v3)* T |(/6.6v3)
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x+1
f(x) - x —1
2
HOEE
=
4
£1(x) =
=
x-intercept:  f(x) = 0 y-intercept: f(0) = -1
x+1 ~0 y =-1 ,
x -1
x=-1
Vertical asymptote: x = 1
Horizontal asymptote: y = 1 !
Critical numbers: f"(x) # 0 = no extrema
f"(x) # 0 = no points of inflection
x -1
)= 3e
—(3x% - 6x — 1
fv(x) — ( 3 )
(3 +1)
., 6(3x° — 9x* = 3x + 1)
f(x) = 5 3
(3x* +1)
x-intercept: f(x)=0 y-intercept: f(0) = -1
x—1 —0 y=-1
3x? + 1
x =1
Horizontal asymptote: y = 0
J'(x) =0
—(3x* = 6x 1)
(32 + 1)
3x2+6x+1=0

Critical numbers: x

3+ 243
3

f ”[H?BJ < 0 = relative maximum at [3-’_32\/5, 0.077]

(34—2‘/3

T 0.077)

\3.274, 0.069)
(1,0 /

(~0.484, —0.872)
(@ . 71,077)

f ”[3_32\/5] > 0 = relative minimum at (3_32\/5, —1.077}

f"(x) = 0: x = —0.484,0.210, 3.274

Points of inflection: (~0.484, —0.872), (0.210, —0.698), (3.274, 0.069)

1
ﬁzm, ~0.698)
0, -1)

2k

t—t > X
2 3 4
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89. f(x) = 3x¥ - 2x

90.

91.

f(x) = 2x7 -2
110) = 3
x-intercepts: f(x)=0
33 —2x =0
(3 -2) =0

x=0o0rx = 2—87
y-intercept: f(0) = 0 ,
y=20 |
Critical number: f(x)=0
2P -2=0
x =1 X

/"(1) < 0 = relative maximum at (1, 1)

f"(x) = 0 = Use First-Derivative Test = relative minimum at (0, 0)

No points of inflection

1) =

F(w) = 4

£1() = o

x-intercept: f (x) =0
x=0

y-intercept: f(0) = 0

y=0
Critical number: f'(x) = 0 y
4,5 _ 51
X =0
5 Wl
f"is underfined atx = 0. 34
2L
Interval —0<x<0 | 0<x<w» l
Relative minimum at (0,0) 0.0
Signof /| f'<0 S >0 S [ 1234
/"(x) # 0 = no points of inflection T
Conclusion | Decreasing Increasing

(a) 30.00

1 - —F’/ 8
0
The model fits the data well.

(b) N(10) ~ 2434 bacteria

(c) Answers will vary. Sample answer: The limit of N as ¢ approaches infinity is 13,250 ~ 1893 bacteria; however,

many different factors can have many different effects on the culture thus affecting the number of bacteria.
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92.

93.

94.

9s.

96.

T =

_ 31.6 — 1.822¢ + 0.0984+*

, 1<t <12

1 - 0.194¢ + 0.0131

Review Exercises for Chapter 3

(101947 + 0.01312)(~1.822 + 0.1968¢) — (31.6 — 1.822¢ + 0.0984r>)(~0.194 + 0.0262¢)

(1 - 0.194¢ + 0.0131¢)’

_0.0047786¢> — 0.63112¢ + 4.3084

(1 - 01947 + 0.01317)"

T'=0: ¢t~ 72,1249 (Note: ¢ = 124.9 is not in the domain.)

r-value Endpoint | Critical number | Endpoint

vat t=1 t=12 t=12
T-value 36.5 83.5 42.8
Conclusion | Minimum | Maximum

The minimum average temperature is 36.5°F in January and the maximum average temperature is 83.5°F in July.

f(x) =2x%,x = 2, Ax = dx = 0.01

Ay = f(x + Ax) = f(x) = 2(2 + 0.01)* - 2(2)° = 0.0802

dy = f'(x)dx
dy = 4x dx
dy =

dy = Ay

4(2)(0.01) = 0.08

f(x) =x*+3,x=1LAx =dx = 0.1

Ay = [+ Ay) = £(x) = [0+ 0.0)" + 3] = [ + 3] = 04641

dy = f'(x)dx
dy = 4x° dx

dy = 4(1)'(0.1) = 0.4

dy

Q

Ay

f(x) =6x—x>,x =3,Ax =dx = 0.1

By = f(x +A%) = £(x) = 63 + 0.1) = (3 + 0.1)' | - [6(3) - (3)" | = ~2.191

dy = f'(x) dx

dy = (6 - 3x?) dx

Zl

dy ~ Ay

(6 - 300 )01) = -21

f(x) = 5x%%,x = 9, Ax = dx = 0.01

Ay = f(x + Ax) = f(x) = 509 + 0.01)"7 = 509 ~ 0.22506249
f'(x) dx
dy = %xl/z dx =

dy

dy = Ay

2

15(9Y/3(0.01) = 0.225

241
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97. C = 40x? + 1225, x = 10, Ax = dx =1 104. y = 7x* + 2x?
dC = 80x dx dy = (28 + 4x) dx
dC = 80(10)(1) = $800 \
105. y = (3x* - 2)
98. C = 1.53/x + 500, x = 125, Ax = dx = 1

Y330 - 2) (o)
dC = 0.5x2 dx = 0.5(125) (1) = $0.02 e i

dy = 18x(3x - 2) dx
99. R = 6,25x — 0.4x%%, x = 225, Ax = dx = 1

dR = (625 + 0.6x"?) dx 106. y = /36 - x*

dy 1 o\V2
= [625 + 0.6(225)"* (1) = s15.25 =56 =¥) (29

dy = ———dx
100. R = 80x — 0.35x%,x = 80, Ax = dx =1 V36 — x?
dR = (80 — 0.7x) dx = [80 - 0.7(80)](1) = $24 -
(30~ 0.7x) s = [0 - 0.7(80) () T
101. P = 0.003x> + 0.019x — 1200, x = 750, Ax = dx = | dy  (x+5)(-1)-(2- 1)
dP = (0.006x + 0.019) dx dv (x + 5)
= [0.006(750) + 0.019](1) = 4519 ~ $4.52 dy = — iy
(x +5)’
102. P = —0.2x* + 3000x — 7500, x = 50, Ax = dx = 1
3x?
dP = (=0.6x + 3000) dx 108. y = —
= [-0.6(50) + 3000](1) = $2970 dy  (x - 4)(6x) - 3x¢(1)
dx (x - 4)2
103. y = 0.5x? )
3x° = 24x
dy = 1.5x% dx dy = (- 4)2

109. P = —0.8x% + 324x — 2000, x = 100, Ax = dx = 1
() dP = (~1.6x + 324) dx
dP = [-1.6(100) + 324](1) = S164
(b) AP = P(x + Ax) = P(x)
~ [-0.8(100 + 1)* + 324(100 + 1) — 2000] ~ [~0.8(100)" + 324(100) - 2000]

= $163.20
This is $0.80 less than the answer in part (a).

110. R = xp,p =108 - 0.2x,x = 20, Ax = dx =1 111. B = 0.1/5w = 0.1/5w"2, w = 90, Aw = dw = 5
R = x(108 — 0.2x) = —0.2x> + 108x
( ) g OIS 0055
(@) dR = (~0.4x + 108) dx 2 Vw
0.05</5
dR = [~0.4(20) + 108](1) = $100 B == (5) ~ 0.059 m?

(b) x =40,Ax = dx =1
dR = (—0.4x + 108) dx

dR = [-0.4(40) + 108](1) = $92
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= 32 _
L f(x) = 32" -4 Interval 0 <x<0|0<x<oo
! — 6
S = 6x Signof /' | /" <0 >0
Critical number: x = 0 - - -
Conclusion | Decreasing Increasing
. =3 -12
fx) = x * Interval —0<x< -2 | 2<x<2|2<x<®
f(x) =3x2 =12 = 3(x = 2)(x + 2
(x) ( X ) Signof /" | f/>0 <0 f'>0
Critical numbers: x = £2
Conclusion | Increasing Decreasing Increasing
4
cf(x) = (x-9) Interval —0<x<5|5<x<®
, 3
f(x) = 4(x - %) Signof /' | f' <0 >0
Critical number: x =3 Conclusion | Decreasing Increasing
— v oxsa
.f(x)—gx—x+ Interval —0<x<-3|-3<x<3|3<x<®
fi(x) =5 =9 =(x+3)(x-3) Signof /' | /"> 0 <0 >0
Critical numbers: x = 3 Conclusion | Increasing Decreasing Increasing
Relative minimum: (3, —14)
Relative maximum: (-3, 22)
—ooh a2
f(x) =26t -4 -5 Interval —o<x<-1 | -1<x<0|0<x<l|l<x<om
"(x) = 8x> — 8x = 8x(x + 1)(x — 1
/) ( X ) Signof /" | /<0 f>0 f'<o0 >0
Critical numbers: x = 0, x = *1 ‘ : : : :
Relative minima: (_ L _7)’ (1, 3 7) Conclusion | Decreasing Increasing Decreasing | Increasing
Relative maximum: (0, —5)
5 7. f(x) =x* +6x+8,[4,0
o) = = f(x) [4, 0]
0 f'(x) =2x+6
r _ 2 -2 _ X
f(x) = —S(x + 2) (2x) = - 2 2 Critical number: x = -3
(x + 2)
Critical number: x = 0 c-value Endpoint | Critical Endpoint
x =-4 x=-3 x=0
Relative maximum: (0, %) f( x) 0 -1 8
Conclusion Minimum | Maximum
Interval —0<x<0 | 0<x<o
Signof /" | f'>0 <o
Conclusion | Increasing Decreasing
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8. f(x) = 12x — 4x, [0, 3]

’ _ 1 -1/2 _ 6 _
f(x)—lz[gx j—4—w 4

Critical number: x = %

9. f(x) :g+§, 1. 6]
, 6 1
T =ty

Critical number: x = 2\/§

Endpoint | Critical Endpoint x-value Endpoint | Critical Endpoint
x-value Y20 o9 s x=1 x=2J/3 | x=6
"4
13
£() 0 9 124/5 - 20 /) 5 23 4
Conclusion | Minimum | Maximum Conclusion | Maximum | Minimum
= 5 _ Q02
10. f(x) = »* - 80x Interval —o < x <2 2<x <o
"(x) = 5x* — 160
S(x) = 5x * Signof f"(x) | f"(x) < 0 £7(x) > 0
f(x) = 20x* - 160 = 20(x* - 8)
Conclusion Concave downward | Concave upward
f"(x) = O whenx = 2
20
11. = —
/) 3x? +8
f(x) = —20(3x* + 8)'2(6x) = —sz
(3x* +8)
) (32 + 8)°(-120) - (~120x) 2(3x* + 8)(6x) | 120(9+" - 8)
S (x) = 5 7 = 5 3
(3x* + 8) (3x + 8)

f"(x) = Owhen x = 12\3/5

22

-0 < X < ——
3

Interval

232

232

< X < ©

22
3

Signof f"(x) | f"(x) >0

f ”(x) <0

f'(x) >0

Conclusion

Concave upward

Concave downward

Concave upward

f 4x3
f"(x) = 12x* = 0 when x = 0.
f"(x) > 0on (-0, 0)

There are no points of inflection.

13. f(x) = x* - 54x% + 230
f(x) = 4x* — 108x

) = 12x? - 108 = 12(x* - 9)

) = 0 whenx = £3

)

)

f"(x) > 0on (3, ) = concave upward

Points of inflection: (+3, —175)

> 0 on (-0, —3) = concave upward

< 0on(-3,3) = concave downward
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14.

15.

16.

17.

18.

f(x) = x* — 6x% — 36x + 50
f(x) =3x* —12x - 36
3(x? - 4x - 12)
3(x - 6)(x + 2)

Critical numbers: x = =2, x = 6
f'(x) = 6x — 12

1'(=2) < 0

1"(6) >0

Relative maximum: (-2, 90)

Relative minimum: (6, —166)

£x) = 34 - 0
f(x) = 3x* = 27x* = 3x*(x + 3)(x - 3)
Critical numbers: x = 0, x = %3
f(x) =12x° - 54x
f'(0) =0
f'(-3) =-162 < 0
f"(3) =162 >0

Relative maximum: (—3, %)

Relative minimum: (3, —%)

By the First-Derivative Test, (0, 0) is not a relative

extremum.

A vertical asymptote occurs at x = 5because

. 3x + 2 . 3x + 2
lim = —ooand lim = ®
x—=57 X — 5 x5t X — 5

A horizontal asymptote occurs at y = 3 because

lim X2 _ 3and lim X2 _
xoo x — 5 x>-0 x — 5§

3.

There are no vertical asymptotes because the

denominator is never zero. A horizontal asymptote
2

occurs at y = 2because lim — = 2 and

x>0 x° + 3
. 2x2
lim
x> x? + 3

=2

A vertical asymptote occurs at x = 1because

22X -5 . 2x* -5

lim = oo and lim = —oo,
x->1m X — x>t X =
There are no horizontal asymptotes because

L 2xr -5 o 2x? -5

lim = wand lim = —oo,
oo x — 1 x>0 x —1

19.

20.

Chapter 3 Test Yourself 245

y=-x>+3x> +9x -2
¥ = -3x* +6x+9
y'=-6x+6

3

x-intercepts: —x° + 3x%> +9x -2 =0

x = =2,
2
y-intercept: f(0) = -2
y=-2
Critical numbers: y' =0
“3x* +6x+9 =0
x=-13
y"(=1) > 0 = relative minimum at (-1, —7)
»"(3) < 0 = relative maximum at (3, 25)
y// =0 y
—6x +6=0 (479128785, 0)
x =1

W(l’g) (3,25)
Point of inflection: (1, 9) |

\1 2 3 4
+(0.20871215, 0)

—60 +

y = x> - 5x

y =5x"-5

y' = 20x°

x-intercepts: x° — 5x = 0
x(x4 - 5) =0

x=0,i4/§

y-intercept: f(0) = 0

y=20
Critical numbers: y' =0
54 ~5=0
S(x* —1) =0
x = %1

»"(=1) < 0 = relative maximum at (-1, 4)

»"(1) > 0 = relative minimum at (1, —4)

y” — 0 y
20x° =0 200
x=0 100 +
Point of inflection: /(O[O) AR
AN 3

(0.0)
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22. y =5x* -3

2l y = —
o & = 10x
, (x2 + 4) dx
r (xz _ 4)2 dy = 10x dx
2x(x* + 12 1-x
y/r _ ((24)3) 23. y = T 13
2 _
dy  (x+3)(-1)-(1-x) _ 4
x-intercepts: — S dx (x+ 3)2 (x+3)
2 _
4
=0 Yoy
y-intercept: f(0) = 0
y=0 24. y=(x+4)
Vertical asymptotes: x> — 4 = 0 dy A 4)2
= = 3(x
x =x2 /x
Horizontal asymptote: y = 0 dy = 3(x + 4) dx
No critical numbers: y' # 0 25. p = 280 — 04x,0 < x < 700
y” — 0
dp
2x(x? + 12 - =04
x(x 3) -0 dx
(x* - 4) 280 — 0.4x
=0 _p/x _ X _ =700 _ x =700
T = dp/ds 0.4 X X

Point of inflection: (0, 0)

\ \n\zlzﬂ‘sx:\x—mo\:x:%o
x
s1
4t For 0 < x < 350, 77‘ > 1and demand is elastic.
N
! 1 .\ :(0,0) For 350 < x < 700, 77‘ < 1and demand is inelastic.
AR For x = 350, 77‘ = 1 and demand is of unit elasticity.
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